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• magnon spin conductivity 

• spintronics device: electrically-induced magnon BEC in a driven-dissipative environment

• connection to experiment

• Keldysh theory of nonequilibrium magnons near BEC instability
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• room temperature magnon BEC using microwave pumping
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parametrically-pumped magnon BEC

pump magnons into  
a narrow region of  

the spectrum

turn off the pump

magnons thermalize via 
multi-magnon scattering

magnon chemical  
potential increases

range of 6–9GHz. To avoid thermal overheating of the sample via
microwave radiation, pumping was performed in an intermittent
pulsed mode with an on/off ratio of 1/20 and a pulse width in the
range 1–100 ms. The film was placed in a uniform static magnetic
field, H, up to 1 kOe. The pumping process is illustrated in Fig. 1
inset. The low-frequency part of the spectrum of the magnons with
wavevectors parallel to the static magnetization is shown by the solid
line in the log–log plot. Those magnons have the lowest frequencies
among all the magnons23, and a characteristic frequency minimum
exists in their dispersion law24,25. A microwave photon with a
frequency of 2np creates two primary excited magnons of frequency
np and opposite wavevectors. These primary magnons relax very fast
and create a quasi-equilibrium distribution of thermalized magnons,
forming the magnon gas described by equation (1). As the chemical
potential of the gas increases with pumping power, a possible BEC
transition can take place near the minimum in the spectrum, as it
corresponds to the state with the absolute minimum in magnon
energy.
To examine the distribution of the magnons over the spectrum,

BLS spectroscopy22 was used. As shown in Fig. 1, the incident laser
beam is focused onto the resonator. The beam passes through the
YIG film, is reflected by the resonator, and passes through the film
again. Then the light is collected by a wide-aperture objective lens
and sent to the interferometer for frequency analysis of light photons
inelastically scattered by the magnons. This approach allows a
simultaneous detection of the magnons in a wide interval of in-
plane wavevectors, estimated as ^2 £ 105 cm21, which exceeds km,
as indicated by the red hatching in Fig. 1 inset. Thus, our BLS set-up
is able to detect all magnons at and close to the frequency minimum,
where the condensation should take place. The BLS experiments are
performed with time resolution, wherein the start of the pumping
pulse plays the role of the reference stroboscopic clock. The time
evolution of n(n) after the start of pumping is determined using time
frames of 100 ns width.
From the general point of view, the scattering intensity at a given

frequency, I(n), is directly proportional to the reduced spectral
density of scatterers (in our case magnons)26, IðnÞ/ ~rðnÞ ¼
~DðnÞnðnÞ; where the reduced density of states D̃(n) is calculated by
integration over the wavevectors of only the particles accessible in the

experiment. Thus, the occupation function of magnons, n(n), can be
obtained from the BLS experiments, provided their reduced density
of states, D̃(n), has been once determined independently.
The experiments were performed over a wide range of experimen-

tal conditions. Here we present the results corresponding to
H ¼ 700Oe and np ¼ 4.05GHz, which are typical for the range of
H ¼ 600–800Oe and np ¼ 3–4.5GHz. Figure 2 demonstrates a BLS
spectrum of magnons without pumping; such magnons always exist
in the sample owing to thermal fluctuation. The spectrum shows a
minimum magnon frequency of nm ¼ 2.1GHz (hnm/kB ¼ 101mK)
and a maximum cut-off frequency of 3.7 GHz, caused by the finite
interval of the magnon wavevectors accessible in the experiment.
This spectrum was used to independently determine the reduced
density of states function, D̃(n), as the calculated function D̃(n) (ref.
24) contains the value of the surface anisotropy of the YIG film,
which is not known with the adequate accuracy. In fact, the BLS
spectrum from thermally excitedmagnons corresponds to the known
occupation function, n(n), defined by equation (1) with m ¼ 0. Using
the value of the surface anisotropy and the proportionality factor
between I(n) and r̃(n) ¼ D̃(n)n(n) (the vertical scaling factor of the
spectra) as the two fitting parameters, the measured spectrum has
been fitted. The result of the fit is shown in Fig. 2 by the solid line,
whereas the obtained function D̃(n) is shown by the dashed line. We
should emphasize that once determined from this fit, D̃(n) has been
used for the description of BLS from pumped magnons.
Figure 3 shows the BLS spectra of the pumped magnons recorded

at different delay times, t, as indicated, for pumping pulse duration
1 ms, and repetition period 20 ms. From the figure, it is seen that
pumping continuously increases the number of magnons in the
system with time (note the different vertical scales of the graphs). As
four-magnon scattering is a nonlinear process, the thermalization
time of the pumped magnons is inversely proportional to the
magnon density. Figure 3a shows the data corresponding to
t ¼ 200 ns and two different pumping powers, P ¼ 4.0W (open
circles) and 5.9W (filled circles). The solid lines show the results of
the fits based on equation (1) with the chemical potential being the
fitting parameter. As seen in Fig. 3a, the data for P ¼ 4.0W cannot be
described using the Bose–Einstein statistics, illustrating that the
thermalization process at those magnon densities lasts more than
200 ns. By contrast, the data for the pumping power P ¼ 5.9W are
described very well by the Bose–Einstein statistics at room tempera-
ture and a non-zero chemical potential m, m/kB ¼ 98 ^ 1mK. Thus,
for this pumping power the magnon–magnon interaction is fast
enough to provide an efficient means for magnon thermalization for

Figure 2 | BLS spectrum of thermal magnons recorded without
pumping. The reduced density of states, ~DðnÞ; obtained from the fit of the
experimental data (solid line) using equation (1) with the zero chemical
potential, m, is shown by the dashed line. nm is the minimum frequency of
magnons, h is Planck’s constant, and kB is the Boltzmann constant.

Figure 1 | The set-up for magnon excitation and detection. The resonator
attached to the bottom of the yttrium–iron–garnet (YIG) film is fed by
microwave pulses. The laser beam is focused onto the resonator, and the
scattered light is directed to the interferometer. Inset, the process of
creation of two magnons by a microwave photon. The low-frequency
part of the magnon spectrum for the applied field H, parallel to the film
surface is shown by the solid line. It has a minimum at the wavevector
km ¼ 5 £ 104 cm21. The wavevector interval indicated by the red hatching
corresponds to the interval of the wavevectors accessible for Brillouin light
scattering (BLS).
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electrically-pumped magnon BEC

• magnon BEC via electrical pumping and spin Hall effect.
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• nonequilibrium steady-state: spin/energy loss due to Gilbert damping is precisely 
compensated by spin/energy injection via spin Hall effect and/or spin Seebeck effect.
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We study the effects of nonlinear dynamics and damping by phonons on a system of interacting electronically
pumped magnons in a ferromagnet. The nonlinear effects are crucial for constructing the dynamic phase diagram,
which describes how “swasing” and Bose-Einstein condensation emerge out of the quasiequilibrated thermal
cloud of magnons. We analyze the system in the presence of magnon damping and interactions, demonstrating
the continuous onset of stable condensates as well as hysteretic transitions.
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I. INTRODUCTION

Elementary excitations of uniform ferromagnets (magnons)
are bosonic in nature, thus exhibiting properties similar in
character to those of cold atoms, photons, and excitons. Each
of these systems can undergo a bosonic condensation wherein
the lowest-energy mode displays a macroscopic occupation.
The condensate, thereafter, manifests a macroscopic phase,
spontaneously breaking U(1) gauge symmetry. Magnons have
been expected [1] and observed [2] to undergo condensation
under microwave pumping. Their condensate phase has a
transparent physical interpretation as the precessional angle
of collective magnetic dynamics.

In Ref. [3], magnon condensates are proposed to be realized
through dc electronic pumping. To this end, a ferromagnetic
insulator, e.g., yttrium iron garnet (YIG), is directly attached to
a conducting normal metal. Spin pumping by the precessing
magnet (or spin waves), governed by a sizable spin-mixing
conductance across the interface, results in a loss of magnons
and the corresponding creation of particle-hole excitations in
the normal metal. This magnetic bleeding may be overcome ei-
ther by increasing the current in the normal metal, which trans-
ports angular momentum into the ferromagnet by the spin Hall
effect [4] or by utilizing a temperature gradient across the inter-
face, thus actuating the spin Seebeck effect [5]. Under a critical
spin Hall and/or Seebeck biases, an excess of incoherently
pumped magnons can precipitate a spontaneous condensation.

In this paper, we build upon the proposal in Ref. [3]
by making two important advancements. First, we include
nonlinear effects associated with magnon-magnon interactions
in the presence of finite-angle collective precession. Nonlinear
effects can play an important role in stabilizing coherent
dynamics under large spin Hall/Seebeck biases, as well as
accounting for the interaction of the condensate with the
thermal magnon cloud. Second, we include Gilbert damping
due to magnon-lattice coupling and allow for an additional
energy-sink channel by attaching a poor spin-sink normal
metal on the other side of the ferromagnet. See Fig. 1 for a
schematic of our setup. The role of this second normal metal in
our model is to (i) anchor the adjacent lattice temperature and
(ii) provide a reservoir that dissipates excess energy injected
along with magnons from the first normal metal, which helps
in fomenting condensation.

The paper is organized as follows. In Sec. II, we start
by constructing the nonlinear dynamics of the condensate
(A) and incoherent dynamics of the cloud (B), including its
interaction with the condensate. In Sec. III, we derive rate
equations for spin and energy transfer into the normal metal N
and the phonon bath. In Sec. IV, the dynamic phase diagram
of the pumped magnetic system is constructed, focusing on
two special limits: (A) the fixed magnon temperature regime,
which is controlled by spin flows between different subsystems
(of magnons, electrons, and phonons), and (B) the floating
magnon temperature regime, in which the steady state is
determined by self-consistent flows of both spin and energy.
In both cases, we find regions of stable condensate with
second-order as well as first-order hysteretic transitions out
of the normal phase. Finally, Sec. V summarizes our findings
and offers an outlook.

II. MAGNETIC DYNAMICS

A. Condensate dynamics

We start by considering dynamics at absolute zero tem-
perature, assuming only the lowest mode is excited. For
simplicity, we neglect magnetostatic effects, such that the
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FIG. 1. (Color online) Schematic of the proposed heterostruc-
ture. On the top, the normal metal N, with electron temperature
T ′, provides spin torque through spin accumulation µ′ = µ′z at the
interface with the ferromagnet (F). The F is assumed to be sufficiently
thin such that its magnon temperature T is uniform throughout.
Collective spin density s in the F precesses with frequency ω, which
is controlled by the applied field H, both pointing in the z direction.
Electron-magnon interaction at the N|F interface is parametrized by
the spin-mixing conductance g↑↓. The normal metal Ñ is a poor
spin sink, which can, nevertheless, drain energy from magnons and
phonons in the ferromagnet.
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• quasi-equilibrated magnons: in the limit of strong magnon-magnon interactions magnons 
can be well-described by Bose-Einstein distribution with an effective chemical potential 
and temperature.

N(⌦) =
1

e(h̄⌦�µ)/kBT � 1
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(damping rate) of the ferromagnetic resonance (FMR)
transition. As detailed in the SI, we find full equivalence
of the DC current pumped magnon swasing criterion [9]
(µSW in Eq. (1)) and the DC current threshhold for spin
torque auto-oscillations, which is the classical description
of swasing.

In this letter, we report on magnon transport proper-
ties across the phase transition of a DC pumped magnon
Bose-Einstein condensate formed in the ferrimagnetic in-
sulator yttrium iron garnet (YIG). Within the swasing
phase of the magnon condensate, we find an increased
magnon conductivity by almost two orders of magnitude,
indicating dissipationless transport of magnons.

