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The QCD phase diagram

2

Different regions of the phase diagram 
constrained by different calculations or 
experiments 

Large region at high density and 
moderate temperatures that is not 
currently covered  

Existing first-principles techniques 
cannot reach this area (sign problem) 
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Dense, warm matter is interesting

3

Some part of this dense, warm region is 
probed in binary neutron-star mergers

Hanauske+, Particles 2019, 2, 44-56

https://doi.org/10.3390/particles2010004
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Dense, warm matter is interesting

3

Some part of this dense, warm region is 
probed in binary neutron-star mergers

Hanauske+, Particles 2019, 2, 44-56

Other techniques to study the phase 
diagram in the hot & dense region?

https://doi.org/10.3390/particles2010004
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Method advocated in this talk: Phase quenched QCD

• Lattice simulations of phase-quenched lattice 
QCD are free from a sign problem.  

• Can compute  (strict upper bound 
everywhere in phase diagram). For small 
couplings  , the bound is tight at . 

• Compute difference   (  the 
QCD pressure) in weak coupling and subtract 
it to obtain  with quantitative errors in a 
sizable swath of  — including non-
perturbative gluonic contributions from the 
lattice

pPQ

αs O(α3
s )

Δp := pPQ − p p

p
(T, μB)

4

TG, Navarrete, Paatelainen 2511.09627

http://arxiv.org/abs/2511.09627
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Outline

• Phase-quenched QCD and the inequality 

• Perturbative computation at zero temperature: the “Bugblatter” 
diagram 

• What about quark pairing? 

• Alleviating difficulties with finite temperatures

5
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Phase quenching and the inequality 

6

Z(T, {μi}) :=∫𝒟A e−Sg[A]
Nf

∏
i=1

det D(μi), D(μi) := D + mi + μiγ0

Cohen Phys. Rev. Lett. 91 (2003) 032002
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Phase quenching and the inequality 

• Start with the path integral

• Since  it follows that  is complex (sign problem)γ5D(μi)γ5 = D†(−μi) ≠ D†(μi) det D(μi)

6

Z(T, {μi}) :=∫𝒟A e−Sg[A]
Nf

∏
i=1

det D(μi), D(μi) := D + mi + μiγ0

Cohen Phys. Rev. Lett. 91 (2003) 032002
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Phase quenching and the inequality 

• Start with the path integral

• Since  it follows that  is complex (sign problem)γ5D(μi)γ5 = D†(−μi) ≠ D†(μi) det D(μi)

• However, the following phase quenched partition function has a real integrand

• Since   we have that  and  ∫ | f | ≥ ∫ f ZPQ(T, {μi}) ≥ Z(T, {μi}) pPQ(T, {μi}) ≥ p(T, {μi})

6

Z(T, {μi}) :=∫𝒟A e−Sg[A]
Nf

∏
i=1

det D(μi), D(μi) := D + mi + μiγ0

ZPQ(T, {μi}) :=∫𝒟A e−Sg[A]
Nf

∏
i=1

| det D(μi) |

Cohen Phys. Rev. Lett. 91 (2003) 032002
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Interpretation: half-fermions

• Because , we can view this phase quenching as the 
replacement 

• Implies that in weak coupling, one can write Feynman diagrams for the phase-quenched 
theory where each fermion loop carries a factor 1/2 and  average 

• Explicit charge-conjugation symmetry in PQ theory 

• Equivalent to averaging over the direction of fermion flow in all loops in a diagram.  
(Or averaging over fundamental & antifundamental representations)

| det D(μi) | = det D(μi) det D(−μi)

μi ↦ − μi

7

exp {tr log D(μi)} ↦ exp { 1
2

tr log D(μi) +
1
2

tr log D(−μi)}
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Aside: Isospin QCD as an upper bound on Symmetric NM

8

• For two-flavor, isospin symmetric matter,
, with  the 

isospin chemical potential 

• Recent lattice simulations of isospin QCD  
at T = 0 place direct bounds on the EOS 
of dense isospin-symmetric nuclear 
matter 

pPQ(T, 2μI/Nc) ≥ p(T, μB) μI

Cohen Phys. Rev. Lett. 91 (2003) 032002

Abbot+ PRD 108 (2023) 11, 114506 
Fujimoto & Reddy PRD 109 (2024) 1, 014020 
Abbot+ PRL 134 (2025) 1,1

Abbot+ PRL 134 (2025),  
following Fujimoto & Reddy PRD 109 (2024)
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Outline

• Phase-quenched QCD and the inequality 

• Perturbative computations at zero temperature: the “Bugblatter” 
diagram 

• What about quark pairing? 

