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correlation 1S not connection

Mierscheid Law
J. M. Mierscheid
(1983)

f
w
N

Vole share for Social Democratic Party of Germany (in percentage points)

Index o

1961 | 1965 1969 1972 1976 | 1980 | 1983 1987 1990 1994 | 1998 2002 2006

Year of Election

The vote share of the German Social Democratic Party (SPD) equals the inde:
the crude steel production in the Western federal states (source:Wikipedia)
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¥ observing the covariation of the activities cannot directly tell

us about the network connectivity.
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can we use this type of data to infer connections”
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outline

¥ A simple model, equilibrium inverse Ising problem, and its
shortcomings.

¥ Fitting the kinetic Ising model.

¥ Mean-Field and TAP approximations for the kinetic model and
guantifying their errors.

¥ On real data.
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equilibrium inverse Ising problem

Pndh; and; of

Boltzmann Machine
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¥howtofind h;, J; for large N?

Exact method: Boltzmann learning

0J; = 77[<SS,- >data - <SS] >current3,h]
oh. = 7][<S >data - <S >currentJ,h]

Ackley, Hinton, Sejnowski 85

requires long Monte Carlo runs to compute model statistics

fast and reliable approximate methods exist
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¥ independent-pairs Roudi et al 09

¥ high absolute magnetization expansion Roudi et al 09

m;, m; 1" 1 Ji; = ~log |1+ J
L J J 4 (1+ mz)(l'i' mj)

¥ nMFT |
_ ' v Yhio 1.
hi = tanh 1mi — | Jij m,- Cij - W - 1 — mi2 ‘JIJ

¥ TAP
| : - -1 _ 2
h; =tanh' 'm;! Jimi+m; A m5) Gy = —di —2d;mim;
J J

Kappen & Rodriguez 98, Tanaka 98

¥ Sessak-Monasson, BP, SusP

Sessak & Monasson 09 Mezard & Mora 09 Aurell, Olion & Roudi 10
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binary representation of spike trains

* bin the spike train C
neuron 1 —-t——ttt——1—
e for each neuron i, if it neuron2 — 1 I I L
: o . _ neuron3 _ L. LIL 0 1.
spiked in bint & si(t) =1 BEREEEEEREE
i 3 si(t) = —1
did not spike in bint & si(t) neuron N L iy
-
e a binary representation of spike too tme
: B neuron 1 1111111111
trains S(t) - ( Sl(t)a SQ(t) ----- SN (t)) neuron 2 -lll-l-ll-ll-l 1
e compute experimental means and corr. Meuon3 i1-11:1-11-1-11-1
1 EEEEEEEE N
(=7 (0 pevon 31,4141 4141
. 1. i time
15:5; " data = TZSi(t)Sj(t) f
t S(t=2)=(1,!'1,...,1 1)
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bt the Ising distribution (Dnlds and Js)

1
Prpair (S) = EXp Z h;s; + ZJ”SZSJ

Zpair i<
such that
< >palr - < >data
1Si S} "pair = !SiSj "data functional couplings

this yields the simplest probability model for the spike trains th

the maximum entropy distribution given means and correlation

Schneidman et al Nature 05, Shilens et al J. Neurosci. 06
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¥ how good are these approximations
compared to the exact learning for neural
data?
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HEY6&'()* 1808 )+

#$%&'(')*+"1$'1*.(2"3*&41"56*17'")8"0*(&.9/
*1(287;%"<)312838=2&. @>A$21+@2&2L:
1A%).7,"%).3A%'(.%1@0(713"7+.(B717[ 4"

AR

D&/:'8:#'1/3#.E$%) !
C*)0(0&2&'+")8"%)..1%:)."01'D11."(.+"'D)" \
1A).7"&T = K/N,"D/1*1'N"&7"/1"7&E1")8"

/1"B)BA2(})."(.3" K"&7"/1"(41*(=1"
A<01*")8"B*17+.(B:%".1A%).7F

G17A2'7"/1*1"8)*"
c=0.1,N=1000
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N

(©)

