
Extensional and shear flow material functions  
of dense suspensions— 

microstructure, particle pressure, and N1

Ryohei Seto

KITP program: Physics of Dense Suspensions

JSPS KAKENHI 
JP17K05618 

Giulio G. Giusteri 
Antonio Martiniello  
Abhinendra Singh 
Romain Mari 
Jeffrey F. Morris 
Morton M. Denn



Molecular dynamics
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Newtonian 

Dynamics of solid particles
in a viscous liquid

non-Newtonian 
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MD simulation Stokesian Dynamics Discrete Element 
Method
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Rheology

MD-like
Particle simulation

material functions
scalars 

(not coordinate specific)
physical interpretations
⌘( €�), N1( €�), N2( €�)
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Constitutive 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1. Periodic boundary conditions 
2. Simulation model for particle dynamics  
3. Material functions 
4. N1 issue 
5. Extensional rheology

Outline



Time-dependent periodic boundary conditions
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Time-dependent periodic boundary conditions

Lees–Edwards P.B.C.

Kraynik–Reinelt P.B.C.

simple shear

planar extensional
(pure shear)

Sami, Master Thesis (1996)  
in Brady’s group

Todd and Daivis (1998)

Kraynik and Reinelt (1992)





little worry for shear banding

no worry for wall slips and migration 

Time-dependent periodic boundary conditions

All good for local rheology!

We need reliable simulation models 
for particle dynamics…

(
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2. Simulation model for particle dynamics  
3. Material functions 
4. N1 issue 
5. Extensional rheology
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Purely hydrodynamic suspensions

Perfect reversibility(memory), 
if lubrication layers can remain.

~0 = �rp + r2~u Zero Reynolds number

shear reversal demo



However, infinitesimal resolution is required!!
Purely hydrodynamic suspensions
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+ contact force (with some sliding constraint)
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Purely hydrodynamic suspensions FLub ⇠ � 1
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non-equilibrium
shear-induced microstructure ⇆ relaxed microstructure

equilibrium

H.I. + Con. + Brownian force or/and repulsive force

Demo for “flow–stop–flow–stop–…”



剛体球

If volume fraction of particles with extended radii 
in the low shear rate exceeds jamming, the viscosity is infinity.

Maranzano & Wagner 2001

→ Yield stress

H.I. + Con. + Brownian force or/and repulsive force

⌘ =
�y + c €�

€� ⇠
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€� ( €� ! 0)
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Hard spheres

Charge stabilized 
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Hydrodynamic interaction + contact force
+ Brownian force or/and repulsive force

our F* = 0 simulation. This can be understood as our simulation
missing a repulsive force that arises from the suspension “sta-
bilization” in the experiments.
We first look at the effect of the repulsive force on the

thickening of the colloidal suspension. The relative viscosity
curves for different values of F* are shown in Fig. 4 (Left) for
ϕ= 0.5. The main effect of the repulsion is, as expected, to push
the onset of thickening to higher stresses. The relative viscosity in
the thickened state is unaffected by the value of F*, as in this
regime the repulsive force can be neglected relative to the hy-
drodynamic and contact forces. Note that the slope of the shear
thinning is also the same for all of the simulated F*. In Fig. 4
(Right), we show that the onset stress is approximately
σon ≈ 5kBT=a3 + 0.01F*=a2. Thus, to a good approximation the
effects of Brownian and repulsive forces on shear thickening can

be combined in a simple additive manner. In this regard, the
Brownian forces have an effect that is virtually identical to that
of a potential repulsive force.
Besides F*, our repulsive force contains another free param-

eter, the force decay length λ. As we show in Fig. 5, λ essentially
controls (in conjunction with the Brownian motion) the strength
of the shear thinning at low Pe. Increasing λ, i.e., increasing the
distance over which the repulsive force decays, makes the shear
thinning more pronounced. This can be qualitatively understood:
When λ→ 0, the repulsive force disappears, and only the shear
thinning due to the Brownian motion remains.
We use simulations to assess the appropriate repulsive force to

capture the behavior seen in experiment. We focus here on the
recent data by Cwalina and Wagner (26), which include mea-
surements of the shear stress and normal stress differences for a
suspension of silica beads with radius a= 260  nm in a low mo-
lecular weight PEG Newtonian suspending fluid at T = 300 K.
The particles are coated with octadecane chains to provide steric
stabilization (40). The short-range van der Waals attraction is
also reduced by index matching between particles and solvent.
We obtained the best comparison with the results of Cwalina

and Wagner (26) by setting μ= 1, F* = 5× 103kBT=a, and
λ= 0.02a, as shown in Fig. 6. The agreement with the experi-
mental data for the relative viscosity is excellent. The second
normal stress difference N2 also shows a very good agreement
with the experimental data, being negative for all volume frac-
tions; −N2=σ is in the range 0.15–0.4 for all Pe, as shown in Fig. 7,
consistent with the behavior for non-Brownian suspensions
(11). Rather surprisingly, given the agreement for both ηr and N2,
N1 disagrees substantively between our simulations and these
experiments. In the experiments, N1 < 0, as predicted based on
hydrodynamic force dominance (41). Our simulations find
weaker negative N1 for the lower volume fractions presented
(ϕ= 0.50 and 0.53), whereas for ϕ= 0.55, N1 > 0. We note that
Lootens et al. (42) observed a similar change in sign of N1 at the
shear thickening transition. The parameters used in the simula-
tions can be translated into SI units using the experimental
parameters, with an inferred repulsive force at contact of
F* ≈ 79 pN and a repulsion range of λ≈ 5.2 nm, which is to be
compared with the thickness of the stabilizing polymer comb
estimated to be 15 to 20 nm from the structure factor measured
by neutron scattering (40). The volume fractions used in the
simulations to get the best agreement with experiments are
always higher than the experimental ones. This might be

Fig. 6. Comparison with experimental data from Cwalina and Wagner (26)
(black lines) for the relative shear viscosity (Top), second (Center), and first
(Bottom) normal stress difference viscosities as functions of the Péclet
number. Simulation results (colored lines and symbols) are obtained with a
repulsive force at contact F* = 5× 103kBT=a and a repulsion range λ= 0.02a.

Fig. 7. Second normal stress difference N2 normalized by the shear stress as
a function of the shear stress for several volume fractions ϕ for the same
conditions as in Fig. 6.

4 of 5 | www.pnas.org/cgi/doi/10.1073/pnas.1515477112 Mari et al.

Experimental data  
black-solid lines

our F* = 0 simulation. This can be understood as our simulation
missing a repulsive force that arises from the suspension “sta-
bilization” in the experiments.
We first look at the effect of the repulsive force on the

thickening of the colloidal suspension. The relative viscosity
curves for different values of F* are shown in Fig. 4 (Left) for
ϕ= 0.5. The main effect of the repulsion is, as expected, to push
the onset of thickening to higher stresses. The relative viscosity in
the thickened state is unaffected by the value of F*, as in this
regime the repulsive force can be neglected relative to the hy-
drodynamic and contact forces. Note that the slope of the shear
thinning is also the same for all of the simulated F*. In Fig. 4
(Right), we show that the onset stress is approximately
σon ≈ 5kBT=a3 + 0.01F*=a2. Thus, to a good approximation the
effects of Brownian and repulsive forces on shear thickening can

be combined in a simple additive manner. In this regard, the
Brownian forces have an effect that is virtually identical to that
of a potential repulsive force.
Besides F*, our repulsive force contains another free param-

eter, the force decay length λ. As we show in Fig. 5, λ essentially
controls (in conjunction with the Brownian motion) the strength
of the shear thinning at low Pe. Increasing λ, i.e., increasing the
distance over which the repulsive force decays, makes the shear
thinning more pronounced. This can be qualitatively understood:
When λ→ 0, the repulsive force disappears, and only the shear
thinning due to the Brownian motion remains.
We use simulations to assess the appropriate repulsive force to