• Alleviating difficulties with finite temperatures

9



2026-04-17  |   Tyler Gorda [any pronouns]   |   Phase-quenched QCD   |   

Phase quenching differs from QCD starting at four loops

10

Moore, TG JHEP12 (2023) 133 (2309.15149)

https://arxiv.org/abs/2309.15149
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• Fermion loop with two external gluons has color factor: 2 tr TATB = δAB = 2 tr (−T*A)(−T*B)

• Averaging has no effect

• Fermion loop with three external gluons:

where  is a totally symmetric symbol which arises in groups of rank 2 or moredABC

Phase quenching differs from QCD starting at four loops

10

4 tr TATBTC = ifABC + dABC, but 4 tr (−T*A)(−T*B)(−T*C) = ifABC − dABC

Moore, TG JHEP12 (2023) 133 (2309.15149)

https://arxiv.org/abs/2309.15149
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• Fermion loop with two external gluons has color factor: 2 tr TATB = δAB = 2 tr (−T*A)(−T*B)

• Averaging has no effect

• Fermion loop with three external gluons:

where  is a totally symmetric symbol which arises in groups of rank 2 or moredABC

• Since at least two fermion loops are needed to distinguish relative orientations, the first 
diagrams that contribute differently to  and  is pPQ p

Phase quenching differs from QCD starting at four loops

10

4 tr TATBTC = ifABC + dABC, but 4 tr (−T*A)(−T*B)(−T*C) = ifABC − dABC

“Bugblatter”: Blaizot, Iancu, Rebhan PLB 523, 143 (2001)

Moore, TG JHEP12 (2023) 133 (2309.15149)

https://arxiv.org/abs/2309.15149
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One slide of manipulations in QCD

11

Diagrams have two contributions, when stripping off group theory factors: 

Furry’s theorem implies  and givesB(μi, μj) = − A(μi, − μj) = − A(−μi, μj)

= (tr TATBTC tr TATBTC) A(μi, μj) + (tr TATBTCtr TCTBTA) B(μi, μj)

=
dABCdABC

16 (A(μi, μj) + B(μi, μj)) +
fABC fABC

16 (−A(μi, μj) + B(μi, μj))

=
dABCdABC

16 (A(μi, μj) − A(μi, − μj)) −
fABC fABC

16 (A(μi, μj) + A(μi, − μi))

[dABCdABC =
(N2

c − 1)(N2
c − 4)

Nc
fABC fABC = Nc(N2

c − 1) ]

Moore, TG JHEP12 (2023) 133 (2309.15149)

https://arxiv.org/abs/2309.15149
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Leading order difference between PQ and true QCD

12

We thus find that the first (C-odd) term occurs only in QCD: 

Hence,

QCD

=
dABCdABC

16 (A(μi, μj) − A(μi, − μj)) −
fABC fABC

16 (A(μi, μj) + A(μi, − μi))

PQ

= −
fABC fABC

16 (A(μi, μj) + A(μi, − μi))

Δp := pPQ − p = −
dABCdABC

16 (A(μi, μj) − A(μi, − μj)) + higher orders

Moore, TG JHEP12 (2023) 133 (2309.15149)

https://arxiv.org/abs/2309.15149
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Computing the leading-order difference at T = 0
Contribution has no IR or UV divergences at T=0: 

• IR — Hard-thermal/dense loop limit is proportional 
to    — does not contribute to  

• UV — No lower order diagrams with  
color factor to renormalize (“leading-order result”). 

 
Can evaluate the integrals numerically using dense 
Loop-Tree Duality (brief overview later)

fABC Δp

dABCdABC

E. Braaten and R.D. Pisarski, Nucl. Phys. B 337 (1990) 569 
C. Manuel PRD 53, 5866 (1996) Δp = 3.368(7)( αs

π )
3

pfree

Navarrete, Paatelainen, Seppänen PRD 110, 094033 (2024) 
(3 massless quarks)

Navarrete, Paatelainen, Seppänen PRD 110, 094033 (2024)

13
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Outline

• Phase-quenched QCD and the inequality 

• Computations at zero temperature: the “Bugblatter” diagram 

• What about quark pairing? 

