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tunnel junctions
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• Short intro to central charge, heat conductance, and 
Fibonacci particles

• Superconductor and insulator phases of an array of 
Josephson junctions

• Equivalence between Majo Zero Modes in  a Cooper 
box and Spins

• 1D models and Experimental signatures
• SUSY Tri-critical Ising transition in the insulating 

phase with central charge 7/10
• Extension to 2D?

Outline



particle-like

Abelian
Majorana ?

Fibonacci?



- Edge modes in general have quantized  heat conductance: 

- C: Is by definition the central charge. 
- Integer for integer QHE and abelian FQHE [et al. Heiblum]
- Fractional for the non abelian states
- For            5/2 [MR]  c = integer + 1/2
- For           12/5 [RR]  c = integer + 4/5
For a topological SC wire exactly at the transition there are two 
counter propagating Majorana modes with  c = 1/2. 
Also True for the transverse field Ising model

hot reservoir cold reservoir

1D electronic modes



5/2 [MR] has MZMs
12/5 [RR] has Fibonacci 

Fusion Rules and Ground states 
degeneracy

5/2 [MR] with 2N MZM  
12/5 [RR] with N Fibonacci 

Braiding particles -- matrix manipulations 
in the degenerate ground state space.
MZM’s do not give universal TQC
While Fibonacci’s do.
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- We know how to create MZM in an alternative simpler system  SC + 
SOC + Magnetic field [non universal]

- Can we create a system with fractional central charge that carry 

Fibonacci particles using TSC?
- Our conjecture: yes – the insulating phase of TSC may have exotic 

states supporting Fibonacci
- I will show today an explicit critical system with c=7/10 in 1D with 

possible future  extension to 2D 

- The basic ingredients are MZMs in a Cooper Box
- The interaction between them creates a TSC insulating phases with 

the required properties



MZM can be found in 
Semiconductors

Lutchyn, Sau, Das Sarma PRL 105, 077001 (2010).
YO, Refael, von Oppen PRL 105, 177002 (2010).
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Mourik et al, Science 336, 1003 (2012) 
Delft+ Weizmann, Lund.

Experimental
progress

2018 :Zhang,…, 20 authors, Leo P. Kouwenhoven

Quantized Majorana conductance

2018: Lutchyn, Bakkers, 
Kouwenhoven Krogstrup, 
Marcus, YO



Copenhagen Experiment
the Majorana Cooper-pair Box 

Albrecht et al, Nature 531, 206 (2016)
Copenhagen



Selective-Area-Growth



2D Al-InAs Charlotte Bøttcher
Fabrizio Nichele
Charles Marcus 2018

Measure Heat Transport



SC: c forms a p wave topological superconductor [TSC]
Insulator: b is in the Mott phase and f forms a TSC [KSL]

What happens when the SC is topological?

Electron

Charged Boson 
[Chargon]

Neutral Spin-full Fermion 
[Spinon]

Senthil, Potter, Fisher and Balents and Nayak, Qi and Barkeshli:
Conventional SC- Insulator proliferation of [h/2e] vortexes 
Topological SC has MZM in the core so only pairs of vortexes [h/e] proliferate 
à leading to Kitaev’s Spin Liquid [KSL]]

Parton construction:
[slave-bosons]



Today: 

1. Construct insulating models by mapping to 1D spin chains 

2. Super Symmetric [SUSY] 1+1 field theoretical models with

central charge 7/10 

- 2+1 has Fibonacci particles, wanted for Universal TQC

- Measured by heat conductance

All based on Majorana-Cooper pair Boxes 

[local interactions] and local tunneling 

between the Majorana

zero modes

What are the insulating phases 
when the SC is topological?



Tetron-Spin 1/2

In a Cooper Box [Quantum dot made of superc0nductor in the 
Coulomb blockade regime]:    

Charging 
Energy

Cooper 
pairs

Gate

Nc nm n1 n2
0 0 0 0
1 2 1 1



Hexon- 2xSpin 1/2

Hilbert space [4 states]
Operator Algebra
Constraint



ü XXZ Chain
ü Transvers Field Ising
ü AKLT model –[Haldane Gap]

ü Tune to a critical point
ü Apply perturbation 
ü Measure

1D Spin models



Linear response:

1D-Proposed Measurements

~

At criticality:
Modified Bessel
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1D SUSY Models

Blume Capel model Spin 1!



Tri Critical Ising
First order transition

Transverse field Ising



Susy Field Theory

Villain Trans [t=0]



Susy Field Theory

With ℎ = 0 generalized G-N model 
Saddle point for large ℎ ≫ 1





Very sensitive to 
disorder

[1+1]D 



Tri Critical Ising SUSY
First order line

Transverse field Ising



- Insulating phases of TSC
- Majo zero mode as a building block for spins and 

fermions
- 6 Majo-Zero Modes in a Cooper Box is a convenient 

building block 
- Controlled by Gates Only
- A Chain with 7/10 cc [in 2+1 Fibonacci  particles]
- local measurements 
- 2D?

Intermediate Summary



2D Spin Liquids/
Kitaev’s Honeycomb Model



A: Gap-Full 
B: Gapless
+NNN Gap-Full

Phase Diagram



Kitaev’s Honeycomb model/
Yao Kivelson Model
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Realizations [Color Code]

See also 
Barkeshli Sau





Loops with odd number of sites SxSySz – spontaneous 
chirality breakings

Collective spin edge mode

Majorana edge mode
With central charge=1/2



- Insulating phases of TSC
- Majo zero mode as a building block for spins and 

fermions
- 6 Majo-Zero Modes in a Cooper Box is a convenient 

building block 
- Controlled by Gates Only
- A Chain with 7/10 cc [in 2+1 Fibonacci  particles]
- local measurements 

Summary