The principle of our magnon conductance measure-
ment is inspired by recent DC magnetotransport experi-
ments that infer magnon properties in YIG [14, 15, 22–
26]. Here, magnons are injected from a Pt strip (injector)
into the YIG by a low-frequency (13Hz) charge current
Iac (see Fig. 1a) and the SHE in Pt. The di↵usion and,
hence, the conductivity of these magnons is quantified
by electrically measuring the magnon density below a
second Pt strip (detector) as a voltage signal Vac exploit-
ing the inverse SHE. Cornelissen et al. [27] demonstrated
that the magnon conductivity measured in such an ar-
rangement can be controlled by a DC charge current Idc
applied to a third (modulator) strip placed in between in-
jector and detector. In a simple picture, Idc controls the
magnon density below the modulator and thereby alters
the magnon conductivity.

In contrast to Ref. [27], we here focus on the non-linear
regime of this magnon conductance. Our physical picture
of the the magnon transport beneath the modulator is
condensed in Fig. 1: For Idc = 0 (panel b), the magnon
density n

ac

m
from the injector decays exponentially (or-

ange solid line). For Idc = IBEC (panel c), the magnon
density generated by the modulator is su�cient to sup-
port the formation of magnon BEC. Due to the strong
increase in magnon density for Idc & IBEC, the magnon
conductivity is enhanced, which results in an increased
Vac at the detector. For Idc = ISW (panel d), the swas-
ing threshold of the magnon BEC state is reached, the
magnon lifetime diverges and a macroscopic excitation
is generated. In this swasing state, the magnon damp-
ing is completely compensated by the DC pumping and
dissipationless transport ensues.

To investigate the magnon propagation in the YIG for
di↵erent modulator currents Idc and to test the crite-
ria set in Eq. (1), we measure Vac as a function of the
magnetic field orientation ' with a fixed magnetic field
strength of µ0H = 50mT at a temperature T = 280K.
The result is shown in Fig. 2, where the black data
points show the characteristic (cos2 ') modulation ex-
pected for magnon transport between injector and de-
tector for Idc = 0, resulting from the variation of the
magnon injection with ' with maxima expected for H

perpendicular to Iac (' = �180�, 0�, 180�) [15, 22]. Inter-
estingly, a significant enhancement of the magnon trans-
port signal is observed at ' = ±180� in Fig. 2a for
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Figure 1. a Schematic depiction of the device, electrical con-
nection scheme and the coordinate system. b, c, d Illus-
trations of the magnon transport from injector to detector.
We here only consider magnon transport directly below the
modulator. b For Idc = 0, magnons (blue wiggly arrows)
generated by the injector di↵use from left to right. Scattering
events, indicated by red crosses, result in a finite lifetime and
a corresponding characteristic spin di↵usion length depicted
as a exponential decay of the magnon density n

ac
m (orange

solid line). The modulator only statically a↵ects the trans-
port properties via magnon absorption. c For Idc = IBEC, the
magnon density beneath the modulator reaches the threshold
for the formation of magnon BEC with a strong non-linear
increase of the conductance for Idc & IBEC. d For Idc = ISW,
the magnon condensate enters the swasing regime, where the
e↵ective damping of the magnons is fully compensated. This
results in dissipationless magnon transport beneath the mod-
ulator.

Idc > 0. This can be understood by a magnon accu-
mulation underneath the modulator, which increases the
magnon conductivity and results in a larger Vac. In the
same way, a decrease of Vac is expected for ' = 0� due
to the magnon depletion obtained in this configuration.
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termined solely by the geometry of the Pt strip.

a

b

s

ISWIBEC

Figure 4. a Magnon resistance R
s
YIG of the YIG channel be-

tween injector and detector for a magnetic field of µ0H =
50mT. The magnon resistance is corrected for e↵ects asso-
ciated with linear SHE and thermal magnon injection e↵ects
(see SI). A very steep decrease of Rs

YIG for IBEC < Idc < ISW

is evident. The reduction of R
s
YIG by 0.13⌦ is compatible

with a vanishing magnon resistivity underneath the modu-
lator strip. b Critical currents IBEC/SW versus applied field
µ0H. The right y-axis shows the critical chemical potentials
µBEC/SW from Eq. (1) (solid red and blue lines).

The spin resistance data (Fig. 4a) also allows us
to roughly estimate the condensate resistance within
the swasing phase. Assuming a serial resistor network
model [14] (see SI), and zero magnon resistance under-
neath the modulator strip when the swasing condensate
is formed, we expect Rs

YIG
= 0.19⌦ for Idc > ISW, which

is in excellent agreement with our data shown in Fig. 4a.
We can further roughly estimate the spin resistivity ⇢

s

YIG

for the swasing magnon condensate and obtain 8.16 n⌦m,
which is almost two orders of magnitude smaller than the
spin resistivity in the normal state (0.54 µ⌦m) (see SI).
Thus, the observed spin resistance shows similarities to
the sudden electrical resistance drop of a superconductor
at the superconducting phase transition. Our data there-
fore provides evidence for the presence of a magnon BEC
state with vanishing spin resistivity, which is also known
as spin superfluidity [10–12, 28]. The observation of a
magnon conductivity change in the BEC swasing regime
warrants the question how a coherent magnetization pre-
cession induced by ferromagnetic resonance a↵ects the
transport properties. In stark contrast to the reduction

of spin resistance due to the formation of the BEC, we
find an increase of spin resistance when coherently driv-
ing the YIG magnetization by a low power microwave
magnetic field (see SI) [29]. This demonstrates that the
e↵ective compensation of magnetic damping in the BEC
phase is responsible for the formation of the superfluid -
and not the coherent magnetization precession.
The excellent quantitative agreement between our ex-

perimental data and the model predicting BEC/swasing
by DC spin current injection into magnetic insulators
by Bender et al. [9] strongly suggests the formation of
BEC in the YIG thin film. This transition from a classi-
cal magnon gas into a collective quantum state can also
be independently estimated by comparing the thermal
de Broglie wavelength ⇤ with the mean (magnon) par-
ticle distance a. While for a � ⇤ the particles form a
classical gas, a degenerate quantum gas is obtained for
a . ⇤. We estimate the induced magnon density nm via
spin-orbit torque, as pursued in this experiment, to be
1023/cm3 for Idc = 0.8mA (see SI). In comparison, the
thermal magnon de Broglie wavelength at room temper-
ature is ⇠ 2 nm, which exceeds the mean particle separa-

tion a ⇡ n
�1/3
m ⇡ 0.2 nm by an order of magnitude (see

SI). Thus, even this simple estimate strongly supports
the formation of a magnon Bose-Einstein condensate.
In summary, we find ultra-low magnon resistance in-

dicating superfluid spin transport through the swasing
phase of a DC pumped magnon condensate. Here, BEC
is created by employing spin-orbit torque mediated spin
current injection in a YIG/Pt heterostructure. We find
excellent quantitative agreement between our experimen-
tal data and the theoretically predicted threshold condi-
tions for the transition into magnon BEC and the swasing
instability of the magnon BEC [9]. This work lays the
foundation for experiments ranging from zero-resistance
magnon transport to physics equivalent to the Josephson
e↵ects in superconductivity [10, 30]. Eventually, it even
has the potential to make a significant impact on modern
day magnon based (quantum) devices.
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• magnon BEC via spin Hall effect in a three-terminal device.

• measure two-terminal magnon conductivity by adjusting the current in the modulator.

drop in spin resistance at BEC instability

spin resistance in the active region (beneath 
the modulator contact) drops by two orders of 
magnitude

T. Wimmer et al., arXiv:1812.01334

• reach critical magnon density by increasing the current in the modulator.



nonequilibrium quantum criticality

• BEC of 3d ferromagnetic exchange magnons  vacuum-superfluid transition in 3d 
dilute Bose gas (3d BEC universality class).

↔

metal bath

phonon bath

ferromagnet

TB
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spin transport spin/energy flows

• question: how is BEC quantum critical point modified in the case of nonequilibrium open 
quantum systems?

➡ explicitly model the baths and the coupling to the baths. 
➡ baths held at temperatures  and . 
➡ model spin bias by spin-split chemical potentials in the metal: . 
➡ focus exclusively on the normal (uncondensed) phase.

TB TF
μs ≡ μ↑ − μ↓

• goal: microscopic theory for BEC quantum phase transition of magnons coupled to two 
baths with mismatched temperatures and/or subjected to spin bias.

• connection to experiment: spin conductivity of magnons in a driven-dissipative steady-
state.



3d BEC universality class

• BEC quantum critical point:  theoryz = 2

L =  ⇤ih̄@t � µ0| |2 �
h̄2

2m
|r |2 + u

2
| |4
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dim[u] = 2� d
<latexit sha1_base64="sNQnRfRBtjfX/UKhe8bystE2b+k="></latexit>

•  is above the upper critical dimension  treat magnon-magnon interactions 
perturbatively.
d = 3 →

• one-loop self-consistent Hartree-Fock approximation leads to self-consistent condition 
for the boson chemical potential:
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µ = µ0 + c
⇣3/2(e

�µ/kBT )

⇣3/2(1)
T 3/2
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• thermal crossover behavior in the normal phase of a weakly interacting dilute Bose gas



311 16.3 The dilute Bose gas

T
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C

0
Superfluid

m
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Dilute
Classical Gas!Fig. 16.4 Crossovers of the dilute Bose gas in d = 3 as a function of the chemical potential µ and the temperature T . The

regimes labeled A, B, C are described in the text. The solid line is the finite-temperature phase transition where the
superfluid order disappears; the shaded region is where the classical D = 3, N = 2 theory describes thermal
fluctuations. The contours of constant density are similar to those in Fig. 16.2 and are not displayed.

modes. In the present situation it is clear that in the nonsuperfluid phase, the effective action
again has the form of Sφ,eff in (14.16) for the case N = 2 after the identification

"(x) = √
m(φ1(x) + iφ2(x)) (16.61)

of the static modes. The values of the couplings, R and U , can be obtained by a simple
perturbation theory in u. From expressions analogous to (14.17), (14.18), and (14.31) we
obtain

R = −2mµ + 4mu0

∫
d3k

(2π)3

[
1

e(k2/2m−µ)/T − 1
− 2mT

k2 − 2mµ
+ 2mT

k2

]
,

(16.62)

and

U = 12m2u0. (16.63)

Armed with a knowledge of the values of R and U we can then proceed precisely as in
Section 14.2.2: we simply insert these values into the form (14.19) involving the tricritical
crossover function (the susceptibility χ in the present case is the boson Green’s function
G B defined in (16.50)), and we use the results for the tricritical crossovers in Section 14.1.1
for the case N = 2. Hence a clear understanding of the functional form of R is useful, and
we now discuss this.

Let us first rewrite R in the form analogous to (14.32):

R = −2mµ + 4mu0(2mT )3/2 K
(µ

T

)
, (16.64)

where the universal function K (y) is given by (compare (14.21) and (14.33))

K (y) = 1
2π2

∫ ∞

0
k2dk

(
1

ek2−y − 1
− 1

k2 − y
+ 1

k2

)
. (16.65)

Note that the result for R depends explicitly on the bare value of the coupling u, as is
expected for a system above its upper-critical dimension, and as we also found in Sec-
tion 14.2.2. A crucial property of K (y) (as was the case for (14.21) and (14.33)) is that it
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intermediate temperature regime

3d BEC universality class

• thermal crossovers for the equilibrium 3d BEC universality class:

S. Sachdev, Quantum Phase Transitions, Ch. 16  
(Cambridge University Press, Cambridge, 2011)

µ = µ0 + c
⇣3/2(e

�µ/kBT )

⇣3/2(1)
T 3/2
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large area of the phase diagram can be understood via perturbation theory with 
respect to magnon-magnon interactions

gaussian fixed point

T = µ
0
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questions

• how are thermal crossovers modified in the presence of two bath temperatures? 
• how do these thermal crossovers affect magnon spin conductivity? 
• how does magnon spin conductivity behave at finite spin bias?