• Alleviating difficulties with finite temperatures
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Pairing is stronger in the PQ theory than in QCD

15
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Pairing is stronger in the PQ theory than in QCD
• Attractive forces between quarks in high density QCD leads to a  condensate⟨ψψ⟩

• Attractive forces in PQ theory are stronger between quarks with opposite chemical 
potentials (quarks and antiquarks!) — leads to pion condensate

• In 2-flavor PQ theory / isospin QCD, increased interaction leads to exponentially enhanced 
condensate ΔPQ

15

Son & Stephanov PRL 86 (2001) 592-595
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Pairing is stronger in the PQ theory than in QCD
• Attractive forces between quarks in high density QCD leads to a  condensate⟨ψψ⟩

• Attractive forces in PQ theory are stronger between quarks with opposite chemical 
potentials (quarks and antiquarks!) — leads to pion condensate

• In 2-flavor PQ theory / isospin QCD, increased interaction leads to exponentially enhanced 
condensate ΔPQ

• But for neutron-star applications, the matter is in beta equilibrium, and in quark matter at 
asymptotic densities, three quarks are active,  
 

 
 
 
Does the  dependence makes this worse or better?Nf

15

Son & Stephanov PRL 86 (2001) 592-595

u + d ↔ u + s
s → u + e + ν̄e

d → u + e + ν̄e
etc.

⟹ μd = μs > μu
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  scaling alleviates (some of) the enhancementNf

• Turns out condensate scales as , so enhancement is partially alleviated. 

Estimate that  
(The   dependence originates from the gluon screening mass scaling as ) 

• However, (nonperturbative!) condensate is still different than in QCD, and PQ lattice 
calculations at large  and small  are still difficult 

• Would like to eliminate this nonperturbative correction, and also have easier lattice 
calculations to perform….

ΔPQ ∝ N−5/2
f

TPQ
c ≈ 50 − 100 MeV

Nf N1/2
f

μi T

16

TG, Navarrete, Paatelainen+ 2511.09627

see discussion of PQ theory in  
Moore, TG JHEP12 (2023) 133 (2309.15149)

http://arxiv.org/abs/2511.09627
https://arxiv.org/abs/2309.15149
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Outline

• Phase-quenched QCD and the inequality 

• Computations at zero temperature: the “Bugblatter” diagram 

• What about quark pairing? 

• Alleviating difficulties with finite temperatures
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Finite temperature: IR problems, but no new diagrams

• Diagrams that contribute is unchanged at finite  

• At finite , gluon screening is slightly different in the IR 

• Nonstatic (nonzero-energy) gluons of all polarizations  are screened at  

(HTL/HDL, but again, vertices proportional to  so does not contribute to ) 

• At nonzero T, static (strictly zero energy), temporal gluons  are screened but the other  
are not. The effective 3d structure of EQCD leads to more IR sensitivity

T

T

Aν T ≥ 0
fABC Δp

A0 Ai

18

Captured by Hard Thermal/Dense Loop EFT:           E. Braaten and R.D. Pisarski, Nucl. Phys. B 337 (1990) 569 
C. Manuel Phys. Rev. D 53, 5866 (1996)

Captured by Electrostatic QCD: E. Braaten and A. Nieto, PRD 51, 6990 (1995)

TG, Navarrete, Paatelainen, Sandbote, Seppänen 2511.09627

http://arxiv.org/abs/2511.09627
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C-odd vertex that appears in the eletrostatic limit of Δp

19

C-odd EQCD operator from 
 
 
 
in electrostatic QCD, but absent in the electrostatic PQ theory b/c of  averaging.  
 
Arises from one-loop matching equation 

μq ↔ − μq

ℒEQCD ⊃ iγ̄tr(A3
0), γ̄ =

g3Nf μq

3π2

Hart, Laine, Philipsen Nucl.Phys. B586 (2000) 443-474
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General structure of finite-T result

20

Δp = ( αs

π )
3

[c1 + c2 ln
αs

π
+ c3 ( αs

π )
1/2

]

TG, Navarrete, Paatelainen, Sandbote, Seppänen 2511.09627

http://arxiv.org/abs/2511.09627
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General structure of finite-T result

The general structure is

With the following properties:

•  finite functions.ci(T, μq)

•  from 2-loop EQCD,  from 3-loop EQCD,  sensitive to full QCD c2 c3 c1

• Full result vanishes as  , (QCD and PQ theory are the same)μq → 0

• Known zero-T limits:  ,  c1 → 3.368(7)pfree c2, c3 → 0

20

Δp = ( αs

π )
3

[c1 + c2 ln
αs

π
+ c3 ( αs

π )
1/2

]

TG, Navarrete, Paatelainen, Sandbote, Seppänen 2511.09627

http://arxiv.org/abs/2511.09627
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Evaluating the three terms

EQCD computation performed analytically. QCD requires hot and dense Loop-Tree Duality.