capture the behavior seen in experiment. We focus here on the
recent data by Cwalina and Wagner (26), which include mea-
surements of the shear stress and normal stress differences for a
suspension of silica beads with radius a= 260  nm in a low mo-
lecular weight PEG Newtonian suspending fluid at T = 300 K.
The particles are coated with octadecane chains to provide steric
stabilization (40). The short-range van der Waals attraction is
also reduced by index matching between particles and solvent.
We obtained the best comparison with the results of Cwalina

and Wagner (26) by setting μ= 1, F* = 5× 103kBT=a, and
λ= 0.02a, as shown in Fig. 6. The agreement with the experi-
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(11). Rather surprisingly, given the agreement for both ηr and N2,
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hydrodynamic force dominance (41). Our simulations find
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(ϕ= 0.50 and 0.53), whereas for ϕ= 0.55, N1 > 0. We note that
Lootens et al. (42) observed a similar change in sign of N1 at the
shear thickening transition. The parameters used in the simula-
tions can be translated into SI units using the experimental
parameters, with an inferred repulsive force at contact of
F* ≈ 79 pN and a repulsion range of λ≈ 5.2 nm, which is to be
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estimated to be 15 to 20 nm from the structure factor measured
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curves for different values of F* are shown in Fig. 4 (Left) for
ϕ= 0.5. The main effect of the repulsion is, as expected, to push
the onset of thickening to higher stresses. The relative viscosity in
the thickened state is unaffected by the value of F*, as in this
regime the repulsive force can be neglected relative to the hy-
drodynamic and contact forces. Note that the slope of the shear
thinning is also the same for all of the simulated F*. In Fig. 4
(Right), we show that the onset stress is approximately
σon ≈ 5kBT=a3 + 0.01F*=a2. Thus, to a good approximation the
effects of Brownian and repulsive forces on shear thickening can

be combined in a simple additive manner. In this regard, the
Brownian forces have an effect that is virtually identical to that
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Besides F*, our repulsive force contains another free param-

eter, the force decay length λ. As we show in Fig. 5, λ essentially
controls (in conjunction with the Brownian motion) the strength
of the shear thinning at low Pe. Increasing λ, i.e., increasing the
distance over which the repulsive force decays, makes the shear
thinning more pronounced. This can be qualitatively understood:
When λ→ 0, the repulsive force disappears, and only the shear
thinning due to the Brownian motion remains.
We use simulations to assess the appropriate repulsive force to

capture the behavior seen in experiment. We focus here on the
recent data by Cwalina and Wagner (26), which include mea-
surements of the shear stress and normal stress differences for a
suspension of silica beads with radius a= 260  nm in a low mo-
lecular weight PEG Newtonian suspending fluid at T = 300 K.
The particles are coated with octadecane chains to provide steric
stabilization (40). The short-range van der Waals attraction is
also reduced by index matching between particles and solvent.
We obtained the best comparison with the results of Cwalina

and Wagner (26) by setting μ= 1, F* = 5× 103kBT=a, and
λ= 0.02a, as shown in Fig. 6. The agreement with the experi-
mental data for the relative viscosity is excellent. The second
normal stress difference N2 also shows a very good agreement
with the experimental data, being negative for all volume frac-
tions; −N2=σ is in the range 0.15–0.4 for all Pe, as shown in Fig. 7,
consistent with the behavior for non-Brownian suspensions
(11). Rather surprisingly, given the agreement for both ηr and N2,
N1 disagrees substantively between our simulations and these
experiments. In the experiments, N1 < 0, as predicted based on
hydrodynamic force dominance (41). Our simulations find
weaker negative N1 for the lower volume fractions presented
(ϕ= 0.50 and 0.53), whereas for ϕ= 0.55, N1 > 0. We note that
Lootens et al. (42) observed a similar change in sign of N1 at the
shear thickening transition. The parameters used in the simula-
tions can be translated into SI units using the experimental
parameters, with an inferred repulsive force at contact of
F* ≈ 79 pN and a repulsion range of λ≈ 5.2 nm, which is to be
compared with the thickness of the stabilizing polymer comb
estimated to be 15 to 20 nm from the structure factor measured
by neutron scattering (40). The volume fractions used in the
simulations to get the best agreement with experiments are
always higher than the experimental ones. This might be
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(black lines) for the relative shear viscosity (Top), second (Center), and first
(Bottom) normal stress difference viscosities as functions of the Péclet
number. Simulation results (colored lines and symbols) are obtained with a
repulsive force at contact F* = 5× 103kBT=a and a repulsion range λ= 0.02a.
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a function of the shear stress for several volume fractions ϕ for the same
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very different!?
Mari, Seto, Morris, and Denn (PNAS 2015)

Cwalina and Wagner 2014

Seto, Mari, Morris, and Denn (PRL 2013)
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<latexit sha1_base64="LqL0+ctqMKXcmcoWEzIicBRemJs="></latexit><latexit sha1_base64="LqL0+ctqMKXcmcoWEzIicBRemJs="></latexit><latexit sha1_base64="LqL0+ctqMKXcmcoWEzIicBRemJs="></latexit><latexit sha1_base64="LqL0+ctqMKXcmcoWEzIicBRemJs="></latexit><latexit sha1_base64="HiV+R4S8Sx7b81D0AbQAPCh6VEs="></latexit><latexit sha1_base64="Rd8lpBS0qtJY2qITL1vPnwqcNp4="></latexit>

any (planar) uniform flows

(Only planar flows in this talk)



D = €"(d̂1d̂1 � d̂2d̂2) = ©≠
´
€" 0 0
0 � €" 0
0 0 0

™Æ
¨

<latexit sha1_base64="q6v0NG3Z/7ap5xO8EAAxsmI3zSw="></latexit><latexit sha1_base64="q6v0NG3Z/7ap5xO8EAAxsmI3zSw="></latexit><latexit sha1_base64="q6v0NG3Z/7ap5xO8EAAxsmI3zSw="></latexit><latexit sha1_base64="q6v0NG3Z/7ap5xO8EAAxsmI3zSw="></latexit><latexit sha1_base64="VFeeROeP1H7xA73v6Uxteow55AA="></latexit>

stress 
to keep flowing

(Eigenvectors and eigenvalues of P = ��)
<latexit sha1_base64="8bNR3N+zC2bRoIS2qNCz/F9DgLk="></latexit><latexit sha1_base64="8bNR3N+zC2bRoIS2qNCz/F9DgLk="></latexit><latexit sha1_base64="8bNR3N+zC2bRoIS2qNCz/F9DgLk="></latexit><latexit sha1_base64="8bNR3N+zC2bRoIS2qNCz/F9DgLk="></latexit><latexit sha1_base64="ML6xLP5FgJjq3ImNvJOk2loy5bc="></latexit><latexit sha1_base64="xQ00HuxMX7eJpDv/Lu9VQijnKyY="></latexit>

p1
<latexit sha1_base64="zRQMTRBB4Ku3w+vG4B0slUJj6kI="></latexit><latexit sha1_base64="zRQMTRBB4Ku3w+vG4B0slUJj6kI="></latexit><latexit sha1_base64="zRQMTRBB4Ku3w+vG4B0slUJj6kI="></latexit><latexit sha1_base64="zRQMTRBB4Ku3w+vG4B0slUJj6kI="></latexit><latexit sha1_base64="ArNm+gw1eOrnUe7nRWvOH51mNFU="></latexit><latexit sha1_base64="9QPmUFHAubps5IvvLYqwgkKrNAw="></latexit>

p2
<latexit sha1_base64="wmMhGMrQzSCpQu4McaetJ6MbzC8="></latexit><latexit sha1_base64="wmMhGMrQzSCpQu4McaetJ6MbzC8="></latexit><latexit sha1_base64="wmMhGMrQzSCpQu4McaetJ6MbzC8="></latexit><latexit sha1_base64="wmMhGMrQzSCpQu4McaetJ6MbzC8="></latexit><latexit sha1_base64="gNTtArSigahKOUy5VxHeZV9k+z4="></latexit><latexit sha1_base64="OFMRpvWZMd0HRP+BnsM9R3QPp3E="></latexit>

p3
<latexit sha1_base64="qgGPhWv3iOTkTE/J8OOwHoeYxzc="></latexit><latexit sha1_base64="qgGPhWv3iOTkTE/J8OOwHoeYxzc="></latexit><latexit sha1_base64="qgGPhWv3iOTkTE/J8OOwHoeYxzc="></latexit><latexit sha1_base64="qgGPhWv3iOTkTE/J8OOwHoeYxzc="></latexit><latexit sha1_base64="YwyWxWRCTALu7O1uR3zUwL6HIiw="></latexit><latexit sha1_base64="8n7MBewp1zPL7qr1ak19aw83roc="></latexit>