20

ot=10 ms

N =200

1 (b) (a)
1 1 '
ind pair _» NMFT ge-
1 04 ‘! 1o J
- .. ‘9_ - -1 0
J’.-.. 8 ch._..n.
(d) (c)
14 4=
TAP A low-rate
2 o4 / J 0 ’
I I
J, R J.“ oy
(f) (e)
TAP/SM SM
J; 0 / it , .
I BRI
J lJ.-.."H“ J'“ oy

comparing the approximations

N
ind pair -
1o
- s
- (4]
J ll‘: Ramarn
(d)
-
TAP .
1o f
-1 -
=¥ H r(.)wr‘
Ji
(f)
TAP/SM
J; © /
-1 0 7
J:; it

the
winner!
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N-dependence of error measures

(@)
———— SM/TAP
------------- L= SMm
R 1 TAP
R2 R .
0.5 Tl 3
T © | nMFT
ind pair ~.. low-rate
0+— :
50 100 150 200
N
(b)
ind pair
= o low-rate
O 0-] S sy b -
g -
b+ - -cmimimim e nMFT
= 0054 I TAP
o " o —— e ——— — | SM
SM/TAP
0 '] '
50 100 150 200
N
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we have fast approximations that can work fi
large networks

but what can we learn from the inferred
connections?

Friday, November 12, 2010



relation to real network connectivity

~ Inferring gene regulatory network

' )
RNw e
- X, A W V= o e
e Nl = Lazon et al 06
- e rca, 100 X ot s ca Gwn e
e e | L. o microarray expression data fro@accharomyces cerev
3 “ o MAS T
Sy o) . 5 &
Hu‘: q: \ X =Y 4. %
. o v V°‘ b
A <
9 ) Ol e B
! ’ 1 o,
5 Sy
N 9 o ,q.'
¢_o. ~ 2

~ Reconstructing protein complexes from co-evolution of
contacting residues (#a.a. ~4 (#data ~ 16-10%
Weigt, White, Szurmant, Hoch, Hwa (PNAS 2009)
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real

neural data

STV
XX WO

Inferred

~ forcing the connections to be symmetric

~ equilibrium vs non-equilibrium
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¥ the equilibrium inverse Ising model is na
good model for inferring the connections

parentheses

¥ is it a good probability model?
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gualitative picture

102 — -
1 .
b2 Schneidman et al, Nature 2006
oA lon] ol
o TR
2106
& 10| rependert
D-m' .
104 102 1 102
Praata 100 dissociated spikes 100 _ organotypic spikes
-10[ Mo
10 i _10 I
3 2 I S -
: o S '
810 - :' pairwise e10 pairwise
5 i v independent i independent
- : -30
103(] | | I | 10 I | I |
8 6 -4 2 0 s 6 -4 2
10 10 10 10 10 10 10 10 10 10
Praata Praata’

Tang et al, J. Neuro. 2008

0
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guantitative picture

e Compute Dxi(Pftirue||Proair).

e Normalise it by xi(Ptruel|Pfing)

I:)rind (S) =

1 -1
i Oi =1 h !'"aa
7 exlO[Ei bs] b =tanh ~(!si"qata)

e pairwise model quality

DKL (PI’ data HPrpa|r ) Entropyair_ Entropy data

Dkr (Prdata ”Prind ) EntrOan/d - Entropy data
A near zero====> pairwise model igjood
A near one====> pairwise model i$ad
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e EXPERIMENTAL DATAA=0.01-0.1

Schneidman et al, Nature 2006 Tang et al, J. Neuro. 2008
Shlens et al, J. Neuro. 2006 Shlens et al, J. Neuro. 2009

Opairwise models are exceptionally powerfulO

This was calculated for small number of
neuronsN < 10.

e can we conclude that pairwise models are good for real

sized systems?
Roudi et al, PLoS Comp. Biol., 2009
Roudi et al, Phys. Rev. E., 2009
Roudi et al, Frontiers in CN, 2009
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extrapolation problem
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perturbation for smal

N number of neurons

O average number of spikes per bin

e assumeNo << 1.

e)q:erimewts were done L this
regime.

o compute Dki(Prue||Ppair) @and Dxi(Prue||Pnd)
perturbatively.

DkL(Prrue [|P ing) &N (N-1) 2
DikL(Prrue ||P pair) <N (N-1) (N-2) 3

Friday, November 12, 2010



A Is guaranteed to be small for small subsystems, but i
has no predictive power.
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the experimentally observed power of pairwise mode
cannot be extrapolateto large systems.
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¥ equilibrium model does not help you bnd th
connections.