21

Δp = ( αs

π )
3

[c1 + c2 ln
αs

π
+ c3 ( αs

π )
1/2

]

c2 = − 5T2μ2
q , c3 = 48.8753

T2μ2
q

1 + [μq/(2πT)]
2

(i) Subtract IR and UV divergences at the integrand level 

(ii) Evaluate Matsubara/0-component sums — yields closed-form, locally 
finite three-dimensional representation  

(iii) Integrate resulting phase-space integral with Monte Carlo

Z. Capatti, V. Hirschi, A. Kurkela, P. Navarrete, R. Paatelainen, K. Seppänen, and A. Vuorinen, (to appear).

Hot & dense LTD steps:

(4.338πT )2 + (3μq)2 = (3GeV)2, αs ≈ 0.48 (fixed)

TG, Navarrete, Paatelainen, Sandbote, Seppänen 2511.09627

http://arxiv.org/abs/2511.09627
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Results at nonzero T

22

(4.338πT )2 + (3μq)2 = (3GeV)2, αs ≈ 0.48 (fixed)

Λ̄ ∈ [1,4] GeV

TG, Navarrete, Paatelainen, Sandbote, Seppänen 2511.09627

http://arxiv.org/abs/2511.09627
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Results at nonzero T

22

• Result at  is positive along an arc in the 
phase diagram

O(α7/2
s )

(4.338πT )2 + (3μq)2 = (3GeV)2, αs ≈ 0.48 (fixed)

Λ̄ ∈ [1,4] GeV

TG, Navarrete, Paatelainen, Sandbote, Seppänen 2511.09627

http://arxiv.org/abs/2511.09627
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Results at nonzero T

22

• Result at  is positive along an arc in the 
phase diagram

O(α7/2
s )

• Without 3-loop EQCD contributions, result 
becomes negative for  (equivalent 
to )  — soft contributions are 
important!

T ≳ 140 MeV
μq ≲ 770 MeV

(4.338πT )2 + (3μq)2 = (3GeV)2, αs ≈ 0.48 (fixed)

Λ̄ ∈ [1,4] GeV

TG, Navarrete, Paatelainen, Sandbote, Seppänen 2511.09627

http://arxiv.org/abs/2511.09627
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Results at nonzero T

22

• Result at  is positive along an arc in the 
phase diagram

O(α7/2
s )

• Without 3-loop EQCD contributions, result 
becomes negative for  (equivalent 
to )  — soft contributions are 
important!

T ≳ 140 MeV
μq ≲ 770 MeV

• Corresponds to ~1% correction to the free 
pressure; presumably the same order of 
magnitude correction to the lattice pPQ

(4.338πT )2 + (3μq)2 = (3GeV)2, αs ≈ 0.48 (fixed)

Λ̄ ∈ [1,4] GeV

TG, Navarrete, Paatelainen, Sandbote, Seppänen 2511.09627

http://arxiv.org/abs/2511.09627
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Results at nonzero T

22

• Result at  is positive along an arc in the 
phase diagram

O(α7/2
s )

• Without 3-loop EQCD contributions, result 
becomes negative for  (equivalent 
to )  — soft contributions are 
important!

T ≳ 140 MeV
μq ≲ 770 MeV

• Corresponds to ~1% correction to the free 
pressure; presumably the same order of 
magnitude correction to the lattice pPQ

• Estimating more meaningful error on  
requires next order computation

Δp

(4.338πT )2 + (3μq)2 = (3GeV)2, αs ≈ 0.48 (fixed)

Λ̄ ∈ [1,4] GeV

TG, Navarrete, Paatelainen, Sandbote, Seppänen 2511.09627

http://arxiv.org/abs/2511.09627
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Further improvements to Δp
• Improving  is conceptually straightforward 

• Going to  for  requires order of magnitude fewer diagrams than for  itself 

• Soft contributions come in two forms 

• HTL/HDL contribution from IR-sensitive 3-loop gluon self-energy gives rise to  

• EQCD contributions will become more divergent, and counterterms are more 
complicated. But extensive vacuum(!) diagram literature means required integrals 
are mostly known. 