Giulio G. Giusteri & Seto 2017 arXiv:1702.02745

� = �pI + 2⌘D
<latexit sha1_base64="FL+GjCs3TrSwzsMDzWAx8WtQ8aw="></latexit><latexit sha1_base64="FL+GjCs3TrSwzsMDzWAx8WtQ8aw="></latexit><latexit sha1_base64="FL+GjCs3TrSwzsMDzWAx8WtQ8aw="></latexit><latexit sha1_base64="FL+GjCs3TrSwzsMDzWAx8WtQ8aw="></latexit><latexit sha1_base64="dYOz1BGm/lHE/0PzlHbiCsMMkyk="></latexit><latexit sha1_base64="IONk7PpGx53d9mDhmXCosJUYMAw="></latexit>

d̂1
<latexit sha1_base64="i0awMuv1WEerTDGN1haAkvgrzfs="></latexit><latexit sha1_base64="i0awMuv1WEerTDGN1haAkvgrzfs="></latexit><latexit sha1_base64="i0awMuv1WEerTDGN1haAkvgrzfs="></latexit><latexit sha1_base64="i0awMuv1WEerTDGN1haAkvgrzfs="></latexit><latexit sha1_base64="tGBwCkAnLOI4YMirA5YjmBPDC3M="></latexit>

d̂2
<latexit sha1_base64="4vlYuzE1IrwkdIbj5qUmEpLWiZ8="></latexit><latexit sha1_base64="4vlYuzE1IrwkdIbj5qUmEpLWiZ8="></latexit><latexit sha1_base64="4vlYuzE1IrwkdIbj5qUmEpLWiZ8="></latexit><latexit sha1_base64="4vlYuzE1IrwkdIbj5qUmEpLWiZ8="></latexit><latexit sha1_base64="+9pWNBuE2BdwXyuC0z9CkjDJuno="></latexit>

d̂3
<latexit sha1_base64="Sjd0HehSADBORXDMzXgXk0mlumM="></latexit><latexit sha1_base64="Sjd0HehSADBORXDMzXgXk0mlumM="></latexit><latexit sha1_base64="Sjd0HehSADBORXDMzXgXk0mlumM="></latexit><latexit sha1_base64="Sjd0HehSADBORXDMzXgXk0mlumM="></latexit><latexit sha1_base64="DGa6LTavMUaSw5rx6q4qM+sgKVc="></latexit>

Eigenvectors of D
<latexit sha1_base64="iSiY4Nmop/VNPcFQmtF4j50ifNo="></latexit><latexit sha1_base64="iSiY4Nmop/VNPcFQmtF4j50ifNo="></latexit><latexit sha1_base64="iSiY4Nmop/VNPcFQmtF4j50ifNo="></latexit><latexit sha1_base64="iSiY4Nmop/VNPcFQmtF4j50ifNo="></latexit><latexit sha1_base64="fD/r4s4X7RcN9XsBmslh0gf5j7Q="></latexit>

+
any uniform planar flows



E = €"
✓
�1

2 d̂1d̂1 �
1
2 d̂2d̂2 + d̂3d̂3

◆
=
©≠
´
� €"/2 0 0

0 � €"/2 0
0 0 €"

™Æ
¨

<latexit sha1_base64="wMduihfmsBxxRQfi2mndWwgeu+M="></latexit><latexit sha1_base64="wMduihfmsBxxRQfi2mndWwgeu+M="></latexit><latexit sha1_base64="wMduihfmsBxxRQfi2mndWwgeu+M="></latexit><latexit sha1_base64="wMduihfmsBxxRQfi2mndWwgeu+M="></latexit><latexit sha1_base64="LodGcJaAPxWV2GtaJ7o2KXcm7r0="></latexit>

in-plane 
out-of-plane 
anisotropy

(Eigenvectors and eigenvalues of P = ��)
<latexit sha1_base64="8bNR3N+zC2bRoIS2qNCz/F9DgLk="></latexit><latexit sha1_base64="8bNR3N+zC2bRoIS2qNCz/F9DgLk="></latexit><latexit sha1_base64="8bNR3N+zC2bRoIS2qNCz/F9DgLk="></latexit><latexit sha1_base64="8bNR3N+zC2bRoIS2qNCz/F9DgLk="></latexit><latexit sha1_base64="ML6xLP5FgJjq3ImNvJOk2loy5bc="></latexit><latexit sha1_base64="xQ00HuxMX7eJpDv/Lu9VQijnKyY="></latexit>

p1
<latexit sha1_base64="zRQMTRBB4Ku3w+vG4B0slUJj6kI="></latexit><latexit sha1_base64="zRQMTRBB4Ku3w+vG4B0slUJj6kI="></latexit><latexit sha1_base64="zRQMTRBB4Ku3w+vG4B0slUJj6kI="></latexit><latexit sha1_base64="zRQMTRBB4Ku3w+vG4B0slUJj6kI="></latexit><latexit sha1_base64="ArNm+gw1eOrnUe7nRWvOH51mNFU="></latexit><latexit sha1_base64="9QPmUFHAubps5IvvLYqwgkKrNAw="></latexit>

p2
<latexit sha1_base64="wmMhGMrQzSCpQu4McaetJ6MbzC8="></latexit><latexit sha1_base64="wmMhGMrQzSCpQu4McaetJ6MbzC8="></latexit><latexit sha1_base64="wmMhGMrQzSCpQu4McaetJ6MbzC8="></latexit><latexit sha1_base64="wmMhGMrQzSCpQu4McaetJ6MbzC8="></latexit><latexit sha1_base64="gNTtArSigahKOUy5VxHeZV9k+z4="></latexit><latexit sha1_base64="OFMRpvWZMd0HRP+BnsM9R3QPp3E="></latexit>

p3
<latexit sha1_base64="qgGPhWv3iOTkTE/J8OOwHoeYxzc="></latexit><latexit sha1_base64="qgGPhWv3iOTkTE/J8OOwHoeYxzc="></latexit><latexit sha1_base64="qgGPhWv3iOTkTE/J8OOwHoeYxzc="></latexit><latexit sha1_base64="qgGPhWv3iOTkTE/J8OOwHoeYxzc="></latexit><latexit sha1_base64="YwyWxWRCTALu7O1uR3zUwL6HIiw="></latexit><latexit sha1_base64="8n7MBewp1zPL7qr1ak19aw83roc="></latexit>