¥itis not a good probability model for data unless
youOre dealing with a brain of N~10-20.
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~ forcing the connections to be symmetric

~ equilibrium vs non-equilibrium

study kinetic models
GLM models

network of IF neurons
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Kinetic Ising model

synchronous discrete time B=1

.. .
exp Us(t () + T Tyl + 1) 800
Pr({s:(t+1)}[{ si(£)}) = - a $

# ~
i 2cosh ! h;(t) + j! Jiij(t)

asynchronous, continuous time

! $
" 4
s 1" s with probability ~ot" 1" s tanh(8h; +  Jj )%

j
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suppose we have observédrepeatseachof length L

sT(t) = {s}(),aaas (1)}, r=1...R.

log likelihood of this data is

£0,3) =57 [ hasi(t+1) + 3 Jiysi(t +1)s5 (1)~ log 2coshby () + [ (1)

t,r, J i

exact learning by maximizing the likelinood by gradient decent

" L L
LB ="h 5 0Jij = mary
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hi®) = " s+ D # a0+ Jusi O]
k

13, = --J’ Is;(t + 1) Sj(t)--# tanh[hi () +  Jic s (t)]sj (1)"
! k

i

2&721"50('%/"41*78&).:"312'(@*AL&"8}B1.31."B1*%1B").7
HA%/"8(7'1*"/(.")2'E<(.."21(*.&.="8)*"[1"7+<<1"*&%" % (7 1

'11"71%).3"1*<

#$(%"(2=)*&'<!"<1("TLA(*1"1**)*"M"NOP"
Ql(?@"%)ABZ&.:"2&<&'!" <(Ji}ralculated " Jiﬁrue)2>: : 1
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Mean Peld theory for the kinetic learnin

| do this for the stationary case brst for simplicity
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13,5 = "J: IS;(t+1)s;(t)" # 1 tanhjhi(t) +  Jisc(t)]s; ()"
Kk

after the learning is convergeddJ,,; = )
Isi(t+1) s (t)"= ! tanhh;(t) + > Jusi(t)]s;(1)" S=m+"3
P .

expanding 1st order ibs and assuming im; = tanh( hi+ ~ ; Jp'"my)

s (t+1)!'s ()" = (1# m?) " JaE s () s (1),

EJMF — A! 1DC! 1

Cij = 10si(t)dsj(t)" Dy = 18s;(t +1)ds;(t)"
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13,;= ") 1s,(t + 1) S;(t)" #1tanhfhi(t) +  Jnsc(t)]s (O

K

after the learning is converged 0Ji; =)
Isi (t+1)sj(1)"= ! tanh[h;(t) + > Jixs(t)]s;(t)" S, =m, + 35,
¢ mi = (Si)
expanding 3rd order ids and assuming

m; =tanh[h; + 3, 3P m# m; 32, (3™P )2 (1# m2)]

1
eJijTAP = ATAP DC' ! —JMF/(1# F)

AAP = (1# m?)(1# F). FL# )= (L #m)) ) (")5(# m)).

Cij = 10si(t)dsj(t)" Dy = 18s;(t +1)ds;(t)"
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HR'(.3"STC17'13")."3('("=1.1%('13"8%)<"("?&.1:%"-7&.="<)312

a) b)

0.2t 0.2t

0.1 a 0.1 :
o & o

£ o E ool

T o . 4 T

S5 o S5

0.1k 10.1 o

10.2 102

02 101 0 01 02 jrue 02 101 0 01 02 jrue
PIIUIIMV P"U"NV

P":<1"7'1B7,"=1.1*(13"0+"("<)31D&/"*(.3)<"%)AB2&.=7!"

2
(3;)=0 <Jij2>=% 5(7+<<1*&%"Y/1**&.=").@Z&*?B(*&%?"<)312:
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guantifying the errors

exact algorithm is satisbed when

Dy =1tanh[hy(t) + Y Juse(t)]s;(1)"
k

at zero beld — Din =Y Jix(sisn) = 5 ) JinJaTim(sis18msn) + &8
k klm

usingM* = A" 'DC' ' vyields Jz!\;-IF = Jij # Jq;szij

k
(0 3)= 2 (2)= (@75,
_g
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TAP error

4g'°/N .

much smaller than what simulations show

b)
4g°/N + (20g%)/ (3N3).