311 16.3 The dilute Bose gas

T

0
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0
Superfluid

m

A

B

Dilute
Classical Gas!Fig. 16.4 Crossovers of the dilute Bose gas in d = 3 as a function of the chemical potential µ and the temperature T . The

regimes labeled A, B, C are described in the text. The solid line is the finite-temperature phase transition where the
superfluid order disappears; the shaded region is where the classical D = 3, N = 2 theory describes thermal
fluctuations. The contours of constant density are similar to those in Fig. 16.2 and are not displayed.

modes. In the present situation it is clear that in the nonsuperfluid phase, the effective action
again has the form of Sφ,eff in (14.16) for the case N = 2 after the identification

"(x) = √
m(φ1(x) + iφ2(x)) (16.61)

of the static modes. The values of the couplings, R and U , can be obtained by a simple
perturbation theory in u. From expressions analogous to (14.17), (14.18), and (14.31) we
obtain
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∫
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(2π)3
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]
,

(16.62)

and

U = 12m2u0. (16.63)

Armed with a knowledge of the values of R and U we can then proceed precisely as in
Section 14.2.2: we simply insert these values into the form (14.19) involving the tricritical
crossover function (the susceptibility χ in the present case is the boson Green’s function
G B defined in (16.50)), and we use the results for the tricritical crossovers in Section 14.1.1
for the case N = 2. Hence a clear understanding of the functional form of R is useful, and
we now discuss this.

Let us first rewrite R in the form analogous to (14.32):

R = −2mµ + 4mu0(2mT )3/2 K
(µ

T

)
, (16.64)

where the universal function K (y) is given by (compare (14.21) and (14.33))
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Note that the result for R depends explicitly on the bare value of the coupling u, as is
expected for a system above its upper-critical dimension, and as we also found in Sec-
tion 14.2.2. A crucial property of K (y) (as was the case for (14.21) and (14.33)) is that it
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model: ferromagnet

• easy-plane ferromagnet in a perpendicular magnetic field and with short-ranged 
exchange coupling:

HF = �1

2

X

ij

JijSi · Sj +
X

i

(h̄�B +KS
z
i )S

z
i
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HF =
X

q

("q + µ0)a
†
qaq +

1

N
X

{qn}

Vq1q3
a
†
q1
a
†
q2
aq3

aq4
�q1+q2,q3+q4
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• boson representation:
E. G. Batyev, Sov. Phys. JETP 62, 173 (1985)

µ0 = h̄�B � SK
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J0S⇠2

2
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3

A. Ferromagnet

Since our focus is on the impact of dissipation and nonequi-
librium drive on a ferromagnetic insulator, we consider a
relatively simple, but quite general, model Hamiltonian HF

for an exchange ferromagnet with an easy-plane magnetic
anisotropy perpendicular to the z axis and in a uniform mag-
netic field B along the same axis, i.e.,

HF =
1
2

X

i j

h
�Ji jSi · Sj + Ki jS

z

i S
z

j

i
+ ~�B

X

i
S

z

i . (1)

Here, i, j label the sites of the lattice, Ji j > 0 is the ferro-
magnetic exchange matrix, Ki j > 0 is the anisotropy matrix, �
is the gyromagnetic ratio and S is the saturated spin moment
per lattice site. We assume throughout that both Ji j and Ki j
depend on the lattice positions Ri and Rj only through their
di↵erence, and that Ji j = J ji and Ki j = K ji. Furthermore, as-
suming a spherically symmetric exchange matrix with a spa-
tial range ⇠J , i.e., Ji j / e

�|Ri�Rj |
2/2⇠2

J , we may approximate
its Fourier transform as Jq =

P
j Ji je

�◆q·(Ri�R j) = J0e
�q

2⇠2
J
/2,

where J0 ⌘ Jq=0 and ◆ =
p
�1. A similar result can be ap-

plied to a spherically symmetric anisotropy constant Ki j with
a spatial range of ⇠K , i.e., Kq ⇡ K0e

�q
2⇠2

K
/2.

Following a standard boson mapping (see, e.g., Ref. 21),
Eq. (1) can be re-expressed in terms of creation and annihi-
lation operators, a

†

q and aq, for magnons with wavevector q,
i.e.,

HF =
X

q
("q + µ0)a†qaq

+
1
N

X

{qn}

Vq1 q3 a
†

q1
a
†

q2
aq3 aq4�q1+q2,q3+q4 , (2)

where "q = S (J0 � Jq) ⇡ (J0S ⇠2
J
/2)q2, valid for q ⌧ ⇠�1

J
, is

the magnon spectrum, µ0 = ~�B�S K0 is the bare magnon gap
(tunable using the external field), andN is the total number of
lattice sites in the ferromagnet. Under the boson mapping, the
four-magnon vertex takes the form

Vq1 q3 =
Kq1�q3 � Jq1�q3

2
+ �(Jq1 + Jq3 ) , (3)

where � = S (1 �
p

1 � 1/2S ).

B. Coupling to the baths

We now define the spin-bath coupling. As shown in Fig. 1,
we assume that the atomic spin Si on each lattice site i cou-
ples to its own independent boson and fermion baths. Then
the Hamiltonian for the entire system (magnons and the baths
included) can be written as H = HF +

P
i hi, where hi is the

local Hamiltonian describing the coupling of the atomic spin
at site i to the baths. This local Hamiltonian may be written
as hi = h

B

i + h
m

i , where h
B

i and h
m

i model the coupling to the
boson and fermion baths, respectively.

spin injection

spin loss

spin loss

ferromagnet

bosonic bathmetal

µs
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FIG. 1. (color online) Each atomic spin at site i of the ferromag-
netic insulator is coupled to its own phonon and metallic baths with
coupling strengths ⌘i and i,↵, respectively. The phonon bath is char-
acterized by excitations bi,↵, where ↵ labels the eigenmodes, and
the metallic bath is characterized by fermion excitations  i,k� with
wavevector k and spin �. We assume the two baths are thermalized
at temperatures TF and TB, respectively, and a nonequilibrium spin
accumulation µs in the metal allows for spin injection into the ferro-
magnet.

We begin by defining the local Hamiltonian corresponding
to the bosonic bath, i.e.,

h
B

i =
X

↵

~⌦↵b
†

i,↵bi,↵ + ~
X

↵

h
i,↵aib

†

i,↵ + h.c.
i
,

where bi,↵ is the annihilation operator for a bath boson in the
i-th bath and eigenmode ↵, which couples to a magnon at the
site with strength i,↵. The second term describes the decay
of a magnon into the bath via transmutation into a superposi-
tion of bath boson modes. We assume that all of the bosonic
baths are identical and that they are held at the same temper-
ature TB so that the excitations occupy the states according to
the Bose-Einstein distribution, i.e., hb†i,↵bi,↵0 i = n↵�↵↵0 , where
n↵ = (e~⌦↵/kBTB � 1)�1. We hereafter refer to the bosonic exci-
tations as phonons and TB as the phonon temperature. In the
absence of the metal (and, therefore, driving), the magnons
thermalize to the Bose-Einstein distribution of the phonons.

The metallic bath contribution to the local Hamiltonian can
be written as

h
m

i =
X

k,�
~⌫k 

†

i,k� i,k� +
X

k,k0

h
⌘i 
†

i,k" i,k0#ai + h.c.
i
,

where  i,k� annihilates a fermion in the i-th bath with
wavevector k and spin �, ~⌫k = ~2

k
2/2m is the usual

quadratic spectrum with e↵ective mass m, and ⌘i quantifies
the hybridization between the magnon and the fermions at site
i. This standard form for the magnon-electron hybridization
has been considered in many other works.10,11,22 We assume
here that all of the fermionic baths are identical and that they
are held at a common temperature TF so that the excitations
occupy the states according to the Fermi-Dirac distribution
h †i,k� i,k0�0 i = fk����0�kk0 , where fk� = [e(~⌫k�µ�)/kBTF +1]�1.

model: baths

• each atomic spin couples to its own boson and metal baths.

H
m
i =

X

k,�

h̄⌫k 
†
i,k� i,k� +

X

k,k0

h
⌘i 

†
i,k" i,k0#ai + h.c.

i
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2m
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related works

• formalism of choice: Keldysh path integral formalism.

• BEC of exciton-polaritons in the presence of continuous-wave pumping and photon 
losses through cavity mirrors.
➡ I. Carusotto and C. Ciuti, Rev. Mod. Phys. 85, 299 (2013) 
➡ M. H. Szymańska, J. Keeling and P. B. Littlewood, arXiv:1206.1784

➡ effects of the baths on the active magnon system can be conveniently included by integrating out 
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FIG. 1. Schematic illustration of spin-transfer induced spin-wave
excitations of the insulating magnetic film in contact with a normal
metal (F |M). A spin accumulation !µ is induced in the metal via the
spin Hall effect. The magnons are assumed to be in quasiequilibrium
with a chemical potential µm. In turn, the spin accumulation exerts
a torque on the magnetization in F . A temperature gradient Tm − Te,
applied longitudinally also contributes to the net spin-current flow
through the interface.

Holstein-Primakoff transformation [46–48] that quantizes
the spins in terms of bosons, Ŝ+

x =
√

2S − b̂†
xb̂xb̂x, Ŝ−

x =
b̂†

x

√
2S − b̂†

xb̂x and Ŝz
x = (S − b̂†

xb̂x) with S the spin quantum
number. One magnon, created (annihilated) at site x of the
lattice by the operator b̂†

x(b̂x), corresponds to changing the
total spin with +h̄(−h̄). Expanding up to fourth order in
the magnon operators, the spin Hamiltonian becomes ĤS "
Ĥ(2)

S + Ĥ(4)
S , where terms up to order 1/

√
S are kept. In

momentum space the quadratic part of the Hamiltonian is
given by

Ĥ(2)
S =

∑

q

εqb̂†
qb̂q. (2)

In the long-wavelength limit, the magnon dispersion is εq =
Aq2 + ε0, where ε0 = B − SKz is the magnon gap and A =
3SJea2 is the spin stiffness with a the lattice spacing. Further-
more,

Ĥ(4)
S =

∑

q1,q2,q3,q4

V (2,2)
q1,q2,q3,q4

b̂†
q1

b̂†
q2

b̂q3 b̂q4 , (3)

where momentum conservation is implicit in V (2,2). This part
of the Hamiltonian represents magnon-magnon interactions
that result from exchange and anisotropy that causes the ther-
malization of magnons in the F [47]. In the long-wavelength
limit the interaction between magnons is dominated by the
anisotropy energy. Henceforth we consider magnons with
sufficiently long wavelengths since we are interested in long-
wavelength instabilities in the F . Thus we approximate the
scattering amplitude by V (2,2)

q1,q2,q3,q4
= (Kz/2N )δq1+q2−q3−q4 ,

with N the total number of spins. The exact result contain-
ing contributions from the exchange interactions is found in
Appendix A.

The electronic degrees of freedom in the metal are de-
scribed by the tight-binding Hamiltonian

Ĥe = −t
∑

〈x,x′〉,σ
ψ̂†

x,σ ψ̂x′,σ −
∑

x,σ

µσ ψ̂†
x,σ ψ̂x,σ , (4)

in terms of second-quantized operators ψ̂†
x,σ (ψ̂x,σ ) that create

(annihilate) an electron at site x in M with spin σ . The hopping

amplitude is t and the spin-dependent chemical potential is
µσ . The latter results from the spin Hall effect in the M and
defines a nonzero spin accumulation !µ = µ↑ − µ↓.