Giulio G. Giusteri & Seto 2017 arXiv:1702.02745

� = �pI + 2⌘D + 2�0E
<latexit sha1_base64="o1NkF2QQnsXb3c5EgMx04Xx5cU4="></latexit><latexit sha1_base64="o1NkF2QQnsXb3c5EgMx04Xx5cU4="></latexit><latexit sha1_base64="o1NkF2QQnsXb3c5EgMx04Xx5cU4="></latexit><latexit sha1_base64="o1NkF2QQnsXb3c5EgMx04Xx5cU4="></latexit><latexit sha1_base64="UqoQ4DmUqXTiRQXhbYlX9BWZt6M="></latexit><latexit sha1_base64="XZUKt0GZ9aHzclzcFPeJd+4oL2M="></latexit>

d̂1
<latexit sha1_base64="i0awMuv1WEerTDGN1haAkvgrzfs="></latexit><latexit sha1_base64="i0awMuv1WEerTDGN1haAkvgrzfs="></latexit><latexit sha1_base64="i0awMuv1WEerTDGN1haAkvgrzfs="></latexit><latexit sha1_base64="i0awMuv1WEerTDGN1haAkvgrzfs="></latexit><latexit sha1_base64="tGBwCkAnLOI4YMirA5YjmBPDC3M="></latexit>

d̂2
<latexit sha1_base64="4vlYuzE1IrwkdIbj5qUmEpLWiZ8="></latexit><latexit sha1_base64="4vlYuzE1IrwkdIbj5qUmEpLWiZ8="></latexit><latexit sha1_base64="4vlYuzE1IrwkdIbj5qUmEpLWiZ8="></latexit><latexit sha1_base64="4vlYuzE1IrwkdIbj5qUmEpLWiZ8="></latexit><latexit sha1_base64="+9pWNBuE2BdwXyuC0z9CkjDJuno="></latexit>

d̂3
<latexit sha1_base64="Sjd0HehSADBORXDMzXgXk0mlumM="></latexit><latexit sha1_base64="Sjd0HehSADBORXDMzXgXk0mlumM="></latexit><latexit sha1_base64="Sjd0HehSADBORXDMzXgXk0mlumM="></latexit><latexit sha1_base64="Sjd0HehSADBORXDMzXgXk0mlumM="></latexit><latexit sha1_base64="DGa6LTavMUaSw5rx6q4qM+sgKVc="></latexit>

Eigenvectors of D
<latexit sha1_base64="iSiY4Nmop/VNPcFQmtF4j50ifNo="></latexit><latexit sha1_base64="iSiY4Nmop/VNPcFQmtF4j50ifNo="></latexit><latexit sha1_base64="iSiY4Nmop/VNPcFQmtF4j50ifNo="></latexit><latexit sha1_base64="iSiY4Nmop/VNPcFQmtF4j50ifNo="></latexit><latexit sha1_base64="fD/r4s4X7RcN9XsBmslh0gf5j7Q="></latexit>

+
any uniform planar flows



d̂1
<latexit sha1_base64="i0awMuv1WEerTDGN1haAkvgrzfs="></latexit><latexit sha1_base64="i0awMuv1WEerTDGN1haAkvgrzfs="></latexit><latexit sha1_base64="i0awMuv1WEerTDGN1haAkvgrzfs="></latexit><latexit sha1_base64="i0awMuv1WEerTDGN1haAkvgrzfs="></latexit><latexit sha1_base64="tGBwCkAnLOI4YMirA5YjmBPDC3M="></latexit>

d̂2
<latexit sha1_base64="4vlYuzE1IrwkdIbj5qUmEpLWiZ8="></latexit><latexit sha1_base64="4vlYuzE1IrwkdIbj5qUmEpLWiZ8="></latexit><latexit sha1_base64="4vlYuzE1IrwkdIbj5qUmEpLWiZ8="></latexit><latexit sha1_base64="4vlYuzE1IrwkdIbj5qUmEpLWiZ8="></latexit><latexit sha1_base64="+9pWNBuE2BdwXyuC0z9CkjDJuno="></latexit>

d̂3
<latexit sha1_base64="Sjd0HehSADBORXDMzXgXk0mlumM="></latexit><latexit sha1_base64="Sjd0HehSADBORXDMzXgXk0mlumM="></latexit><latexit sha1_base64="Sjd0HehSADBORXDMzXgXk0mlumM="></latexit><latexit sha1_base64="Sjd0HehSADBORXDMzXgXk0mlumM="></latexit><latexit sha1_base64="DGa6LTavMUaSw5rx6q4qM+sgKVc="></latexit>

Eigenvectors of D
<latexit sha1_base64="iSiY4Nmop/VNPcFQmtF4j50ifNo="></latexit><latexit sha1_base64="iSiY4Nmop/VNPcFQmtF4j50ifNo="></latexit><latexit sha1_base64="iSiY4Nmop/VNPcFQmtF4j50ifNo="></latexit><latexit sha1_base64="iSiY4Nmop/VNPcFQmtF4j50ifNo="></latexit><latexit sha1_base64="fD/r4s4X7RcN9XsBmslh0gf5j7Q="></latexit>

G3 = €"(d̂1d̂2 + d̂2d̂1) = ©≠
´
0 €" 0
€" 0 0
0 0 0

™Æ
¨

<latexit sha1_base64="IWZjCPxAJhIR/PUcGKfszpuw2fo="></latexit><latexit sha1_base64="IWZjCPxAJhIR/PUcGKfszpuw2fo="></latexit><latexit sha1_base64="IWZjCPxAJhIR/PUcGKfszpuw2fo="></latexit><latexit sha1_base64="IWZjCPxAJhIR/PUcGKfszpuw2fo="></latexit><latexit sha1_base64="GpIsS/5so+/YxQFU249Q3n7wLdA="></latexit>

reorientation 
of principal 
directions

(Eigenvectors and eigenvalues of P = ��)
<latexit sha1_base64="8bNR3N+zC2bRoIS2qNCz/F9DgLk="></latexit><latexit sha1_base64="8bNR3N+zC2bRoIS2qNCz/F9DgLk="></latexit><latexit sha1_base64="8bNR3N+zC2bRoIS2qNCz/F9DgLk="></latexit><latexit sha1_base64="8bNR3N+zC2bRoIS2qNCz/F9DgLk="></latexit><latexit sha1_base64="ML6xLP5FgJjq3ImNvJOk2loy5bc="></latexit><latexit sha1_base64="xQ00HuxMX7eJpDv/Lu9VQijnKyY="></latexit>

p1
<latexit sha1_base64="zRQMTRBB4Ku3w+vG4B0slUJj6kI="></latexit><latexit sha1_base64="zRQMTRBB4Ku3w+vG4B0slUJj6kI="></latexit><latexit sha1_base64="zRQMTRBB4Ku3w+vG4B0slUJj6kI="></latexit><latexit sha1_base64="zRQMTRBB4Ku3w+vG4B0slUJj6kI="></latexit><latexit sha1_base64="ArNm+gw1eOrnUe7nRWvOH51mNFU="></latexit><latexit sha1_base64="9QPmUFHAubps5IvvLYqwgkKrNAw="></latexit>

p2
<latexit sha1_base64="wmMhGMrQzSCpQu4McaetJ6MbzC8="></latexit><latexit sha1_base64="wmMhGMrQzSCpQu4McaetJ6MbzC8="></latexit><latexit sha1_base64="wmMhGMrQzSCpQu4McaetJ6MbzC8="></latexit><latexit sha1_base64="wmMhGMrQzSCpQu4McaetJ6MbzC8="></latexit><latexit sha1_base64="gNTtArSigahKOUy5VxHeZV9k+z4="></latexit><latexit sha1_base64="OFMRpvWZMd0HRP+BnsM9R3QPp3E="></latexit>

p3
<latexit sha1_base64="qgGPhWv3iOTkTE/J8OOwHoeYxzc="></latexit><latexit sha1_base64="qgGPhWv3iOTkTE/J8OOwHoeYxzc="></latexit><latexit sha1_base64="qgGPhWv3iOTkTE/J8OOwHoeYxzc="></latexit><latexit sha1_base64="qgGPhWv3iOTkTE/J8OOwHoeYxzc="></latexit><latexit sha1_base64="YwyWxWRCTALu7O1uR3zUwL6HIiw="></latexit><latexit sha1_base64="8n7MBewp1zPL7qr1ak19aw83roc="></latexit>