• Nonperturbative (Linde) problem does not set in until , so ways to go!

Δp

O(α4
s ) Δp p

O(α4
s ln αs)

O(α7
s )

23
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Summary
• Phase-quenched QCD promising avenue to constrain pressure of dense deconfined matter 

•  is rigorous, but for small  the bound becomes tight  

• At ,  requires evaluating a single 4-loop topology, and has been 
computed (though condensates are different between QCD at PQ theory) 

• At , further infrared issues introduce  and  terms from electrostatic  
fields, but removes condensates.  contributions become sizable for . 

• EQCD terms easy to compute with existing vacuum results, 4-loop QCD diagram required 
new hot and dense LTD techniques. 

• Finite-T results available for large swath of the QCD phase diagram, where quark pairing 
is suppressed

pPQ ≥ p αs O(α3
s )

T = 0 Δp := pPQ − p

T > 0 O(α3
s ln αs) O(α7/2

s ) A0
O(α7/2

s ) T ≳ 140 MeV

24
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Outlook

25

• Encourage lattice community to perform 
phase-quenched lattice simulations! 

• Possible improvements on perturbative side: 

• Can extend results to  using 
similar techniques 

• Could include quark-mass effects 
(usually 1% effect at most in this regime, 
at least in QCD)

O(α4
s )
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Outlook

25

• Encourage lattice community to perform 
phase-quenched lattice simulations! 

• Possible improvements on perturbative side: 

• Can extend results to  using 
similar techniques 

• Could include quark-mass effects 
(usually 1% effect at most in this regime, 
at least in QCD)

O(α4
s )

Thanks for your attention!



Backup slides
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Bugblatter expressions

27

𝒯abc := tr(TaTbTc)
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Diagrams contributing at finite T

Can handle divergences by adding and subtracting the EQCD physics (and expanding some 
terms “naively” in powers of the coupling) 

with terms:

28

Δp = (Δpnaive − Δpnaive
EQCD) + Δpres

EQCD

Δpnaive
EQCD = Δpres

EQCD expanded out in powers of αs

Δploop =

A0 propagator
Ai propagator

vertex γ̄ = g3NfT1/2μq/(3π2)

Δp = ( αs

π )
3

[c1 + c2 ln
αs

π
+ c3 ( αs

π )
1/2

]

Δpres
EQCD = − − −

TG, Navarrete, Paatelainen, Sandbote, Seppänen 2511.09627

http://arxiv.org/abs/2511.09627
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Diagrams contributing at finite T

Can handle divergences by adding and subtracting the EQCD physics (and expanding some 
terms “naively” in powers of the coupling) 

with terms:

28

Δp = (Δpnaive − Δpnaive
EQCD) + Δpres

EQCD

Δpnaive
EQCD = Δpres

EQCD expanded out in powers of αs

Δploop =

A0 propagator
Ai propagator

vertex γ̄ = g3NfT1/2μq/(3π2)

Combined at the integrand 
level (along with a counter- 
term) to yield finite result

Δp = ( αs

π )
3

[c1 + c2 ln
αs

π
+ c3 ( αs

π )
1/2

]

c1{
Δpres

EQCD = − − −

TG, Navarrete, Paatelainen, Sandbote, Seppänen 2511.09627

http://arxiv.org/abs/2511.09627
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Diagrams contributing at finite T

Can handle divergences by adding and subtracting the EQCD physics (and expanding some 
terms “naively” in powers of the coupling) 

with terms:

28

Δp = (Δpnaive − Δpnaive
EQCD) + Δpres

EQCD

Δpres
EQCD = −

c2

−

c3

−

Δpnaive
EQCD = Δpres

EQCD expanded out in powers of αs

Δploop =

A0 propagator
Ai propagator

vertex γ̄ = g3NfT1/2μq/(3π2)

Combined at the integrand 
level (along with a counter- 
term) to yield finite result

Δp = ( αs

π )
3

[c1 + c2 ln
αs

π
+ c3 ( αs

π )
1/2

]

c1{

TG, Navarrete, Paatelainen, Sandbote, Seppänen 2511.09627

http://arxiv.org/abs/2511.09627