We assume the magnons and electrons predominantly in-
teract via an exchange coupling between the spin density of
electrons and localized magnetic moments facing the F |M
interface. The Hamiltonian that couples metal and insula-
tor is Ĥe−m = −

∑
x,x′ Jxx′ Ŝx · ŝx′ , where Jxx′ is the coupling

strength that depends on the interface details. The spin density
of electrons at site x is ŝx =

∑
σ,σ ′ ψ̂†

x,σ τσσ ′ψ̂x,σ ′ , with τ the
Pauli matrix vector. After the Holstein-Primakoff transfor-
mation on the spins in the insulator, the electron-magnon
Hamiltonian is

Ĥe−m = −
∑

x,x′

Jxx′ [
√

2S(b̂†
xψ̂

†
x′,↓ψ̂x′,↑ + H.c.)

+ (S − b̂†
xb̂x)(ψ̂†

x′,↑ψ̂x′,↑ − ψ̂†
x′,↓ψ̂x′,↓)], (5)

up to quadratic order in the magnon operators. Hence,
when an electron flips its spin at the interface it creates
(or annihilates) one magnon in the insulating F [5,6]. The
electron-magnon interaction has been studied in various re-
lated contexts [13,49–54]. Its evaluation through the self-
energy has been useful for the study of magnetic damping
and noise [55], magnon-induced superconductivity [56], and
spin transport [57]. In our work we go further by studying,
in combination magnon-magnon interactions, its effect on the
single-magnon energy. Additionally, thermodynamic proper-
ties like temperature and chemical potential of the magnon
gas are computed self-consistently with the electron-magnon
coupling as the perturbative parameter.

III. NONEQUILIBRIUM THEORY

In this section, we derive an effective action for the magnon
gas using a functional Keldysh approach [58]. We also calcu-
late the self-energy that magnons acquire by their interaction
with the electrons.

A. Self-energy due to electron-magnon coupling

The starting point is the functional integral

Z =
∫

Dφ∗DφDψ∗Dψexp
{

i
h̄
S[ψ,ψ∗,φ,φ∗]

}
. (6)

The action is expressed in terms of bosonic fields φx(t ),
describing magnons, and fermionic fields ψx,σ (t ), describing
electrons. Thus,

S[ψ,ψ∗,φ,φ∗] = S0[φ,φ∗] +
∫

C∞
dtdt ′

∑

xx′

∑

σσ ′

ψ∗
x,σ (t )

× Kxx′

σσ ′ (t, t ′)ψx′,σ ′ (t ′), (7)

with S0[φ,φ∗] =
∫
C∞ dt[

∫
dxφ∗ih̄∂tφ − HS[φ,φ∗]], the ac-

tion for magnons uncoupled with the electrons. The magnon
Hamiltonian is in the continuum limit given by

HS[φ,φ∗] =
∫

dxφ∗
(

−A∇2 + ε0 + Kz

2
|φ|2

)
φ, (8)

and follows directly from evaluating the Hamiltonian in
Eqs. (2) and (3) for the bosonic fields and taking the
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integrating out baths

• total Keldysh partition function (magnon + baths):

Z =

Z
D{aq(⌦), bi,↵(⌦), i,k�(!)} exp

(
◆SF + ◆

X

i

(SB
i + Sm

i )

)

!
Z

D{aq(⌦)} exp{◆S̄F }
<latexit sha1_base64="jACXwTg8Gx8LE8qsVMQhCY8fFLY="></latexit>

• effective magnon action:

S̄F =
X

q

Z
d⌦

2⇡

�
ac⇤q (⌦) aq⇤q (⌦)

�✓ DK
q (⌦) DR

q (⌦)
DA

q (⌦) 0

◆�1 ✓
acq(⌦)
aqq(⌦)

◆

� 1

N
X

{qn}

Z 1

�1
dt Vq1q3

h
ac⇤q1

(t)ac⇤q2
(t)acq3

(t)aqq4
(t)

+ aq⇤q1
(t)aq⇤q2

(t)aqq3
(t)acq4

(t) + c.c.
i
�q1+q2,q3+q4

+ S(4)
d

<latexit sha1_base64="HJ0DuV36bf+Bgu80ZBRA39oJ6WY="></latexit>



nonequilibrium magnons

• retarded magnon propagator:

S. Takei, Phys. Rev. B 100, 134440 (2019)

↵F = ⇡|⌘i|2⇢20h̄
2
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q (⌦) =

1

⌦� ("q + µ0)/h̄� ⌃R(⌦)�⇧R(⌦)

=
1

⌦� ("q + µ0)/h̄+ ◆↵B⌦+ ◆↵F (⌦� µs/h̄)
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• Keldysh magnon propagator:

DK
q (⌦) =

◆

2

⇧K(⌦) + ⌃K(⌦)

↵B⌦+ ↵F (⌦� µs/h̄)
[DR

q (⌦)�DA
q (⌦)]

⌘ [2N(⌦) + 1][DR
q (⌦)�DA

q (⌦)]
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• quartic correction induced by metallic bath:

S(4)
d = �

Z
dt

X

i

h
u1a

⇤c
i a⇤ci acia

q
i � u1a

⇤c
i a⇤qi acia

c
i + u2a

⇤q
i a⇤qi acia

q
i � u2a

⇤c
i a⇤qi aqia

q
i

+ u3a
⇤c
i a⇤ci aqia

q
i + u3a

⇤q
i a⇤qi acia

c
i + u4a

⇤c
i a⇤qi acia

q
i + u5a

⇤q
i a⇤qi aqia

q
i

i
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➡ complex quartic vertices:  
➡ L. M. Sieberer, M. Buchhold and S. Diehl, Rep. Prog. Phys. 79 096001 (2016): phenomenological 

discussion of complex quartic vertices

ui ∝ iα2
F

ignore quartic corrections induced by the metal



• magnon distribution function:

N(⌦) =
1

↵⌦� ↵Fµs/h̄


↵B⌦

eh̄⌦/kBTB � 1
+

↵F (⌦� µs/h̄)

e(h̄⌦�µs)/kBTF � 1

�

<latexit sha1_base64="2epzTtfe/NELmB4FqmQcBzKRcwQ="></latexit><latexit sha1_base64="2epzTtfe/NELmB4FqmQcBzKRcwQ="></latexit><latexit sha1_base64="2epzTtfe/NELmB4FqmQcBzKRcwQ="></latexit><latexit sha1_base64="2epzTtfe/NELmB4FqmQcBzKRcwQ="></latexit>

• equal bath temperatures and zero spin bias, i.e., , :TB = TF ≡ T μs = 0

N(⌦) =
1

eh̄⌦/kBT � 1
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• mismatched bath temperatures and zero spin bias, i.e., , :TB ≠ TF μs = 0

N(⌦) =
↵B

↵

1

eh̄⌦/kBTB � 1
+

↵F

↵

1

eh̄⌦/kBTF � 1
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↵ = ↵B + ↵F
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Even when electrical pumping is zero, magnon distribution function is in general given 
by linear combination of two bath distribution functions weighted by the respective 

Gilbert damping parameters associated with each of the baths.

S. Takei, Phys. Rev. B 100, 134440 (2019)

Magnon distribution function is generally non-thermal

nonequilibrium magnons



mean-field theory

• self-consistent Hartree-Fock approximation to one-loop order:

6

the current nonequilibrium problem. For simplicity, we here-
after restrict our discussion to uniform magnon-bath coupling
amplitudes, i.e., i,↵ ! ↵ and ⌘i ! ⌘, though lifting this
assumption is not expected to change the qualitative results
presented below.

The starting point for the discussion here is the e↵ective
magnon theory resulting from the elimination of the bath
fields. Once these fields are traced out, the Keldysh partition
function Eq. (10) reduces to

Z =

Z
D{Aq(⌦)} exp{◆S̄F}

Tr{⇢̂m

0 (�1)}
,

where ⇢̂m

0 (�1) is the density matrix for the magnons in the
infinite past and the e↵ective Keldysh action for the magnons
reads

S̄F = SF +
X

i

⇣
S

B

i + S
m(2)
i

⌘
(17)

=
X

q

Z
d⌦

2⇡
A
†

q(⌦)
 

D
K

q (⌦) D
R

q(⌦)
D

A

q (⌦) 0

!�1

Aq(⌦)

�
1
N

X

{qn}

Z
1

�1

dt Vq1 q3

h
a

c⇤

q1
(t)ac⇤

q2
(t)ac

q3
(t)aq

q4 (t)

+ a
q⇤

q1 (t)aq⇤

q2 (t)aq

q3 (t)ac

q4
(t) + c.c.

i
�q1+q2,q3+q4 .

We note that the magnon propagator matrix above [with the
components D

R,A,K
q (⌦)] now fully accounts for the nonequi-

librium drive and dissipation due to the baths. Using Eqs. (6),
(12), and (15), its retarded component (which relates to the
advanced component by complex conjugation) can easily be
read o↵ from Eq. (17),

D
R

q(⌦) =
1

⌦ � ("q + µ0)/~ + ◆↵B⌦ + ◆↵F(⌦ � µs/~)
,

where ↵B and ↵F can now be interpreted as the (spatially uni-
form) Gilbert damping parameters arising from the phonon
and metallic baths, respectively.

Using Eqs. (5), (11), and (14), the Keldysh component of
the magnon propagator can also be read o↵ directly from
Eq. (17) as

D
K

q (⌦) =
◆

2
⇧K(⌦) + ⌃K(⌦)

↵B⌦ + ↵F(⌦ � µs/~)
[DR

q(⌦) � D
A

q (⌦)] . (18)

However, noting that the Keldysh propagator can generally
be related to the retarded and advanced components via the
magnon distribution function N(⌦), i.e., D

K

q (⌦) = [2N(⌦) +
1][DR

q(⌦) � D
A

q (⌦)],23 Eq. (18) together with Eqs. (13) and
(16) allow us to directly extract the nonequilibrium magnon
distribution function,

N(⌦) =
1

↵⌦ � ↵Fµs/~

⇥

"
↵B⌦

e~⌦/kBTB � 1
+
↵F(⌦ � µs/~)

e(~⌦�µs)/kBTF � 1

#
, (19)

where ↵ = ↵B + ↵F is the total Gilbert damping parameter.
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FIG. 3. Dyson equation for the full Green function in the self-
consistent Hartree-Fock theory. Thin lines denote noninteracting
magnon propagators and heavy lines the full propagators. The dotted
lines correspond to the interaction vertex Vqq0 .

We see from Eq. (19) that the magnon distribution func-
tion, in general, has a nonthermal form in the presence of mis-
matched bath temperatures and/or electrical pumping. Even
at zero pumping (i.e., µs = 0), N(⌦) is given by a linear
combination of two Bose-Einstein distribution functions, one
corresponding to the phonons equilibrated at temperature TB

and the other corresponding to the spin-1 particle-hole exci-
tations in the metal equilibrated at temperature TF , and they
are weighted by the respective Gilbert damping parameters
associated with each of the baths. This has important conse-
quences on the finite temperature crossover behavior for the
magnons close to the BEC critical line, as we later show in
Sec. V A.