Giulio G. Giusteri & Seto 2017 arXiv:1702.02745

� = �pI + 2⌘D + 2�3G3
<latexit sha1_base64="45Y21PY839guzYYJnT7rQYRXQGY="></latexit><latexit sha1_base64="45Y21PY839guzYYJnT7rQYRXQGY="></latexit><latexit sha1_base64="45Y21PY839guzYYJnT7rQYRXQGY="></latexit><latexit sha1_base64="45Y21PY839guzYYJnT7rQYRXQGY="></latexit><latexit sha1_base64="m9qnZe6Cj1N0MrQOd1MVyLfEBkI="></latexit><latexit sha1_base64="lEpSBt+HEu7IZfDk2YBmJdZYDjw="></latexit>

+
any uniform planar flows



� = �pI + 2⌘D + 2�0E + 2�3G3
<latexit sha1_base64="MMNNMHtWDVUd7HJs2fCLZak9pmI="></latexit><latexit sha1_base64="MMNNMHtWDVUd7HJs2fCLZak9pmI="></latexit><latexit sha1_base64="MMNNMHtWDVUd7HJs2fCLZak9pmI="></latexit><latexit sha1_base64="MMNNMHtWDVUd7HJs2fCLZak9pmI="></latexit><latexit sha1_base64="GGm5A8rbu1dtSpw5FwJdrBLpyOg="></latexit>

orthogonal tensorial basisB =
�
I,D,E,G3

�
<latexit sha1_base64="1eZ4fHyEAKxm4IBg/cifkPTk4Gg="></latexit><latexit sha1_base64="1eZ4fHyEAKxm4IBg/cifkPTk4Gg="></latexit><latexit sha1_base64="1eZ4fHyEAKxm4IBg/cifkPTk4Gg="></latexit><latexit sha1_base64="1eZ4fHyEAKxm4IBg/cifkPTk4Gg="></latexit><latexit sha1_base64="LycIUnU0MxB5vfLEYwxyjYfmT2Y="></latexit>

(Eigenvectors and eigenvalues of P = ��)
<latexit sha1_base64="8bNR3N+zC2bRoIS2qNCz/F9DgLk="></latexit><latexit sha1_base64="8bNR3N+zC2bRoIS2qNCz/F9DgLk="></latexit><latexit sha1_base64="8bNR3N+zC2bRoIS2qNCz/F9DgLk="></latexit><latexit sha1_base64="8bNR3N+zC2bRoIS2qNCz/F9DgLk="></latexit><latexit sha1_base64="ML6xLP5FgJjq3ImNvJOk2loy5bc="></latexit><latexit sha1_base64="xQ00HuxMX7eJpDv/Lu9VQijnKyY="></latexit>

p1
<latexit sha1_base64="zRQMTRBB4Ku3w+vG4B0slUJj6kI="></latexit><latexit sha1_base64="zRQMTRBB4Ku3w+vG4B0slUJj6kI="></latexit><latexit sha1_base64="zRQMTRBB4Ku3w+vG4B0slUJj6kI="></latexit><latexit sha1_base64="zRQMTRBB4Ku3w+vG4B0slUJj6kI="></latexit><latexit sha1_base64="ArNm+gw1eOrnUe7nRWvOH51mNFU="></latexit><latexit sha1_base64="9QPmUFHAubps5IvvLYqwgkKrNAw="></latexit>

p2
<latexit sha1_base64="wmMhGMrQzSCpQu4McaetJ6MbzC8="></latexit><latexit sha1_base64="wmMhGMrQzSCpQu4McaetJ6MbzC8="></latexit><latexit sha1_base64="wmMhGMrQzSCpQu4McaetJ6MbzC8="></latexit><latexit sha1_base64="wmMhGMrQzSCpQu4McaetJ6MbzC8="></latexit><latexit sha1_base64="gNTtArSigahKOUy5VxHeZV9k+z4="></latexit><latexit sha1_base64="OFMRpvWZMd0HRP+BnsM9R3QPp3E="></latexit>

p3
<latexit sha1_base64="qgGPhWv3iOTkTE/J8OOwHoeYxzc="></latexit><latexit sha1_base64="qgGPhWv3iOTkTE/J8OOwHoeYxzc="></latexit><latexit sha1_base64="qgGPhWv3iOTkTE/J8OOwHoeYxzc="></latexit><latexit sha1_base64="qgGPhWv3iOTkTE/J8OOwHoeYxzc="></latexit><latexit sha1_base64="YwyWxWRCTALu7O1uR3zUwL6HIiw="></latexit><latexit sha1_base64="8n7MBewp1zPL7qr1ak19aw83roc="></latexit>

Giulio G. Giusteri & Seto 2017 arXiv:1702.02745

p = �� : I
I : I

= �Tr�
3

<latexit sha1_base64="euB6aU4xlXYZjHrPv9tFFfiLoyw="></latexit><latexit sha1_base64="euB6aU4xlXYZjHrPv9tFFfiLoyw="></latexit><latexit sha1_base64="euB6aU4xlXYZjHrPv9tFFfiLoyw="></latexit><latexit sha1_base64="euB6aU4xlXYZjHrPv9tFFfiLoyw="></latexit><latexit sha1_base64="qaGxysfEwBThHV06+3DJ9t9KOGA="></latexit>

⌘ =
� : D
2D : D

<latexit sha1_base64="vjvi/fruUMtIC9jxKLJPpT+dTf8="></latexit><latexit sha1_base64="vjvi/fruUMtIC9jxKLJPpT+dTf8="></latexit><latexit sha1_base64="vjvi/fruUMtIC9jxKLJPpT+dTf8="></latexit><latexit sha1_base64="vjvi/fruUMtIC9jxKLJPpT+dTf8="></latexit><latexit sha1_base64="PN/65RMtpwuBiejCEvj+xo0YRME="></latexit><latexit sha1_base64="4wjtHuUeLD6HKwp4sHHqCqLR1cc="></latexit>
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our F* = 0 simulation. This can be understood as our simulation
missing a repulsive force that arises from the suspension “sta-
bilization” in the experiments.
We first look at the effect of the repulsive force on the

thickening of the colloidal suspension. The relative viscosity
curves for different values of F* are shown in Fig. 4 (Left) for
ϕ= 0.5. The main effect of the repulsion is, as expected, to push
the onset of thickening to higher stresses. The relative viscosity in
the thickened state is unaffected by the value of F*, as in this
regime the repulsive force can be neglected relative to the hy-
drodynamic and contact forces. Note that the slope of the shear
thinning is also the same for all of the simulated F*. In Fig. 4
(Right), we show that the onset stress is approximately
σon ≈ 5kBT=a3 + 0.01F*=a2. Thus, to a good approximation the
effects of Brownian and repulsive forces on shear thickening can

be combined in a simple additive manner. In this regard, the
Brownian forces have an effect that is virtually identical to that
of a potential repulsive force.
Besides F*, our repulsive force contains another free param-

eter, the force decay length λ. As we show in Fig. 5, λ essentially
controls (in conjunction with the Brownian motion) the strength
of the shear thinning at low Pe. Increasing λ, i.e., increasing the
distance over which the repulsive force decays, makes the shear
thinning more pronounced. This can be qualitatively understood:
When λ→ 0, the repulsive force disappears, and only the shear
thinning due to the Brownian motion remains.
We use simulations to assess the appropriate repulsive force to

capture the behavior seen in experiment. We focus here on the
recent data by Cwalina and Wagner (26), which include mea-
surements of the shear stress and normal stress differences for a
suspension of silica beads with radius a= 260  nm in a low mo-
lecular weight PEG Newtonian suspending fluid at T = 300 K.
The particles are coated with octadecane chains to provide steric
stabilization (40). The short-range van der Waals attraction is
also reduced by index matching between particles and solvent.
We obtained the best comparison with the results of Cwalina

and Wagner (26) by setting μ= 1, F* = 5× 103kBT=a, and
λ= 0.02a, as shown in Fig. 6. The agreement with the experi-
mental data for the relative viscosity is excellent. The second
normal stress difference N2 also shows a very good agreement
with the experimental data, being negative for all volume frac-
tions; −N2=σ is in the range 0.15–0.4 for all Pe, as shown in Fig. 7,
consistent with the behavior for non-Brownian suspensions
(11). Rather surprisingly, given the agreement for both ηr and N2,
N1 disagrees substantively between our simulations and these
experiments. In the experiments, N1 < 0, as predicted based on
hydrodynamic force dominance (41). Our simulations find
weaker negative N1 for the lower volume fractions presented
(ϕ= 0.50 and 0.53), whereas for ϕ= 0.55, N1 > 0. We note that
Lootens et al. (42) observed a similar change in sign of N1 at the
shear thickening transition. The parameters used in the simula-
tions can be translated into SI units using the experimental
parameters, with an inferred repulsive force at contact of
F* ≈ 79 pN and a repulsion range of λ≈ 5.2 nm, which is to be
compared with the thickness of the stabilizing polymer comb
estimated to be 15 to 20 nm from the structure factor measured
by neutron scattering (40). The volume fractions used in the
simulations to get the best agreement with experiments are
always higher than the experimental ones. This might be

