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Igor Dzyaloshinskii (1958) and Tôru Moriya (1960)
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Micromagnetic energy (in a 2D magnet)

Chiral	magnetism
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Dij = D (dij ⇥ z)
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Lifshitz invariants: L(s)
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DMI	and	Lifshitz	invariants

bulk DMI energy density

w = D
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A full description of a magnetic sample includes a correct treatment of the boundary conditions (BCs).
This is in particular important in thin film systems, where even bulk properties might be modified by the
properties of the boundary of the sample. We study generic ferromagnets with broken spatial inversion
symmetry and derive the general micromagnetic BCs of a system with Dzyaloshinskii-Moriya interaction
(DMI). We demonstrate that the BCs require the full tensorial structure of the third-rank DMI tensor and not
just the antisymmetric part, which is usually taken into account. Specifically, we study systems with C∞v

symmetry and explore the consequences of the DMI. Interestingly, we find that the DMI already in the
simplest case of a ferromagnetic thin film leads to a purely boundary-driven magnetic twist state at the
edges of the sample. The twist state represents a new type of DMI-induced spin structure, which is
completely independent of the internal DMI field. We estimate the size of the texture-induced
magnetoresistance effect being in the range of that of domain walls.

DOI: 10.1103/PhysRevLett.119.127203

Over the past few years, there has been an increasing
interest in magnets where interface-induced phenomena
play a major role [1–3]. This includes the topics of
magnetic heterostructures as well as thin films, where
the main effects arise from the sample’s boundary.
Therefore, a rigorous understanding of the physical boun-
dary conditions (BCs) is needed.
The strong spin-orbit coupling (SOC) and broken spatial

inversion symmetry of these nanostructures lead to an
intricate interplay between spin, charge, and orbital degrees
of freedom, which affect the magnetic equilibrium state as
well as the current-driven spin phenomena. Important
examples of the SOC effects include current-driven spin-
orbit torques [4–21], charge-pumping via magnetization
precession [8,22–26], and the formation of topologically
nontrivial Skyrmion textures [27–38] and chiral domain
walls [15,16,39–41], as well as the multiferroic behavior of
chiral magnets [42,43] and the ferroelectricity of magnetic
textures [41,44].
The underlying mechanism being responsible for chiral

Skyrmions and domain walls is the Dzyaloshinskii-Moriya
interaction (DMI) [45,46]. The DMI is a relativistic
magnetic exchange interaction that originates from broken
spatial inversion symmetry. Phenomenologically, the DMI
is modeled by a free-energy density term, which is linear in
the spatial variations of the magnetization. In its most
general form, the term can be written as

FD ¼ Dijkmi∂jmk; ð1Þ
as discussed, for example, explicitly in Landau and
Lifshitz [47].
Here,m is a unit vector pointing along the magnetization

M ¼ Msm, and Dijk is the DMI tensor, which is linear in
the relativistic interactions. The particular form of the DMI

tensor is determined by the point group of the system. Here,
and in what follows, we use the convention of a summation
of repeated indices. To avoid confusion with the frequently
used terminology of denoting Bloch (Néel) DMI as bulk
(surface)-induced DMI, we will denote the bulk part of the
sample as “internal” and the surface as “boundary.”
In the present work, we investigate how the DMI affects

the magnetic equilibrium state at the boundary of the
sample. Contrary to the internal DMI field, which only
depends on the antisymmetric part∼Dijk −Dkji of the DMI
tensor and which was discussed already in previous works
[38,40,48–52], we find that a correct treatment of the
micromagnetic BCs requires the full tensorial structure of
the DMI. Our general boundary conditions comprise novel
spin phenomena, such as purely boundary-driven twist
states along the high symmetry axis, which we discuss
below. Because boundary effects can dominate the physics
of thin samples [1], we expect our results to be important
for thin films in which the new BCs might even excel the
effects of the internal DMI field.
As an important example we show the result for C∞v

systems due to the following reasons: (i) they describe well
the physics of ferromagnetic heterostructures such as poly-
crystalline Pt=Co=AlOx systems [15] and (ii) to show that
even in high symmetry class systems, where many DMI
tensor elements vanish, the symmetric DMI does lead to an
effect. Importantly we find that three independent tensor
elements determine the BCs inC∞v systems, whereas only a
single parameter is required to model the internal DMI field.
The consequences of the novel BCs become apparent

already in a very simple example of a thin-film ferromagnet
with C∞v symmetry subject to an out-of-plane magnetic
field. Here, the DMI-induced BCs lead to a non-negligible