The steady-state non-thermal magnon distribution function
obtained here contrasts with similar past studies of electri-
cally pumped magnon BECs, in which magnons were as-
sumed to be internally thermalized to the Bose-Einstein distri-
bution function with a well-defined e↵ective temperature and
a chemical potential.11,20

A. Self-consistent conditions

The Dyson equation for the full magnon Green function
within the self-consistent Hartree-Fock approximation is di-
agrammatically shown in Fig. 3, where each magnon propa-
gator has the bosonic Keldysh matrix structure consistent with
Eq. (4). Each thin line represents the Gaussian magnon prop-
agator matrix, i.e., D

R,A,K
q (⌦), while the thick lines correspond

to the full propagator matrix. Within the self-consistent the-
ory, the components of the Keldysh one-loop self-energy ma-
trix are given by

⌃̃R

q = �
4
N

1
~

X

q0

Z
d⌦

2⇡
N(⌦)

⇣
Vqq0 + Vq0q0

⌘
ImDR

q0 (⌦) = ⌃̃A

q ,

where DR

q(⌦) is the retarded component of the full self-
consistent magnon propagator, and we find ⌃̃K

q = 0. This then
leads to a self-consistent magnon spectrum given by

"̃q + µ = "q + µ0

�
4
N

X

q0

Z
d⌦

2⇡
N(⌦)

⇣
Vqq0 + Vq0q0

⌘
Im{DR

q0 (⌦)} , (20)

• Hartree-Fock self-energy:

✓
DK

q (⌦) DR
q (⌦)

DA
q (⌦) 0

◆
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⌃̃K
q = 0
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◆
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⌃̃R
q = ⌃̃A

q = � 4

N
1

~
X

q0

Z
d⌦

2⇡
N(⌦) (Vqq0 + Vq0q0) ImDR

q0(⌦)
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• For dilute magnons , renormalization of the magnon effective mass is negligible 
so we consider only the self-consistency condition for the magnon gap:

n ≪ S

• self-consistent condition for the magnon spectrum:

"̃q + µ = "q + µ0 �
4

N
X

q0

Z
d⌦

2⇡
N(⌦) (Vqq0 + Vq0q0) Im{DR

q0(⌦)}
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n = � 2

N
X

q0

Z
d⌦

2⇡
N(⌦)Im{DR

q0(⌦)}
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µ = µ0 + 2n[K + J0(4�� 1)]
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critical line (zero pumping)

• locus of critical magnetic field giving :μ = 0

h̄�Bc = SK � �↵c
h↵B

↵
T 3/2
B +

↵F

↵
T 3/2
F

i
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↵ = ↵B + ↵F
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◆3/2
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•  and  gives the equilibrium dilute Bose gas result (i.e., “Sachdev’s 
book”)
TB = TF ≡ T α = 0

311 16.3 The dilute Bose gas

T

0

C

0
Superfluid

m

A

B

Dilute
Classical Gas!Fig. 16.4 Crossovers of the dilute Bose gas in d = 3 as a function of the chemical potential µ and the temperature T . The

regimes labeled A, B, C are described in the text. The solid line is the finite-temperature phase transition where the
superfluid order disappears; the shaded region is where the classical D = 3, N = 2 theory describes thermal
fluctuations. The contours of constant density are similar to those in Fig. 16.2 and are not displayed.

modes. In the present situation it is clear that in the nonsuperfluid phase, the effective action
again has the form of Sφ,eff in (14.16) for the case N = 2 after the identification

"(x) = √
m(φ1(x) + iφ2(x)) (16.61)

of the static modes. The values of the couplings, R and U , can be obtained by a simple
perturbation theory in u. From expressions analogous to (14.17), (14.18), and (14.31) we
obtain

R = −2mµ + 4mu0

∫
d3k

(2π)3

[
1

e(k2/2m−µ)/T − 1
− 2mT

k2 − 2mµ
+ 2mT

k2

]
,

(16.62)

and

U = 12m2u0. (16.63)

Armed with a knowledge of the values of R and U we can then proceed precisely as in
Section 14.2.2: we simply insert these values into the form (14.19) involving the tricritical
crossover function (the susceptibility χ in the present case is the boson Green’s function
G B defined in (16.50)), and we use the results for the tricritical crossovers in Section 14.1.1
for the case N = 2. Hence a clear understanding of the functional form of R is useful, and
we now discuss this.

Let us first rewrite R in the form analogous to (14.32):

R = −2mµ + 4mu0(2mT )3/2 K
(µ

T

)
, (16.64)

where the universal function K (y) is given by (compare (14.21) and (14.33))

K (y) = 1
2π2

∫ ∞

0
k2dk

(
1

ek2−y − 1
− 1

k2 − y
+ 1

k2

)
. (16.65)

Note that the result for R depends explicitly on the bare value of the coupling u, as is
expected for a system above its upper-critical dimension, and as we also found in Sec-
tion 14.2.2. A crucial property of K (y) (as was the case for (14.21) and (14.33)) is that it
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critical line (zero pumping)
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• critical line for open magnon system and general bath temperatures:

➡  and   equilibrium dilute Bose gas result (Sachdev). 
➡  and   BEC region shrinks. 
➡  and   BEC region grows. 
➡  and   BEC region shrinks.

TB = TF α = 0 →
TB = TF α > 0 →
TF = 0.8TB α > 0 →
TF = 1.2TB α > 0 →
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S. Takei, Phys. Rev. B 100, 134440 (2019)
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thermal crossovers (zero pumping)

• self-consistent equation for the magnon gap:

S. Takei, arXiv:1907.01043

µ = µ0 +
↵B

↵

"
⇣3/2(e

�µ/kBTB )

⇣3/2(1)

#
cT 3/2

B +
↵F

↵

"
⇣3/2(e

�µ/kBTF )

⇣3/2(1)

#
cT 3/2

F

<latexit sha1_base64="bAeDENcyT70kx7iF0iBeIIUXFoQ="></latexit><latexit sha1_base64="bAeDENcyT70kx7iF0iBeIIUXFoQ="></latexit><latexit sha1_base64="bAeDENcyT70kx7iF0iBeIIUXFoQ="></latexit><latexit sha1_base64="bAeDENcyT70kx7iF0iBeIIUXFoQ="></latexit>

• Regime I: low bath temperatures  
:TB ≪ μ0/kB, TF ≪ μ0/kB
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thermal crossovers (zero pumping)

• self-consistent equation for the magnon gap:

S. Takei, arXiv:1907.01043
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• Regime I: low bath temperatures  
.TB ≪ μ0/kB, TF ≪ μ0/kB

• Regime II: intermediate bath temperatures  
 OR  
.

μ0/kB ≪ TB ≪ (αμ0/αBc)2/3

μ0/kB ≪ TF ≪ (αμ0/αFc)2/3
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thermal crossovers (zero pumping)

• self-consistent equation for the magnon gap:

S. Takei, arXiv:1907.01043
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• Regime I: low bath temperatures  
.TB ≪ μ0/kB, TF ≪ μ0/kB

• Regime II: intermediate bath temperatures  
 OR  
.

μ0/kB ≪ TB ≪ (αμ0/αBc)2/3
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��
�
�
��
�
��
	
�


�
�
��
�

���������
	�


�����


�

�

µ0
<latexit sha1_base64="UMWbjZc/e5htKy5aMUGVck+YcPE="></latexit><latexit sha1_base64="UMWbjZc/e5htKy5aMUGVck+YcPE="></latexit><latexit sha1_base64="UMWbjZc/e5htKy5aMUGVck+YcPE="></latexit><latexit sha1_base64="UMWbjZc/e5htKy5aMUGVck+YcPE="></latexit>

I<latexit sha1_base64="L2jUHNLPTIrxo1aAAIctSKg8U1s="></latexit><latexit sha1_base64="L2jUHNLPTIrxo1aAAIctSKg8U1s="></latexit><latexit sha1_base64="L2jUHNLPTIrxo1aAAIctSKg8U1s="></latexit><latexit sha1_base64="L2jUHNLPTIrxo1aAAIctSKg8U1s="></latexit>

II<latexit sha1_base64="IkiyfRylApoo6vhSn6fZKR5xqRc="></latexit><latexit sha1_base64="IkiyfRylApoo6vhSn6fZKR5xqRc="></latexit><latexit sha1_base64="IkiyfRylApoo6vhSn6fZKR5xqRc="></latexit><latexit sha1_base64="IkiyfRylApoo6vhSn6fZKR5xqRc="></latexit>

III<latexit sha1_base64="hvscQdUi6CDjh7cOULESmOwTC9A="></latexit><latexit sha1_base64="hvscQdUi6CDjh7cOULESmOwTC9A="></latexit><latexit sha1_base64="hvscQdUi6CDjh7cOULESmOwTC9A="></latexit><latexit sha1_base64="hvscQdUi6CDjh7cOULESmOwTC9A="></latexit>IIIF1<latexit sha1_base64="yi39UdMmBJ2I1dqdcQRSNDAKOIg="></latexit><latexit sha1_base64="yi39UdMmBJ2I1dqdcQRSNDAKOIg="></latexit><latexit sha1_base64="yi39UdMmBJ2I1dqdcQRSNDAKOIg="></latexit><latexit sha1_base64="yi39UdMmBJ2I1dqdcQRSNDAKOIg="></latexit> IIIF2<latexit sha1_base64="3B4qXzm666omvB/xBFyJk4eChRU="></latexit><latexit sha1_base64="3B4qXzm666omvB/xBFyJk4eChRU="></latexit><latexit sha1_base64="3B4qXzm666omvB/xBFyJk4eChRU="></latexit><latexit sha1_base64="3B4qXzm666omvB/xBFyJk4eChRU="></latexit>

IIIB2<latexit sha1_base64="ZjvF51X1LJy2jv6VHdLVKQ3V1+8="></latexit><latexit sha1_base64="ZjvF51X1LJy2jv6VHdLVKQ3V1+8="></latexit><latexit sha1_base64="ZjvF51X1LJy2jv6VHdLVKQ3V1+8="></latexit><latexit sha1_base64="ZjvF51X1LJy2jv6VHdLVKQ3V1+8="></latexit>

IIIB1<latexit sha1_base64="X/nM2oYGDsvJdjGV5xG+Opx1Bc8="></latexit><latexit sha1_base64="X/nM2oYGDsvJdjGV5xG+Opx1Bc8="></latexit><latexit sha1_base64="X/nM2oYGDsvJdjGV5xG+Opx1Bc8="></latexit><latexit sha1_base64="X/nM2oYGDsvJdjGV5xG+Opx1Bc8="></latexit>IIB<latexit sha1_base64="5cNiekkaXmt6S5MKboCZNDrA1jU="></latexit><latexit sha1_base64="5cNiekkaXmt6S5MKboCZNDrA1jU="></latexit><latexit sha1_base64="5cNiekkaXmt6S5MKboCZNDrA1jU="></latexit><latexit sha1_base64="5cNiekkaXmt6S5MKboCZNDrA1jU="></latexit>

IIF<latexit sha1_base64="HsJSMwqSufFGUMxTTVqfcL1QY/U="></latexit><latexit sha1_base64="HsJSMwqSufFGUMxTTVqfcL1QY/U="></latexit><latexit sha1_base64="HsJSMwqSufFGUMxTTVqfcL1QY/U="></latexit><latexit sha1_base64="HsJSMwqSufFGUMxTTVqfcL1QY/U="></latexit>

µ0 +
↵Bc

↵
T 3/2
B

<latexit sha1_base64="fWfFi/mXgDOavTmYuQq0i4jSFBA="></latexit><latexit sha1_base64="fWfFi/mXgDOavTmYuQq0i4jSFBA="></latexit><latexit sha1_base64="fWfFi/mXgDOavTmYuQq0i4jSFBA="></latexit><latexit sha1_base64="fWfFi/mXgDOavTmYuQq0i4jSFBA="></latexit>