Fig. 6. Comparison with experimental data from Cwalina and Wagner (26)
(black lines) for the relative shear viscosity (Top), second (Center), and first
(Bottom) normal stress difference viscosities as functions of the Péclet
number. Simulation results (colored lines and symbols) are obtained with a
repulsive force at contact F* = 5× 103kBT=a and a repulsion range λ= 0.02a.

Fig. 7. Second normal stress difference N2 normalized by the shear stress as
a function of the shear stress for several volume fractions ϕ for the same
conditions as in Fig. 6.
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very different!?

our F* = 0 simulation. This can be understood as our simulation
missing a repulsive force that arises from the suspension “sta-
bilization” in the experiments.
We first look at the effect of the repulsive force on the

thickening of the colloidal suspension. The relative viscosity
curves for different values of F* are shown in Fig. 4 (Left) for
ϕ= 0.5. The main effect of the repulsion is, as expected, to push
the onset of thickening to higher stresses. The relative viscosity in
the thickened state is unaffected by the value of F*, as in this
regime the repulsive force can be neglected relative to the hy-
drodynamic and contact forces. Note that the slope of the shear
thinning is also the same for all of the simulated F*. In Fig. 4
(Right), we show that the onset stress is approximately
σon ≈ 5kBT=a3 + 0.01F*=a2. Thus, to a good approximation the
effects of Brownian and repulsive forces on shear thickening can

be combined in a simple additive manner. In this regard, the
Brownian forces have an effect that is virtually identical to that
of a potential repulsive force.
Besides F*, our repulsive force contains another free param-

eter, the force decay length λ. As we show in Fig. 5, λ essentially
controls (in conjunction with the Brownian motion) the strength
of the shear thinning at low Pe. Increasing λ, i.e., increasing the
distance over which the repulsive force decays, makes the shear
thinning more pronounced. This can be qualitatively understood:
When λ→ 0, the repulsive force disappears, and only the shear
thinning due to the Brownian motion remains.
We use simulations to assess the appropriate repulsive force to

capture the behavior seen in experiment. We focus here on the
recent data by Cwalina and Wagner (26), which include mea-
surements of the shear stress and normal stress differences for a
suspension of silica beads with radius a= 260  nm in a low mo-
lecular weight PEG Newtonian suspending fluid at T = 300 K.
The particles are coated with octadecane chains to provide steric
stabilization (40). The short-range van der Waals attraction is
also reduced by index matching between particles and solvent.
We obtained the best comparison with the results of Cwalina

and Wagner (26) by setting μ= 1, F* = 5× 103kBT=a, and
λ= 0.02a, as shown in Fig. 6. The agreement with the experi-
mental data for the relative viscosity is excellent. The second
normal stress difference N2 also shows a very good agreement
with the experimental data, being negative for all volume frac-
tions; −N2=σ is in the range 0.15–0.4 for all Pe, as shown in Fig. 7,
consistent with the behavior for non-Brownian suspensions
(11). Rather surprisingly, given the agreement for both ηr and N2,
N1 disagrees substantively between our simulations and these
experiments. In the experiments, N1 < 0, as predicted based on
hydrodynamic force dominance (41). Our simulations find
weaker negative N1 for the lower volume fractions presented
(ϕ= 0.50 and 0.53), whereas for ϕ= 0.55, N1 > 0. We note that
Lootens et al. (42) observed a similar change in sign of N1 at the
shear thickening transition. The parameters used in the simula-
tions can be translated into SI units using the experimental
parameters, with an inferred repulsive force at contact of
F* ≈ 79 pN and a repulsion range of λ≈ 5.2 nm, which is to be
compared with the thickness of the stabilizing polymer comb
estimated to be 15 to 20 nm from the structure factor measured
by neutron scattering (40). The volume fractions used in the
simulations to get the best agreement with experiments are
always higher than the experimental ones. This might be

Fig. 6. Comparison with experimental data from Cwalina and Wagner (26)
(black lines) for the relative shear viscosity (Top), second (Center), and first
(Bottom) normal stress difference viscosities as functions of the Péclet
number. Simulation results (colored lines and symbols) are obtained with a
repulsive force at contact F* = 5× 103kBT=a and a repulsion range λ= 0.02a.

Fig. 7. Second normal stress difference N2 normalized by the shear stress as
a function of the shear stress for several volume fractions ϕ for the same
conditions as in Fig. 6.
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our F* = 0 simulation. This can be understood as our simulation
missing a repulsive force that arises from the suspension “sta-
bilization” in the experiments.
We first look at the effect of the repulsive force on the

thickening of the colloidal suspension. The relative viscosity
curves for different values of F* are shown in Fig. 4 (Left) for
ϕ= 0.5. The main effect of the repulsion is, as expected, to push
the onset of thickening to higher stresses. The relative viscosity in
the thickened state is unaffected by the value of F*, as in this
regime the repulsive force can be neglected relative to the hy-
drodynamic and contact forces. Note that the slope of the shear
thinning is also the same for all of the simulated F*. In Fig. 4
(Right), we show that the onset stress is approximately
σon ≈ 5kBT=a3 + 0.01F*=a2. Thus, to a good approximation the
effects of Brownian and repulsive forces on shear thickening can

be combined in a simple additive manner. In this regard, the
Brownian forces have an effect that is virtually identical to that
of a potential repulsive force.
Besides F*, our repulsive force contains another free param-

eter, the force decay length λ. As we show in Fig. 5, λ essentially
controls (in conjunction with the Brownian motion) the strength
of the shear thinning at low Pe. Increasing λ, i.e., increasing the
distance over which the repulsive force decays, makes the shear
thinning more pronounced. This can be qualitatively understood:
When λ→ 0, the repulsive force disappears, and only the shear
thinning due to the Brownian motion remains.
We use simulations to assess the appropriate repulsive force to

capture the behavior seen in experiment. We focus here on the
recent data by Cwalina and Wagner (26), which include mea-
surements of the shear stress and normal stress differences for a
suspension of silica beads with radius a= 260  nm in a low mo-
lecular weight PEG Newtonian suspending fluid at T = 300 K.
The particles are coated with octadecane chains to provide steric
stabilization (40). The short-range van der Waals attraction is
also reduced by index matching between particles and solvent.
We obtained the best comparison with the results of Cwalina

and Wagner (26) by setting μ= 1, F* = 5× 103kBT=a, and
λ= 0.02a, as shown in Fig. 6. The agreement with the experi-
mental data for the relative viscosity is excellent. The second
normal stress difference N2 also shows a very good agreement
with the experimental data, being negative for all volume frac-
tions; −N2=σ is in the range 0.15–0.4 for all Pe, as shown in Fig. 7,
consistent with the behavior for non-Brownian suspensions
(11). Rather surprisingly, given the agreement for both ηr and N2,
N1 disagrees substantively between our simulations and these
experiments. In the experiments, N1 < 0, as predicted based on
hydrodynamic force dominance (41). Our simulations find
weaker negative N1 for the lower volume fractions presented
(ϕ= 0.50 and 0.53), whereas for ϕ= 0.55, N1 > 0. We note that
Lootens et al. (42) observed a similar change in sign of N1 at the
shear thickening transition. The parameters used in the simula-
tions can be translated into SI units using the experimental
parameters, with an inferred repulsive force at contact of
F* ≈ 79 pN and a repulsion range of λ≈ 5.2 nm, which is to be
compared with the thickness of the stabilizing polymer comb
estimated to be 15 to 20 nm from the structure factor measured
by neutron scattering (40). The volume fractions used in the
simulations to get the best agreement with experiments are
always higher than the experimental ones. This might be

Fig. 6. Comparison with experimental data from Cwalina and Wagner (26)
(black lines) for the relative shear viscosity (Top), second (Center), and first
(Bottom) normal stress difference viscosities as functions of the Péclet
number. Simulation results (colored lines and symbols) are obtained with a
repulsive force at contact F* = 5× 103kBT=a and a repulsion range λ= 0.02a.