PRL 119, 127203 (2017) P HY S I CA L R EV I EW LE T T ER S
week ending

22 SEPTEMBER 2017

0031-9007=17=119(12)=127203(6) 127203-1 © 2017 American Physical Society
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In the quest for miniaturizing magnetic devices, the e↵ects of boundaries and surfaces become
increasingly important. Here we show how the recently predicted boundary-induced Dzyaloshinskii-
Moriya interaction (DMI) a↵ects the magnetization of ferromagnetic films with a C1v symmetry
and a perpendicular magnetic anisotropy. For an otherwise uniformly magnetized film, we find a
surface twist when the magnetization in the bulk is canted by an in-plane external field. This twist
at the surfaces caused by the boundary-induced DMI di↵ers from the common canting caused by
internal DMI observed at the edges of a chiral magnet. Further, we find that the surface twist due
to the boundary-induced DMI strongly a↵ects the width of the domain wall at the surfaces. We
also find that the skyrmion radius increases in the depth of the film, with the average size of the
skyrmion increasing with boundary-induced DMI. This increase suggests that the boundary-induced
DMI contributes to the stability of the skyrmion.

I. INTRODUCTION

That boundary conditions (BCs) have important con-
sequences pervades many areas of physics. Well-known
examples are the discrete frequencies of a vibrating string
clamped at the edges or di↵erent electrostatic solutions
that arise in either Dirichlet BCs or Neumann BCs. The
e↵ects of boundaries are also crucial in micromagnetism
and have been addressed already more than 20 years ago,
e.g. see Ref. 1. In more recent years, magnetic systems
with broken space inversion symmetry have attracted a
lot of attention. The broken inversion symmetry allows
for the Dzyaloshinskii-Moriya interaction (DMI) which
twists magnetic textures in a chiral way. Therefore, such
systems can host novel topological magnetic textures like
chiral domain walls2–6 and magnetic skyrmions7–10. In
these systems, it has been shown that the DMI induces
canting of the magnetization at the edge11,12. This cant-
ing can have a profound e↵ect on the confinement of mod-
ulated magnetic textures like helices and skyrmions13–17.

In this manuscript, we exploit the e↵ect of a recently
discovered contribution to the boundary condition in sys-
tems with generalized DMI18. It has been shown in
Ref. 18, by means of symmetry analysis, that this bound-
ary condition with generalized DMI requires the full ten-
sorial structure of the third-rank DMI tensor and not just
the antisymmetric part. Already for the case of a simple
ferromagnetic thin film, a new type of DMI-induced spin
structure, i.e. a purely boundary-driven magnetic twist
state at the top and bottom surface, was predicted ana-
lytically. In this work, we study numerically and analyti-
cally the e↵ect of this type of boundary-induced DMI on
the ferromagnetic state, on a domain wall, and on a mag-
netic skyrmion in a ferromagnetic film with C1v sym-
metry. The paper is structured as follows. In Sec. II, we
describe the system and review the idea of the boundary-
induced DMI. In Sec. III, we consider the e↵ect of such a
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FIG. 1. Cross section of a skyrmion in an extended film with
boundary-induced DMI (DS 6= 0) at the top and bottom sur-
face, and without boundary-induced DMI (DS = 0) . Both
systems are shown on the same scale. The dark contours rep-
resent isomagnetizations.

term in an otherwise uniform state. We do find a chiral
edge canting and analyze it thoroughly in Sec. IV. Sub-
sequently, we study the e↵ect of the boundary-induced
DMI on isolated domain walls and magnetic skyrmions
in Sec. V and VI, respectively. We find that boundary
induced DMI leads to an increase/decrease of the domain
wall width at the top/bottom surface of the sample and
a depth-dependent increase of the skyrmion radius, as
shown in Fig. 1. Our results are summarized in Sec. VII.
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In the quest for miniaturizing magnetic devices, the effects of boundaries and surfaces become increasingly
important. Here we show how the recently predicted boundary-induced Dzyaloshinskii-Moriya interaction (DMI)
affects the magnetization of ferromagnetic films with a C∞v symmetry and a perpendicular magnetic anisotropy.
For an otherwise uniformly magnetized film, we find a surface twist when the magnetization in the bulk is canted
by an in-plane external field. This twist at the surfaces caused by the boundary-induced DMI differs from the
common canting caused by internal DMI observed at the edges of a chiral magnet. Furthermore, we find that
the surface twist due to the boundary-induced DMI strongly affects the width of the domain wall at the surfaces.
We also find that the skyrmion radius increases in the depth of the film, with the average size of the skyrmion
increasing with boundary-induced DMI. This increase suggests that the boundary-induced DMI contributes to
the stability of the skyrmion.
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I. INTRODUCTION