µ0 +
↵F c

↵
T 3/2
F

<latexit sha1_base64="mOblQcOlJxPbZnpCIrmcr3OFscE="></latexit><latexit sha1_base64="mOblQcOlJxPbZnpCIrmcr3OFscE="></latexit><latexit sha1_base64="mOblQcOlJxPbZnpCIrmcr3OFscE="></latexit><latexit sha1_base64="mOblQcOlJxPbZnpCIrmcr3OFscE="></latexit>

µ0 +
↵Bc

↵
T 3/2
B

+
↵F c

↵
T 3/2
F

<latexit sha1_base64="oW/HNzkkKNVCYMOZwVOweKAlcxU="></latexit><latexit sha1_base64="oW/HNzkkKNVCYMOZwVOweKAlcxU="></latexit><latexit sha1_base64="oW/HNzkkKNVCYMOZwVOweKAlcxU="></latexit><latexit sha1_base64="oW/HNzkkKNVCYMOZwVOweKAlcxU="></latexit>

↵Bc

↵
T 3/2
B

<latexit sha1_base64="wQd/h8MzYpql381AYW7DBIAoQI8="></latexit><latexit sha1_base64="wQd/h8MzYpql381AYW7DBIAoQI8="></latexit><latexit sha1_base64="wQd/h8MzYpql381AYW7DBIAoQI8="></latexit><latexit sha1_base64="wQd/h8MzYpql381AYW7DBIAoQI8="></latexit>

↵Bc

↵
T 3/2
B

<latexit sha1_base64="wQd/h8MzYpql381AYW7DBIAoQI8="></latexit><latexit sha1_base64="wQd/h8MzYpql381AYW7DBIAoQI8="></latexit><latexit sha1_base64="wQd/h8MzYpql381AYW7DBIAoQI8="></latexit><latexit sha1_base64="wQd/h8MzYpql381AYW7DBIAoQI8="></latexit>

↵F c

↵
T 3/2
F

<latexit sha1_base64="wJBqDBxcbkljLqz0yY19uiZZcB8="></latexit><latexit sha1_base64="wJBqDBxcbkljLqz0yY19uiZZcB8="></latexit><latexit sha1_base64="wJBqDBxcbkljLqz0yY19uiZZcB8="></latexit><latexit sha1_base64="wJBqDBxcbkljLqz0yY19uiZZcB8="></latexit>

↵F c

↵
T 3/2
F

<latexit sha1_base64="wJBqDBxcbkljLqz0yY19uiZZcB8="></latexit><latexit sha1_base64="wJBqDBxcbkljLqz0yY19uiZZcB8="></latexit><latexit sha1_base64="wJBqDBxcbkljLqz0yY19uiZZcB8="></latexit><latexit sha1_base64="wJBqDBxcbkljLqz0yY19uiZZcB8="></latexit>

↵Bc

↵
T 3/2
B +

↵F c

↵
T 3/2
F

<latexit sha1_base64="k1f0iMWO0cjhbssTh4osaZfNAN4="></latexit><latexit sha1_base64="k1f0iMWO0cjhbssTh4osaZfNAN4="></latexit><latexit sha1_base64="k1f0iMWO0cjhbssTh4osaZfNAN4="></latexit><latexit sha1_base64="k1f0iMWO0cjhbssTh4osaZfNAN4="></latexit>

• Regime III: high bath temperatures  
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The bath temperature that ultimately determines the 
magnon gap in the high temperature regime depends 
on the relative magnitudes of the two temperatures. 



BEC instability by pumping

• BEC instability: imaginary part of the lowest energy pole changes sign from negative to 
positive [c.f. M. H. Szymańska, J. Keeling and P. B. Littlewood, arXiv:1206.1784].
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• this instability is also signaled by divergence in the magnon distribution function.
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divergence
S. Takei, Phys. Rev. B 100, 134440 (2019)
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• condition for critical spin bias:

elevated instability  
[S. A. Bender et al., Phys. Rev. B 90, 094409 (2014)]
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spin conductivity

• dc spin conductivity for spin current polarized along  axis, computed within the self-
consistent Hartree-Fock approximation.

z

S. Takei, Phys. Rev. B 100, 134440 (2019)
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• magnon current flowing in response to magnetic field gradient along  x̂



spin conductivity

• Kubo formula for magnon current (one-loop calculation):

S. Takei, Phys. Rev. B 100, 134440 (2019)
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spin conductivity (zero pumping)

• dc spin conductivity for zero spin bias, i.e., μs = 0
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low temperatures

• low temperature regime I, i.e., T ≪ μ0/kB
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311 16.3 The dilute Bose gas
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Classical Gas!Fig. 16.4 Crossovers of the dilute Bose gas in d = 3 as a function of the chemical potential µ and the temperature T . The

regimes labeled A, B, C are described in the text. The solid line is the finite-temperature phase transition where the
superfluid order disappears; the shaded region is where the classical D = 3, N = 2 theory describes thermal
fluctuations. The contours of constant density are similar to those in Fig. 16.2 and are not displayed.

modes. In the present situation it is clear that in the nonsuperfluid phase, the effective action
again has the form of Sφ,eff in (14.16) for the case N = 2 after the identification

"(x) = √
m(φ1(x) + iφ2(x)) (16.61)

of the static modes. The values of the couplings, R and U , can be obtained by a simple
perturbation theory in u. From expressions analogous to (14.17), (14.18), and (14.31) we
obtain

R = −2mµ + 4mu0
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and

U = 12m2u0. (16.63)

Armed with a knowledge of the values of R and U we can then proceed precisely as in
Section 14.2.2: we simply insert these values into the form (14.19) involving the tricritical
crossover function (the susceptibility χ in the present case is the boson Green’s function
G B defined in (16.50)), and we use the results for the tricritical crossovers in Section 14.1.1
for the case N = 2. Hence a clear understanding of the functional form of R is useful, and
we now discuss this.

Let us first rewrite R in the form analogous to (14.32):

R = −2mµ + 4mu0(2mT )3/2 K
(µ

T

)
, (16.64)

where the universal function K (y) is given by (compare (14.21) and (14.33))
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Note that the result for R depends explicitly on the bare value of the coupling u, as is
expected for a system above its upper-critical dimension, and as we also found in Sec-
tion 14.2.2. A crucial property of K (y) (as was the case for (14.21) and (14.33)) is that it
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higher temperatures

• intermediate to high temperature regimes II and III (i.e., )T ≫ μ0/kB
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modes. In the present situation it is clear that in the nonsuperfluid phase, the effective action
again has the form of Sφ,eff in (14.16) for the case N = 2 after the identification

"(x) = √
m(φ1(x) + iφ2(x)) (16.61)

of the static modes. The values of the couplings, R and U , can be obtained by a simple
perturbation theory in u. From expressions analogous to (14.17), (14.18), and (14.31) we
obtain

R = −2mµ + 4mu0

∫
d3k

(2π)3

[
1

e(k2/2m−µ)/T − 1
− 2mT

k2 − 2mµ
+ 2mT

k2

]
,

(16.62)

and

U = 12m2u0. (16.63)

Armed with a knowledge of the values of R and U we can then proceed precisely as in
Section 14.2.2: we simply insert these values into the form (14.19) involving the tricritical
crossover function (the susceptibility χ in the present case is the boson Green’s function
G B defined in (16.50)), and we use the results for the tricritical crossovers in Section 14.1.1
for the case N = 2. Hence a clear understanding of the functional form of R is useful, and
we now discuss this.

Let us first rewrite R in the form analogous to (14.32):

R = −2mµ + 4mu0(2mT )3/2 K
(µ

T

)
, (16.64)

where the universal function K (y) is given by (compare (14.21) and (14.33))

K (y) = 1
2π2

∫ ∞

0
k2dk

(
1

ek2−y − 1
− 1

k2 − y
+ 1

k2

)
. (16.65)

Note that the result for R depends explicitly on the bare value of the coupling u, as is
expected for a system above its upper-critical dimension, and as we also found in Sec-
tion 14.2.2. A crucial property of K (y) (as was the case for (14.21) and (14.33)) is that it
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FIG. 7. (color online) The total spin conductance for the magnon
system located in between the injector and detector metals for a fixed
magnetic field µ0 > 0 and for µs = 0. We assume here that TB =
TF ⌘ T . The conductance traverses through three regimes as the
bath temperature T increased from the low temperature regime T ⌧

µ0/kB (regime I), through the intermediate regime µ0/kB ⌧ T ⌧

Tmin (regime II), and finally to the high temperature regime T �

Tmax (regime III). Here, Tmin ⌘ min{(↵Bµ0/↵c)2/3, (↵Fµ0/↵c)2/3
} and

Tmax ⌘ max{(↵Bµ0/↵c)2/3, (↵Fµ0/↵c)2/3
}.

spin accumulation µs toward µc

s
. The spin resistance outside

of the region modulated by the central metal bath is then fixed
to a value R

0 that is independent of µs, but 1/R0 = �0A /w
exhibits a diverging behavior as already shown in Sec. VI B.
In Fig. 8, we plot the total spin resistance R (in units of
R
0) as a function of µs for d = w and for various ratios

of µ/kBT = 0.01, 0.1, 1, 10. We find that as µs approaches
the critical value, the resistance in the central region below
the metal bath vanishes, so that the total spin resistance ap-
proaches 2R

0. The plots evince a square root rise in the region
µs . µc

s
for relatively high temperatures, e.g., µ/kBT ⇠ 0.01,

while this behavior changes for relatively low temperatures
(see, e.g., µ/kBT = 10).

In Fig. 8, we have chosen ↵B = ↵F = 0.01. The y-
intercepts of all the curves generally move up (down) when
↵F is increased above (decreased below) ↵B; while the inter-
cepts shift, the qualitative shapes of the curves do not change
even when ↵F deviates from ↵B.

VIII. CONCLUSION

We present a microscopic theory based on the Keldysh path
integral formalism to study a magnon system in contact with a
phonon bath and a metallic bath, and subjected to dc electrical
spin injection. For mismatched bath temperatures and/or finite
dc electrical pumping, the magnon system converges to a non-
thermal steady state in which the magnon distribution func-
tion is given by a nontrivial superposition of the bath distri-
bution functions. Focusing exclusively on the normal (uncon-
densed) phase, we uncover a rich finite temperature crossover
behavior exhibited by the correlation length associated with
the superfluid order parameter fluctuations as a function of the
phonon and metallic bath temperatures. Motivated by recent

µs/µc
s
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square-root rise

FIG. 8. (color online) Spin resistance R as a function of electrical
pumping µs for various values of µ/kBT , where TB = TF ⌘ T . Here,
R is plotted in units of R

0 and we have used ↵B = ↵F = 0.01 and
d = w.

spin transport measurements on a magnon system close to a
BEC instability,12 we compute the linear spin conductivity for
arbitrary bath temperatures and electrical pumping strengths,
and show that the finite temperature crossovers in the correla-
tion length leads to nontrivial dependences of the spin conduc-
tivity on the bath temperatures. In the presence of pumping,
we find an inverse square-root divergence in the spin conduc-
tivity as the pumping strength approaches the threshold value
for BEC instability. A two-terminal spin transport setup capa-
ble of verifying our predictions is presented.

Recently, the stability criteria for a magnon gas in contact
with a metallic bath and in the presence of electrical spin cur-
rent injection were studied using the Keldysh path integral
formalism.17 While the microscopic Keldysh approach was
applied to the normal phase in both Ref. 17 and here, ex-
tending this approach for spin transport analysis in the con-
densed phase is an interesting future direction. A microscopic
Keldysh formulation of the coupled nonlinear dynamics in-
volving the condensate and the thermal magnons is also an
interesting open problem.