Fig. 7. Second normal stress difference N2 normalized by the shear stress as
a function of the shear stress for several volume fractions ϕ for the same
conditions as in Fig. 6.
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our F* = 0 simulation. This can be understood as our simulation
missing a repulsive force that arises from the suspension “sta-
bilization” in the experiments.
We first look at the effect of the repulsive force on the

thickening of the colloidal suspension. The relative viscosity
curves for different values of F* are shown in Fig. 4 (Left) for
ϕ= 0.5. The main effect of the repulsion is, as expected, to push
the onset of thickening to higher stresses. The relative viscosity in
the thickened state is unaffected by the value of F*, as in this
regime the repulsive force can be neglected relative to the hy-
drodynamic and contact forces. Note that the slope of the shear
thinning is also the same for all of the simulated F*. In Fig. 4
(Right), we show that the onset stress is approximately
σon ≈ 5kBT=a3 + 0.01F*=a2. Thus, to a good approximation the
effects of Brownian and repulsive forces on shear thickening can

be combined in a simple additive manner. In this regard, the
Brownian forces have an effect that is virtually identical to that
of a potential repulsive force.
Besides F*, our repulsive force contains another free param-

eter, the force decay length λ. As we show in Fig. 5, λ essentially
controls (in conjunction with the Brownian motion) the strength
of the shear thinning at low Pe. Increasing λ, i.e., increasing the
distance over which the repulsive force decays, makes the shear
thinning more pronounced. This can be qualitatively understood:
When λ→ 0, the repulsive force disappears, and only the shear
thinning due to the Brownian motion remains.
We use simulations to assess the appropriate repulsive force to

capture the behavior seen in experiment. We focus here on the
recent data by Cwalina and Wagner (26), which include mea-
surements of the shear stress and normal stress differences for a
suspension of silica beads with radius a= 260  nm in a low mo-
lecular weight PEG Newtonian suspending fluid at T = 300 K.
The particles are coated with octadecane chains to provide steric
stabilization (40). The short-range van der Waals attraction is
also reduced by index matching between particles and solvent.
We obtained the best comparison with the results of Cwalina

and Wagner (26) by setting μ= 1, F* = 5× 103kBT=a, and
λ= 0.02a, as shown in Fig. 6. The agreement with the experi-
mental data for the relative viscosity is excellent. The second
normal stress difference N2 also shows a very good agreement
with the experimental data, being negative for all volume frac-
tions; −N2=σ is in the range 0.15–0.4 for all Pe, as shown in Fig. 7,
consistent with the behavior for non-Brownian suspensions
(11). Rather surprisingly, given the agreement for both ηr and N2,
N1 disagrees substantively between our simulations and these
experiments. In the experiments, N1 < 0, as predicted based on
hydrodynamic force dominance (41). Our simulations find
weaker negative N1 for the lower volume fractions presented
(ϕ= 0.50 and 0.53), whereas for ϕ= 0.55, N1 > 0. We note that
Lootens et al. (42) observed a similar change in sign of N1 at the
shear thickening transition. The parameters used in the simula-
tions can be translated into SI units using the experimental
parameters, with an inferred repulsive force at contact of
F* ≈ 79 pN and a repulsion range of λ≈ 5.2 nm, which is to be
compared with the thickness of the stabilizing polymer comb
estimated to be 15 to 20 nm from the structure factor measured
by neutron scattering (40). The volume fractions used in the
simulations to get the best agreement with experiments are
always higher than the experimental ones. This might be
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our F* = 0 simulation. This can be understood as our simulation
missing a repulsive force that arises from the suspension “sta-
bilization” in the experiments.
We first look at the effect of the repulsive force on the

thickening of the colloidal suspension. The relative viscosity
curves for different values of F* are shown in Fig. 4 (Left) for
ϕ= 0.5. The main effect of the repulsion is, as expected, to push
the onset of thickening to higher stresses. The relative viscosity in
the thickened state is unaffected by the value of F*, as in this
regime the repulsive force can be neglected relative to the hy-
drodynamic and contact forces. Note that the slope of the shear
thinning is also the same for all of the simulated F*. In Fig. 4
(Right), we show that the onset stress is approximately
σon ≈ 5kBT=a3 + 0.01F*=a2. Thus, to a good approximation the
effects of Brownian and repulsive forces on shear thickening can

be combined in a simple additive manner. In this regard, the
Brownian forces have an effect that is virtually identical to that
of a potential repulsive force.
Besides F*, our repulsive force contains another free param-

eter, the force decay length λ. As we show in Fig. 5, λ essentially
controls (in conjunction with the Brownian motion) the strength
of the shear thinning at low Pe. Increasing λ, i.e., increasing the
distance over which the repulsive force decays, makes the shear
thinning more pronounced. This can be qualitatively understood:
When λ→ 0, the repulsive force disappears, and only the shear
thinning due to the Brownian motion remains.
We use simulations to assess the appropriate repulsive force to

capture the behavior seen in experiment. We focus here on the
recent data by Cwalina and Wagner (26), which include mea-
surements of the shear stress and normal stress differences for a
suspension of silica beads with radius a= 260  nm in a low mo-
lecular weight PEG Newtonian suspending fluid at T = 300 K.
The particles are coated with octadecane chains to provide steric
stabilization (40). The short-range van der Waals attraction is
also reduced by index matching between particles and solvent.
We obtained the best comparison with the results of Cwalina

and Wagner (26) by setting μ= 1, F* = 5× 103kBT=a, and
λ= 0.02a, as shown in Fig. 6. The agreement with the experi-
mental data for the relative viscosity is excellent. The second
normal stress difference N2 also shows a very good agreement
with the experimental data, being negative for all volume frac-
tions; −N2=σ is in the range 0.15–0.4 for all Pe, as shown in Fig. 7,
consistent with the behavior for non-Brownian suspensions
(11). Rather surprisingly, given the agreement for both ηr and N2,
N1 disagrees substantively between our simulations and these
experiments. In the experiments, N1 < 0, as predicted based on
hydrodynamic force dominance (41). Our simulations find
weaker negative N1 for the lower volume fractions presented
(ϕ= 0.50 and 0.53), whereas for ϕ= 0.55, N1 > 0. We note that
Lootens et al. (42) observed a similar change in sign of N1 at the
shear thickening transition. The parameters used in the simula-
tions can be translated into SI units using the experimental
parameters, with an inferred repulsive force at contact of
F* ≈ 79 pN and a repulsion range of λ≈ 5.2 nm, which is to be
compared with the thickness of the stabilizing polymer comb
estimated to be 15 to 20 nm from the structure factor measured
by neutron scattering (40). The volume fractions used in the
simulations to get the best agreement with experiments are
always higher than the experimental ones. This might be

Fig. 6. Comparison with experimental data from Cwalina and Wagner (26)
(black lines) for the relative shear viscosity (Top), second (Center), and first
(Bottom) normal stress difference viscosities as functions of the Péclet
number. Simulation results (colored lines and symbols) are obtained with a
repulsive force at contact F* = 5× 103kBT=a and a repulsion range λ= 0.02a.