That boundary conditions (BCs) have important conse-
quences pervades many areas of physics. Well-known ex-
amples are the discrete frequencies of a vibrating string
clamped at the edges or different electrostatic solutions that
arise in either Dirichlet BCs or Neumann BCs. The effects
of boundaries are also crucial in micromagnetism and have
been addressed already more than 20 years ago, e.g., see
Ref. [1]. In more recent years, magnetic systems with broken
space inversion symmetry have attracted a lot of attention.
The broken inversion symmetry allows for the Dzyaloshinskii-
Moriya interaction (DMI) which twists magnetic textures in a
chiral way. Therefore, such systems can host novel topological
magnetic textures like chiral domain walls [2– 6] and magnetic
skyrmions [7– 10]. In these systems it has been shown that the
DMI induces canting of the magnetization at the edge [11,12].
This canting can have a profound effect on the confinement
of modulated magnetic textures like helices and skyrmions
[13– 17].

In this paper we exploit the effect of a recently discov-
ered contribution to the boundary condition in systems with
generalized DMI [18]. It has been shown in Ref. [18], by
means of symmetry analysis, that this boundary condition with
generalized DMI requires the full tensorial structure of the
third-rank DMI tensor and not just the antisymmetric part.
Already for the case of a simple ferromagnetic thin film, a new
type of DMI-induced spin structure, i.e., a purely boundary-
driven magnetic twist state at the top and bottom surface, was

*jeroen.mulkers@uantwerpen.be
†milorad.milosevic@uantwerpen.be

predicted analytically. In this work we study numerically and
analytically the effect of this type of boundary-induced DMI on
the ferromagnetic state, on a domain wall, and on a magnetic
skyrmion in a ferromagnetic film with C∞v symmetry. The
paper is structured as follows. In Sec. II we describe the
system and review the idea of the boundary-induced DMI. In
Sec. III we consider the effect of such a term in an otherwise
uniform state. We do find a chiral edge canting and analyze
it thoroughly in Sec. IV. Subsequently, we study the effect
of the boundary-induced DMI on isolated domain walls and
magnetic skyrmions in Secs. V and VI, respectively. We find
that boundary-induced DMI leads to an increase/decrease of
the domain wall width at the top/bottom surface of the sample
and a depth-dependent increase of the skyrmion radius, as
shown in Fig. 1. Our results are summarized in Sec. VII.

II. MODEL AND METHODS

We model a thin magnetic film (in the xy plane) with
perpendicular magnetic anisotropy (PMA) and generalized
DMI. The free energy functional of the magnetization M(r) =
Msm(r) with a constant saturation magnetization Ms is given
by E =

∫
ε dV for which the energy density is

ε = A(∇m)2 − Km2
z +

∑

µαβ

D
µ
αβmα∂µmβ

− µ0M · Hext − 1
2
µ0M · Hdemag, (1)

with exchange stiffness A, applied field Hext, anisotropy
constant K , and 33 = 27 DMI tensor elements D

µ
αβ . The

indices α and β denote the components of the magnetization

2469-9950/2018/98(6)/064429(9) 064429-1 ©2018 American Physical Society

FD ¼ DA
1 ½mzð∇ ·mÞ −m · ∇mz%

þ ðD23 − 2DS
1Þmz∂zmz þDS

1∇ · ðmzmÞ; ð11aÞ

HD ¼ 2DA
1 ½∇mz − ð∇ ·mÞẑ%: ð11bÞ

ΓD ¼ ðDS
1 þDA

1 Þm × ðn × ẑÞ þDS
2nzm

þ ½2DS
1ðnxmx þnymyÞ þD23nzmz%ẑ: ð11cÞ

Here, we have introduced D23 ¼ DS
3 −DS

2 , because FD
is governed by only three of the four independent tensor
parameters due to jmj ¼ 1. Note that only the first term of
FD, representing the standard Néel DMI [39,40], yields the
internal DMI fieldHD. The latter is solely controlled by the
antisymmetric tensor element DA

1 and agrees with the
effective DMI field considered in previous studies of
C∞v ferromagnets [39,40,48–52]. The last two terms of
FD can be rewritten into boundary terms via the divergence
theorem. The boundary terms do not contribute to the
internal DMI field HD, but to the BC, which is charac-
terized by all three independent parameters. Projecting out
the component of ΓD that is perpendicular to m yields the
following BC for the magnetization:

2Jijni∂jm¼ðDS
1þDA

1 Þm× ðẑ×nÞ
− ½2DS

1ðnxmxþnymyÞþD23nzmz%m× ðẑ×mÞ:
ð12Þ

Usually, the DMI in C∞v ferromagnets is parameterized
only by a single parameter (DA

1 in our notation). While the
antisymmetric parameter DA

1 does give the correct internal
DMI field [cf. Eq. (11b)], this is not the case for the BC in
Eq. (12). DA

1 only produces parts of the term ∼m × ðn × ẑÞ
in the surface field ΓD, whereas the component of ΓD
proportional to m × ðẑ ×mÞ is solely an effect of the tensor
coefficients DS

1 and D23. To conclude, we find that for C∞v
ferromagnets only one DMI parameter is necessary to
capture the physics of the internal field, whereas three
independent parameters are required to provide a correct
micromagnetic description at the sample edges.
We demonstrate below that the terms proportional to the

symmetric DMI tensor coefficients in Eq. (12) are not
negligible and might lead to magnetic twist states that
cannot be phenomenologically described without taking
into account the full tensorial form ofDijk. In particular, we
show that there is a simple homogeneous ferromagnetic
phase, where the usually exclusively considered antisym-
metric part of the DMI vanishes in the BC, but the last term
of Eq. (12) induces a twist state. We estimate that the
typical decay length of this twist state is about 6 nm, which
produces a magnetization gradient and an experimentally
observable magnetoresistance effect that is larger than what
is typically observed for magnetic domain walls. To study
this new twist state, we consider an infinitely large thin film
of thickness 2dwith the surface normal parallel to the high

symmetry axis; see Fig. 1(a). The magnet has an easy-plane
anisotropy described by the free energy density Fa¼
Kum2

z , where Ku> 0. Additionally, it is subjected to an
externally applied magnetic field along z, which produces
the Zeeman energy Fh¼ hzmz.
The DMI is a relativistic effect and thus much smaller

than the spin stiffness produced by the Coulomb inter-
action. In the following, we assume that the DMI is small
enough such that the magnetic system is mainly in a
ferromagnetic phase with the magnetization tilted by an
angle of ψ out of the easy plane; see Fig. 1(a). The system is
translationally invariant in the xy plane and rotational
symmetric about z. Therefore, we can choose a coordinate
system in which m lies in the xz plane:

mðzÞ ¼ ( cosψðzÞ; 0; sinψðzÞ); ð13Þ

and where the magnetization is fully determined by the tilt
angle ψ ¼ ψðzÞ, which still might have a spatial variation
along the high symmetry axis. Because we consider an
infinite film, the surfaces along the x and y axes can be
disregarded and Eq. (12) reduces to

2Jzz∂zm ¼ D23mz½m × ðẑ ×mÞ%: ð14Þ

Substituting Eq. (13) into the free energy and minimizing
the resulting energy functional with respect to ψ results in
the following equations for the interior and boundary of the
sample:

FIG. 1. (a) Illustration of the boundary-driven twist state. The
black arrows in the close-up view of the sample indicate the
canting of the magnetization across the ferromagnetic thin film.
(b) The function ~Dψ1ðzÞ for different thicknesses of the ferro-
magnetic film. At the boundaries (dotted vertical red lines) and
for large thicknesses of the sample, ~Dψ1ðzÞ approaches the d→
∞ limit 0.19 (dotted horizontal red lines). Inset: ψ0 dependence
of the texture-induced magnetoresistance for 2d¼ 20 nm.

PRL 119, 127203 (2017) P HY S I CA L R EV I EW LE T T ER S
week ending

22 SEPTEMBER 2017

127203-3



The e↵ect of boundary-induced chirality on magnetic textures in thin films

Jeroen Mulkers,1, 2, ⇤ Kjetil M. D. Hals,3, 4 Jonathan Leliaert,2 Milorad
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In the quest for miniaturizing magnetic devices, the e↵ects of boundaries and surfaces become
increasingly important. Here we show how the recently predicted boundary-induced Dzyaloshinskii-
Moriya interaction (DMI) a↵ects the magnetization of ferromagnetic films with a C1v symmetry
and a perpendicular magnetic anisotropy. For an otherwise uniformly magnetized film, we find a
surface twist when the magnetization in the bulk is canted by an in-plane external field. This twist
at the surfaces caused by the boundary-induced DMI di↵ers from the common canting caused by
internal DMI observed at the edges of a chiral magnet. Further, we find that the surface twist due
to the boundary-induced DMI strongly a↵ects the width of the domain wall at the surfaces. We
also find that the skyrmion radius increases in the depth of the film, with the average size of the
skyrmion increasing with boundary-induced DMI. This increase suggests that the boundary-induced
DMI contributes to the stability of the skyrmion.