Lastly, using the Keldysh formalism to understand the BEC
of parametrically-pumped magnons would also be a worth-
while endeavor. However, a straightforward generalization is
hampered, at least, by the fact that the parametrically-pumped
magnon BEC is a transient (dynamic) phenomenon so that the
current formalism must be extended to capture the nonequi-
librium transient physics. Furthermore, understanding BEC
formation following particle and energy injection into a nar-
row region of the spectrum requires one to understand how
these excess particles and energy transverse through the en-
ergy shells after the pump is turned o↵. A well-suited formal-
ism in treating this physics may be the theory of weak tur-
bulence, which has been applied to various interacting Bose
gases as well as semiconductor lasers.30–33 It would be inter-
esting to apply the idea of weak turbulence to magnon BEC in
parametrically-pumped magnetic insulators.

µ
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modes. In the present situation it is clear that in the nonsuperfluid phase, the effective action
again has the form of Sφ,eff in (14.16) for the case N = 2 after the identification

"(x) = √
m(φ1(x) + iφ2(x)) (16.61)

of the static modes. The values of the couplings, R and U , can be obtained by a simple
perturbation theory in u. From expressions analogous to (14.17), (14.18), and (14.31) we
obtain

R = −2mµ + 4mu0

∫
d3k

(2π)3

[
1

e(k2/2m−µ)/T − 1
− 2mT

k2 − 2mµ
+ 2mT

k2

]
,

(16.62)

and

U = 12m2u0. (16.63)

Armed with a knowledge of the values of R and U we can then proceed precisely as in
Section 14.2.2: we simply insert these values into the form (14.19) involving the tricritical
crossover function (the susceptibility χ in the present case is the boson Green’s function
G B defined in (16.50)), and we use the results for the tricritical crossovers in Section 14.1.1
for the case N = 2. Hence a clear understanding of the functional form of R is useful, and
we now discuss this.

Let us first rewrite R in the form analogous to (14.32):

R = −2mµ + 4mu0(2mT )3/2 K
(µ

T

)
, (16.64)

where the universal function K (y) is given by (compare (14.21) and (14.33))

K (y) = 1
2π2

∫ ∞

0
k2dk

(
1

ek2−y − 1
− 1

k2 − y
+ 1

k2

)
. (16.65)

Note that the result for R depends explicitly on the bare value of the coupling u, as is
expected for a system above its upper-critical dimension, and as we also found in Sec-
tion 14.2.2. A crucial property of K (y) (as was the case for (14.21) and (14.33)) is that it
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spin conductivity at finite spin bias

• spin conductivity for fixed magnetic field  and fixed bath temperatures .μ0 TB = TF = T
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311 16.3 The dilute Bose gas

T
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Dilute
Classical Gas!Fig. 16.4 Crossovers of the dilute Bose gas in d = 3 as a function of the chemical potential µ and the temperature T . The

regimes labeled A, B, C are described in the text. The solid line is the finite-temperature phase transition where the
superfluid order disappears; the shaded region is where the classical D = 3, N = 2 theory describes thermal
fluctuations. The contours of constant density are similar to those in Fig. 16.2 and are not displayed.

modes. In the present situation it is clear that in the nonsuperfluid phase, the effective action
again has the form of Sφ,eff in (14.16) for the case N = 2 after the identification

"(x) = √
m(φ1(x) + iφ2(x)) (16.61)

of the static modes. The values of the couplings, R and U , can be obtained by a simple
perturbation theory in u. From expressions analogous to (14.17), (14.18), and (14.31) we
obtain

R = −2mµ + 4mu0

∫
d3k

(2π)3

[
1

e(k2/2m−µ)/T − 1
− 2mT

k2 − 2mµ
+ 2mT

k2

]
,

(16.62)

and

U = 12m2u0. (16.63)

Armed with a knowledge of the values of R and U we can then proceed precisely as in
Section 14.2.2: we simply insert these values into the form (14.19) involving the tricritical
crossover function (the susceptibility χ in the present case is the boson Green’s function
G B defined in (16.50)), and we use the results for the tricritical crossovers in Section 14.1.1
for the case N = 2. Hence a clear understanding of the functional form of R is useful, and
we now discuss this.

Let us first rewrite R in the form analogous to (14.32):

R = −2mµ + 4mu0(2mT )3/2 K
(µ

T

)
, (16.64)

where the universal function K (y) is given by (compare (14.21) and (14.33))

K (y) = 1
2π2

∫ ∞

0
k2dk

(
1

ek2−y − 1
− 1

k2 − y
+ 1

k2

)
. (16.65)

Note that the result for R depends explicitly on the bare value of the coupling u, as is
expected for a system above its upper-critical dimension, and as we also found in Sec-
tion 14.2.2. A crucial property of K (y) (as was the case for (14.21) and (14.33)) is that it
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FIG. 7. (color online) The total spin conductance for the magnon
system located in between the injector and detector metals for a fixed
magnetic field µ0 > 0 and for µs = 0. We assume here that TB =
TF ⌘ T . The conductance traverses through three regimes as the
bath temperature T increased from the low temperature regime T ⌧

µ0/kB (regime I), through the intermediate regime µ0/kB ⌧ T ⌧

Tmin (regime II), and finally to the high temperature regime T �

Tmax (regime III). Here, Tmin ⌘ min{(↵Bµ0/↵c)2/3, (↵Fµ0/↵c)2/3
} and

Tmax ⌘ max{(↵Bµ0/↵c)2/3, (↵Fµ0/↵c)2/3
}.

spin accumulation µs toward µc

s
. The spin resistance outside

of the region modulated by the central metal bath is then fixed
to a value R

0 that is independent of µs, but 1/R0 = �0A /w
exhibits a diverging behavior as already shown in Sec. VI B.
In Fig. 8, we plot the total spin resistance R (in units of
R
0) as a function of µs for d = w and for various ratios

of µ/kBT = 0.01, 0.1, 1, 10. We find that as µs approaches
the critical value, the resistance in the central region below
the metal bath vanishes, so that the total spin resistance ap-
proaches 2R

0. The plots evince a square root rise in the region
µs . µc

s
for relatively high temperatures, e.g., µ/kBT ⇠ 0.01,

while this behavior changes for relatively low temperatures
(see, e.g., µ/kBT = 10).

In Fig. 8, we have chosen ↵B = ↵F = 0.01. The y-
intercepts of all the curves generally move up (down) when
↵F is increased above (decreased below) ↵B; while the inter-
cepts shift, the qualitative shapes of the curves do not change
even when ↵F deviates from ↵B.

VIII. CONCLUSION

We present a microscopic theory based on the Keldysh path
integral formalism to study a magnon system in contact with a
phonon bath and a metallic bath, and subjected to dc electrical
spin injection. For mismatched bath temperatures and/or finite
dc electrical pumping, the magnon system converges to a non-
thermal steady state in which the magnon distribution func-
tion is given by a nontrivial superposition of the bath distri-
bution functions. Focusing exclusively on the normal (uncon-
densed) phase, we uncover a rich finite temperature crossover
behavior exhibited by the correlation length associated with
the superfluid order parameter fluctuations as a function of the
phonon and metallic bath temperatures. Motivated by recent

µs/µc
s
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square-root rise

FIG. 8. (color online) Spin resistance R as a function of electrical
pumping µs for various values of µ/kBT , where TB = TF ⌘ T . Here,
R is plotted in units of R

0 and we have used ↵B = ↵F = 0.01 and
d = w.

spin transport measurements on a magnon system close to a
BEC instability,12 we compute the linear spin conductivity for
arbitrary bath temperatures and electrical pumping strengths,
and show that the finite temperature crossovers in the correla-
tion length leads to nontrivial dependences of the spin conduc-
tivity on the bath temperatures. In the presence of pumping,
we find an inverse square-root divergence in the spin conduc-
tivity as the pumping strength approaches the threshold value
for BEC instability. A two-terminal spin transport setup capa-
ble of verifying our predictions is presented.

Recently, the stability criteria for a magnon gas in contact
with a metallic bath and in the presence of electrical spin cur-
rent injection were studied using the Keldysh path integral
formalism.17 While the microscopic Keldysh approach was
applied to the normal phase in both Ref. 17 and here, ex-
tending this approach for spin transport analysis in the con-
densed phase is an interesting future direction. A microscopic
Keldysh formulation of the coupled nonlinear dynamics in-
volving the condensate and the thermal magnons is also an
interesting open problem.

Lastly, using the Keldysh formalism to understand the BEC
of parametrically-pumped magnons would also be a worth-
while endeavor. However, a straightforward generalization is
hampered, at least, by the fact that the parametrically-pumped
magnon BEC is a transient (dynamic) phenomenon so that the
current formalism must be extended to capture the nonequi-
librium transient physics. Furthermore, understanding BEC
formation following particle and energy injection into a nar-
row region of the spectrum requires one to understand how
these excess particles and energy transverse through the en-
ergy shells after the pump is turned o↵. A well-suited formal-
ism in treating this physics may be the theory of weak tur-
bulence, which has been applied to various interacting Bose
gases as well as semiconductor lasers.30–33 It would be inter-
esting to apply the idea of weak turbulence to magnon BEC in
parametrically-pumped magnetic insulators.

G =
1

R
=

A
24⇡2(2d↵B + w↵)

s
2kBT

J0S⇠2
S

✓
µ

kBT

◆

/
p
T ⇥

8
<

:

3
p
⇡

4
kBT
µ0

e�µ0/kBT , µ0

kBT � 1
3⇡
2

q
kBT

µ0+cT 3/2 , µ0

kBT ⌧ 1
<latexit sha1_base64="Ks96fVGqinU/nwSPL+cPCIhni9Y="></latexit>

injector detectormetal bath

phonon bath

d
<latexit sha1_base64="FucNy4olxb0AoqZFLiVnYnNO930="></latexit><latexit sha1_base64="FucNy4olxb0AoqZFLiVnYnNO930="></latexit><latexit sha1_base64="FucNy4olxb0AoqZFLiVnYnNO930="></latexit><latexit sha1_base64="FucNy4olxb0AoqZFLiVnYnNO930="></latexit>

d
<latexit sha1_base64="FucNy4olxb0AoqZFLiVnYnNO930="></latexit><latexit sha1_base64="FucNy4olxb0AoqZFLiVnYnNO930="></latexit><latexit sha1_base64="FucNy4olxb0AoqZFLiVnYnNO930="></latexit><latexit sha1_base64="FucNy4olxb0AoqZFLiVnYnNO930="></latexit>

w
<latexit sha1_base64="ZZSdH9+AvfGykVuaj5v/HELVWnA="></latexit><latexit sha1_base64="ZZSdH9+AvfGykVuaj5v/HELVWnA="></latexit><latexit sha1_base64="ZZSdH9+AvfGykVuaj5v/HELVWnA="></latexit><latexit sha1_base64="ZZSdH9+AvfGykVuaj5v/HELVWnA="></latexit>