Fig. 7. Second normal stress difference N2 normalized by the shear stress as
a function of the shear stress for several volume fractions ϕ for the same
conditions as in Fig. 6.
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our F* = 0 simulation. This can be understood as our simulation
missing a repulsive force that arises from the suspension “sta-
bilization” in the experiments.
We first look at the effect of the repulsive force on the

thickening of the colloidal suspension. The relative viscosity
curves for different values of F* are shown in Fig. 4 (Left) for
ϕ= 0.5. The main effect of the repulsion is, as expected, to push
the onset of thickening to higher stresses. The relative viscosity in
the thickened state is unaffected by the value of F*, as in this
regime the repulsive force can be neglected relative to the hy-
drodynamic and contact forces. Note that the slope of the shear
thinning is also the same for all of the simulated F*. In Fig. 4
(Right), we show that the onset stress is approximately
σon ≈ 5kBT=a3 + 0.01F*=a2. Thus, to a good approximation the
effects of Brownian and repulsive forces on shear thickening can

be combined in a simple additive manner. In this regard, the
Brownian forces have an effect that is virtually identical to that
of a potential repulsive force.
Besides F*, our repulsive force contains another free param-

eter, the force decay length λ. As we show in Fig. 5, λ essentially
controls (in conjunction with the Brownian motion) the strength
of the shear thinning at low Pe. Increasing λ, i.e., increasing the
distance over which the repulsive force decays, makes the shear
thinning more pronounced. This can be qualitatively understood:
When λ→ 0, the repulsive force disappears, and only the shear
thinning due to the Brownian motion remains.
We use simulations to assess the appropriate repulsive force to

capture the behavior seen in experiment. We focus here on the
recent data by Cwalina and Wagner (26), which include mea-
surements of the shear stress and normal stress differences for a
suspension of silica beads with radius a= 260  nm in a low mo-
lecular weight PEG Newtonian suspending fluid at T = 300 K.
The particles are coated with octadecane chains to provide steric
stabilization (40). The short-range van der Waals attraction is
also reduced by index matching between particles and solvent.
We obtained the best comparison with the results of Cwalina

and Wagner (26) by setting μ= 1, F* = 5× 103kBT=a, and
λ= 0.02a, as shown in Fig. 6. The agreement with the experi-
mental data for the relative viscosity is excellent. The second
normal stress difference N2 also shows a very good agreement
with the experimental data, being negative for all volume frac-
tions; −N2=σ is in the range 0.15–0.4 for all Pe, as shown in Fig. 7,
consistent with the behavior for non-Brownian suspensions
(11). Rather surprisingly, given the agreement for both ηr and N2,
N1 disagrees substantively between our simulations and these
experiments. In the experiments, N1 < 0, as predicted based on
hydrodynamic force dominance (41). Our simulations find
weaker negative N1 for the lower volume fractions presented
(ϕ= 0.50 and 0.53), whereas for ϕ= 0.55, N1 > 0. We note that
Lootens et al. (42) observed a similar change in sign of N1 at the
shear thickening transition. The parameters used in the simula-
tions can be translated into SI units using the experimental
parameters, with an inferred repulsive force at contact of
F* ≈ 79 pN and a repulsion range of λ≈ 5.2 nm, which is to be
compared with the thickness of the stabilizing polymer comb
estimated to be 15 to 20 nm from the structure factor measured
by neutron scattering (40). The volume fractions used in the
simulations to get the best agreement with experiments are
always higher than the experimental ones. This might be

Fig. 6. Comparison with experimental data from Cwalina and Wagner (26)
(black lines) for the relative shear viscosity (Top), second (Center), and first
(Bottom) normal stress difference viscosities as functions of the Péclet
number. Simulation results (colored lines and symbols) are obtained with a
repulsive force at contact F* = 5× 103kBT=a and a repulsion range λ= 0.02a.

Fig. 7. Second normal stress difference N2 normalized by the shear stress as
a function of the shear stress for several volume fractions ϕ for the same
conditions as in Fig. 6.

4 of 5 | www.pnas.org/cgi/doi/10.1073/pnas.1515477112 Mari et al.

�
<latexit sha1_base64="VNIqlOaLOtLpGKxdhTfC6NwD9mo="></latexit><latexit sha1_base64="VNIqlOaLOtLpGKxdhTfC6NwD9mo="></latexit><latexit sha1_base64="VNIqlOaLOtLpGKxdhTfC6NwD9mo="></latexit><latexit sha1_base64="VNIqlOaLOtLpGKxdhTfC6NwD9mo="></latexit><latexit sha1_base64="Ia6m7fcv42Vxo+6oi7YX4opD73E="></latexit>

�
<latexit sha1_base64="VNIqlOaLOtLpGKxdhTfC6NwD9mo="></latexit><latexit sha1_base64="VNIqlOaLOtLpGKxdhTfC6NwD9mo="></latexit><latexit sha1_base64="VNIqlOaLOtLpGKxdhTfC6NwD9mo="></latexit><latexit sha1_base64="VNIqlOaLOtLpGKxdhTfC6NwD9mo="></latexit><latexit sha1_base64="Ia6m7fcv42Vxo+6oi7YX4opD73E="></latexit>



Not very different!!
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Angular distributions for frictional contacts
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box deformation (see Fig. 1, and a video showing a typical
deformation at https://doi.org/10.17863/CAM.13415). We ver-
ified that there is no system size dependence by simulating a
smaller sample and achieving a comparable (though shorter)

steady-state period. Our numerical model breaks down at large
extensional strains as the contracting dimensions of the simu-
lation box reach Oð1Þ particle radii and particles “see” them-
selves through periodic images (see the Appendix).
Notwithstanding the difficulty in achieving large deforma-
tions, the approach we describe here to achieve steady velocity
gradients during various extensional deformations has been
discussed and applied previously in several works across
glassy and polymeric systems (see, for example, [48–54]). To
reach larger strains, it is necessary to implement remappings
such as those described by Kraynik and Reinelt [33,55,56] for
planar deformations. For materials involving long time/length
scales (polymer melts for instance), these boundaries are
essential. For dense suspensions, one the other hand, that can
reach a steady state within strains of 1 or 2 [57], they may be
useful for some studies but are not crucial to study steady phe-
nomena. The planar deformation used in this work is equiva-
lent to that acting between remappings of the Kraynik-Reinelt
scheme.

IV. EVOLUTION OF SUSPENSION VISCOSITY
WITH STRAIN

Starting from a quiescent state with minimal particle-
particle contacts, we begin the constant-rate deformation. The
viscosity for each case is computed from the simulation data
according to the definitions in Table I. For example, the

FIG. 1. Schematics of the deformations applied in this work. Shown are (a) simple shear; (b) planar extension; (c) uniaxial extension; (d) biaxial extension. In
each case, the wireframe box illustrates the box dimensions at an earlier time and the red arrows indicate the directions of the applied deformation. The upper
coordinate diagram refers to (a) while the lower one refers to (c) and (d). The box deformations lead to uniform velocity gradients. Shown in (e)–(g) are exam-
ples of the velocity gradients obtained during uniaxial extension at increasing strain increments. (h) Plot of viscosity as a function of strain for each flow type
(at / ¼ 0:45 and friction l¼ 1) showing start-up period (shaded) and the steady flow period (unshaded). Black arrow indicates region from which viscosities
are used for averaging. (i) Plot of Trouton’s ratio as a function of strain for each flow type. Dashed lines represent the corresponding Newtonian values. In
each case, the gray shaded area represents the maximum and minimum values obtained during five independent simulation runs. Colored bars next to figure
labels (a)–(d) correspond to the colors in (h) and (i) (Color online).

TABLE I. Rate of deformation tensors E1, their magnitudes, and the vis-

cosity definitions for each type of flow explored in this work.
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We are ready  
to tackle macroscopic flow problems  

of dense suspensions!