1E-5
I% X
Yl | bnite size effect

el =016 negligible only for N>>1/g”"2

o 00w J=0.14

e 0=0.12

1E-9 Sl 9701

1E4 1E6 L 1ES 1E10
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Nonstarionary

MF
mi(t+1)=tanh[ hi(t)+  IMFm; (0)].

TAP

mi(t+1)=tanh[ hi(t)+  JPP (D1 mit+1)  (@™P)Z1 m2(1)]

o j
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sinusoidal field applied to all spins

0.1} 0.1
goo
2 0. 5 ,\_0.05'
2 IS
>~ 0 u_@ ot
=5 =
-0.05 -0.05}
-0.1r -0.1t
—01 -005 0 0.05 0.1 jrue =01 —005 0 005 01 ijrue
. : stationary MF inference
nonstationary MF inference . .
: . applied to nonstationary data
applied to nonstationary data
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after we inferred the couplings, we can infer the
fields

mj (t + 1) = tanh/|h; —I—ZJMF

C) st
" v
105 f g | .
100 / 150 200 250 300tlme
\
real field Non-stat. MF Stat. MF
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real data

¥ for in vivaandin vitroreal data, we donOt know the
connectivity

¥ so we usen silico real data.
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Inhibitory-inhibitory connection

MF TAP
E 3x1o4 3x1o4
=)
1 | - 2 2
C
T 1
O
o 0 0
-0.5 0 0.5 -0.5 0 0.5
E 3x104 3x104
-
E 2 2
g 1 1
(b
05 0 0.5 05 0 0.5
L=10000

@@@""7+.(B:%"%)..1%;)."B*
llllllllllllllll &.")*&:&.(2". 1ID)*?
@@@""7+.(B:%"%)..1%;)."(07
llllllllllllllll &.ll)*&:&.(zll. 1ID)*?
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Inhibitory-inhibitory connection

MF TAP
E 3x1o4 3x1o4
)
é 5 2 p)
O =
S AJ 1
O
@ 0 0
-0.5 0 0.5 -0.5 0 0.5
E 3x1o4 3x104
-
e
Q 2 2
-g | A\ | A
(b
0 0
-05 0 0.5 -0.5 0 0.5
L.=100000

| @@@""7+.(B;%"%)..1%;)."B*1

IIIIIIIIIIIIIIII &-Il)*&:&. (2". 1ID)*?

| @@@""7+.(B;%"%)..1%:)."(07

-------------- &.")*8&=&.(2".1'D)*?
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Inhibitory-inhibitory connection

MF TAP
E 3x1'04 3x104
é g 2 2
S =
< 3 :
v o N 0 VAN
i0.5 0 0.5 0.5 0.5
E 3x1o4 3x1o4
-
—
Q 2t 2
(b
0 0+
i0.5 0 0.5 i0.5 0.5
L=1000000

@@@""7+.(B;%"%)..1%;)."B*
"""""""" &.")*&=&.(2".1'D)*?
@@@""7+.(B;%"%)..1%;)."(0
"""""""" &.")*&=&.(2".1'D)*?
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excitatory-excitatory connections
MF TAP

¢ (¢

@@@""7+.(B:%"%)..1%:)."

| &.")*8&=&.(2". 1'D)*?
@@@""7+.(B;%"%)..1%;)."
| &.")*8=&.(2".1'D)*?

non-
equilibrium
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S |

%

O s - $

® /L /L
L=1000000

Friday, November 12, 2010



summary

¥ we can develop exact, MF and TAP approximate learning rule
the non-equilibrium case.

¥ the error can be quantibed in the weak couplings (highY) regime,
leading to an asymptotic error of g”6/N for MF and g~10/N for TAP
(+ Pnite size).

¥ we can also extend everything to the nonstationary regime.

¥ for simulated data, we can infer the strong connections.
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future

quantify the error for the non-stationary case.

the issue of subsampling, i.e. observing only part of the
system.

@ relation to non-equilibrium FDTs.

® asynchronous (continuous time) dynamics (Erik Aurell et al)
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