�0
<latexit sha1_base64="n8JBWUisTcX4mTEDTQY46VHMgvM="></latexit><latexit sha1_base64="n8JBWUisTcX4mTEDTQY46VHMgvM="></latexit><latexit sha1_base64="n8JBWUisTcX4mTEDTQY46VHMgvM="></latexit><latexit sha1_base64="n8JBWUisTcX4mTEDTQY46VHMgvM="></latexit>

ferromagnet

R0
<latexit sha1_base64="+ZaUnWerQw4yOyq+LmjQsCSt5kU="></latexit><latexit sha1_base64="+ZaUnWerQw4yOyq+LmjQsCSt5kU="></latexit><latexit sha1_base64="+ZaUnWerQw4yOyq+LmjQsCSt5kU="></latexit><latexit sha1_base64="+ZaUnWerQw4yOyq+LmjQsCSt5kU="></latexit>

cross-sectional
area
A

<latexit sha1_base64="2H48W+4Nqbh5SMBrss6sOTQgk4k="></latexit><latexit sha1_base64="2H48W+4Nqbh5SMBrss6sOTQgk4k="></latexit><latexit sha1_base64="2H48W+4Nqbh5SMBrss6sOTQgk4k="></latexit><latexit sha1_base64="2H48W+4Nqbh5SMBrss6sOTQgk4k="></latexit>

�0
<latexit sha1_base64="P+f71P71tjukSH0dHVUKdmg2KYU="></latexit><latexit sha1_base64="P+f71P71tjukSH0dHVUKdmg2KYU="></latexit><latexit sha1_base64="P+f71P71tjukSH0dHVUKdmg2KYU="></latexit><latexit sha1_base64="P+f71P71tjukSH0dHVUKdmg2KYU="></latexit>

�0
<latexit sha1_base64="P+f71P71tjukSH0dHVUKdmg2KYU="></latexit><latexit sha1_base64="P+f71P71tjukSH0dHVUKdmg2KYU="></latexit><latexit sha1_base64="P+f71P71tjukSH0dHVUKdmg2KYU="></latexit><latexit sha1_base64="P+f71P71tjukSH0dHVUKdmg2KYU="></latexit>

R0
<latexit sha1_base64="Ja13Mu5hPuFcgfEC2hFbZPWI1iY="></latexit><latexit sha1_base64="Ja13Mu5hPuFcgfEC2hFbZPWI1iY="></latexit><latexit sha1_base64="Ja13Mu5hPuFcgfEC2hFbZPWI1iY="></latexit><latexit sha1_base64="Ja13Mu5hPuFcgfEC2hFbZPWI1iY="></latexit>

R0
<latexit sha1_base64="Ja13Mu5hPuFcgfEC2hFbZPWI1iY="></latexit><latexit sha1_base64="Ja13Mu5hPuFcgfEC2hFbZPWI1iY="></latexit><latexit sha1_base64="Ja13Mu5hPuFcgfEC2hFbZPWI1iY="></latexit><latexit sha1_base64="Ja13Mu5hPuFcgfEC2hFbZPWI1iY="></latexit>

� x
<latexit sha1_base64="PLsY/aKbUuw7rvZSo7bWGOPsTiw="></latexit>

y
<latexit sha1_base64="S+GrUyD1BVZaTLXzgM/gPjd3tn8="></latexit>

z
<latexit sha1_base64="SN8k3/9NBLWjWU1CMBPKwy1+NpA="></latexit>

T<latexit sha1_base64="VM7+YkE9ZFQPmMpSuq2hUXeM264="></latexit><latexit sha1_base64="VM7+YkE9ZFQPmMpSuq2hUXeM264="></latexit><latexit sha1_base64="VM7+YkE9ZFQPmMpSuq2hUXeM264="></latexit><latexit sha1_base64="VM7+YkE9ZFQPmMpSuq2hUXeM264="></latexit>

T, µs
<latexit sha1_base64="gBERpSW8nSmjKrVKjBRkbpvhgws="></latexit><latexit sha1_base64="gBERpSW8nSmjKrVKjBRkbpvhgws="></latexit><latexit sha1_base64="gBERpSW8nSmjKrVKjBRkbpvhgws="></latexit><latexit sha1_base64="gBERpSW8nSmjKrVKjBRkbpvhgws="></latexit>

experiment? (zero spin bias)



11

������
������	


�
�

�
�
��
�
��
��

�������������

� T 3/2e�µ0/kBT
<latexit sha1_base64="bqgro6+k6AdtCfim1LBt+NeEzPM="></latexit><latexit sha1_base64="bqgro6+k6AdtCfim1LBt+NeEzPM="></latexit><latexit sha1_base64="bqgro6+k6AdtCfim1LBt+NeEzPM="></latexit><latexit sha1_base64="bqgro6+k6AdtCfim1LBt+NeEzPM="></latexit>

� T
<latexit sha1_base64="GwGi4AfD2+qGNm4lrQQmu6TkW9k="></latexit><latexit sha1_base64="GwGi4AfD2+qGNm4lrQQmu6TkW9k="></latexit><latexit sha1_base64="GwGi4AfD2+qGNm4lrQQmu6TkW9k="></latexit><latexit sha1_base64="GwGi4AfD2+qGNm4lrQQmu6TkW9k="></latexit>

� T 1/4
<latexit sha1_base64="PSRd/6C70U055j4f2w/R+YKqrrM="></latexit><latexit sha1_base64="PSRd/6C70U055j4f2w/R+YKqrrM="></latexit><latexit sha1_base64="PSRd/6C70U055j4f2w/R+YKqrrM="></latexit><latexit sha1_base64="PSRd/6C70U055j4f2w/R+YKqrrM="></latexit>

I<latexit sha1_base64="L2jUHNLPTIrxo1aAAIctSKg8U1s="></latexit><latexit sha1_base64="L2jUHNLPTIrxo1aAAIctSKg8U1s="></latexit><latexit sha1_base64="L2jUHNLPTIrxo1aAAIctSKg8U1s="></latexit><latexit sha1_base64="L2jUHNLPTIrxo1aAAIctSKg8U1s="></latexit> II<latexit sha1_base64="IkiyfRylApoo6vhSn6fZKR5xqRc="></latexit><latexit sha1_base64="IkiyfRylApoo6vhSn6fZKR5xqRc="></latexit><latexit sha1_base64="IkiyfRylApoo6vhSn6fZKR5xqRc="></latexit><latexit sha1_base64="IkiyfRylApoo6vhSn6fZKR5xqRc="></latexit> III<latexit sha1_base64="hvscQdUi6CDjh7cOULESmOwTC9A="></latexit><latexit sha1_base64="hvscQdUi6CDjh7cOULESmOwTC9A="></latexit><latexit sha1_base64="hvscQdUi6CDjh7cOULESmOwTC9A="></latexit><latexit sha1_base64="hvscQdUi6CDjh7cOULESmOwTC9A="></latexit>

FIG. 7. (color online) The total spin conductance for the magnon
system located in between the injector and detector metals for a fixed
magnetic field µ0 > 0 and for µs = 0. We assume here that TB =
TF ⌘ T . The conductance traverses through three regimes as the
bath temperature T increased from the low temperature regime T ⌧

µ0/kB (regime I), through the intermediate regime µ0/kB ⌧ T ⌧

Tmin (regime II), and finally to the high temperature regime T �

Tmax (regime III). Here, Tmin ⌘ min{(↵Bµ0/↵c)2/3, (↵Fµ0/↵c)2/3
} and

Tmax ⌘ max{(↵Bµ0/↵c)2/3, (↵Fµ0/↵c)2/3
}.

spin accumulation µs toward µc

s
. The spin resistance outside

of the region modulated by the central metal bath is then fixed
to a value R

0 that is independent of µs, but 1/R0 = �0A /w
exhibits a diverging behavior as already shown in Sec. VI B.
In Fig. 8, we plot the total spin resistance R (in units of
R
0) as a function of µs for d = w and for various ratios

of µ/kBT = 0.01, 0.1, 1, 10. We find that as µs approaches
the critical value, the resistance in the central region below
the metal bath vanishes, so that the total spin resistance ap-
proaches 2R

0. The plots evince a square root rise in the region
µs . µc

s
for relatively high temperatures, e.g., µ/kBT ⇠ 0.01,

while this behavior changes for relatively low temperatures
(see, e.g., µ/kBT = 10).

In Fig. 8, we have chosen ↵B = ↵F = 0.01. The y-
intercepts of all the curves generally move up (down) when
↵F is increased above (decreased below) ↵B; while the inter-
cepts shift, the qualitative shapes of the curves do not change
even when ↵F deviates from ↵B.

VIII. CONCLUSION

We present a microscopic theory based on the Keldysh path
integral formalism to study a magnon system in contact with a
phonon bath and a metallic bath, and subjected to dc electrical
spin injection. For mismatched bath temperatures and/or finite
dc electrical pumping, the magnon system converges to a non-
thermal steady state in which the magnon distribution func-
tion is given by a nontrivial superposition of the bath distri-
bution functions. Focusing exclusively on the normal (uncon-
densed) phase, we uncover a rich finite temperature crossover
behavior exhibited by the correlation length associated with
the superfluid order parameter fluctuations as a function of the
phonon and metallic bath temperatures. Motivated by recent

µs/µc
s
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square-root rise

FIG. 8. (color online) Spin resistance R as a function of electrical
pumping µs for various values of µ/kBT , where TB = TF ⌘ T . Here,
R is plotted in units of R

0 and we have used ↵B = ↵F = 0.01 and
d = w.

spin transport measurements on a magnon system close to a
BEC instability,12 we compute the linear spin conductivity for
arbitrary bath temperatures and electrical pumping strengths,
and show that the finite temperature crossovers in the correla-
tion length leads to nontrivial dependences of the spin conduc-
tivity on the bath temperatures. In the presence of pumping,
we find an inverse square-root divergence in the spin conduc-
tivity as the pumping strength approaches the threshold value
for BEC instability. A two-terminal spin transport setup capa-
ble of verifying our predictions is presented.

Recently, the stability criteria for a magnon gas in contact
with a metallic bath and in the presence of electrical spin cur-
rent injection were studied using the Keldysh path integral
formalism.17 While the microscopic Keldysh approach was
applied to the normal phase in both Ref. 17 and here, ex-
tending this approach for spin transport analysis in the con-
densed phase is an interesting future direction. A microscopic
Keldysh formulation of the coupled nonlinear dynamics in-
volving the condensate and the thermal magnons is also an
interesting open problem.

Lastly, using the Keldysh formalism to understand the BEC
of parametrically-pumped magnons would also be a worth-
while endeavor. However, a straightforward generalization is
hampered, at least, by the fact that the parametrically-pumped
magnon BEC is a transient (dynamic) phenomenon so that the
current formalism must be extended to capture the nonequi-
librium transient physics. Furthermore, understanding BEC
formation following particle and energy injection into a nar-
row region of the spectrum requires one to understand how
these excess particles and energy transverse through the en-
ergy shells after the pump is turned o↵. A well-suited formal-
ism in treating this physics may be the theory of weak tur-
bulence, which has been applied to various interacting Bose
gases as well as semiconductor lasers.30–33 It would be inter-
esting to apply the idea of weak turbulence to magnon BEC in
parametrically-pumped magnetic insulators.

• fix magnetic field  and fix bath temperatures .μ0 TB = TF = T
• increase spin bias .μs → μc

s

R = 2R0 +R0 =
2d

�0A
+

w

�0A
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• total spin resistance:
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summary

• nonequilibrium steady-state of magnons coupled to phonon and metal baths with two 
different temperatures and subjected to electrical spin injection from the metal.

• magnon distribution function is generally non-thermal  spin Seebeck effect alone 
cannot trigger BEC.

→

• two bath temperatures enriches thermal crossover behavior and the corresponding 
thermal crossover in spin conductivity

• square-root divergence in bulk dc spin conductivity as electrically-induced BEC instability 
is approached

• perturb around the 3d BEC quantum critical point

• the role of magnon-magnon interactions as one approaches the Ginzburg region — 
strong-coupling fixed point and its relevance to experiment?

• nonequilibrium RG 

• dipolar interactions  how they affect universality class.→