I. INTRODUCTION

That boundary conditions (BCs) have important con-
sequences pervades many areas of physics. Well-known
examples are the discrete frequencies of a vibrating string
clamped at the edges or di↵erent electrostatic solutions
that arise in either Dirichlet BCs or Neumann BCs. The
e↵ects of boundaries are also crucial in micromagnetism
and have been addressed already more than 20 years ago,
e.g. see Ref. 1. In more recent years, magnetic systems
with broken space inversion symmetry have attracted a
lot of attention. The broken inversion symmetry allows
for the Dzyaloshinskii-Moriya interaction (DMI) which
twists magnetic textures in a chiral way. Therefore, such
systems can host novel topological magnetic textures like
chiral domain walls2–6 and magnetic skyrmions7–10. In
these systems, it has been shown that the DMI induces
canting of the magnetization at the edge11,12. This cant-
ing can have a profound e↵ect on the confinement of mod-
ulated magnetic textures like helices and skyrmions13–17.

In this manuscript, we exploit the e↵ect of a recently
discovered contribution to the boundary condition in sys-
tems with generalized DMI18. It has been shown in
Ref. 18, by means of symmetry analysis, that this bound-
ary condition with generalized DMI requires the full ten-
sorial structure of the third-rank DMI tensor and not just
the antisymmetric part. Already for the case of a simple
ferromagnetic thin film, a new type of DMI-induced spin
structure, i.e. a purely boundary-driven magnetic twist
state at the top and bottom surface, was predicted ana-
lytically. In this work, we study numerically and analyti-
cally the e↵ect of this type of boundary-induced DMI on
the ferromagnetic state, on a domain wall, and on a mag-
netic skyrmion in a ferromagnetic film with C1v sym-
metry. The paper is structured as follows. In Sec. II, we
describe the system and review the idea of the boundary-
induced DMI. In Sec. III, we consider the e↵ect of such a
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FIG. 1. Cross section of a skyrmion in an extended film with
boundary-induced DMI (DS 6= 0) at the top and bottom sur-
face, and without boundary-induced DMI (DS = 0) . Both
systems are shown on the same scale. The dark contours rep-
resent isomagnetizations.

term in an otherwise uniform state. We do find a chiral
edge canting and analyze it thoroughly in Sec. IV. Sub-
sequently, we study the e↵ect of the boundary-induced
DMI on isolated domain walls and magnetic skyrmions
in Sec. V and VI, respectively. We find that boundary
induced DMI leads to an increase/decrease of the domain
wall width at the top/bottom surface of the sample and
a depth-dependent increase of the skyrmion radius, as
shown in Fig. 1. Our results are summarized in Sec. VII.
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Bartel Van Waeyenberge,2 and Karin Everschor-Sitte3

1Department of Physics, University of Antwerp, B-2020 Antwerp, Belgium
2DyNaMat, Department of Solid State Sciences, Ghent University, B-9000 Ghent, Belgium

3Institute of Physics, Johannes Gutenberg Universität, 55128 Mainz, Germany
4Department of Engineering and Science, University of Agder, 4879 Grimstad, Norway

(Received 30 May 2018; published 31 August 2018)

In the quest for miniaturizing magnetic devices, the effects of boundaries and surfaces become increasingly
important. Here we show how the recently predicted boundary-induced Dzyaloshinskii-Moriya interaction (DMI)
affects the magnetization of ferromagnetic films with a C∞v symmetry and a perpendicular magnetic anisotropy.
For an otherwise uniformly magnetized film, we find a surface twist when the magnetization in the bulk is canted
by an in-plane external field. This twist at the surfaces caused by the boundary-induced DMI differs from the
common canting caused by internal DMI observed at the edges of a chiral magnet. Furthermore, we find that
the surface twist due to the boundary-induced DMI strongly affects the width of the domain wall at the surfaces.
We also find that the skyrmion radius increases in the depth of the film, with the average size of the skyrmion
increasing with boundary-induced DMI. This increase suggests that the boundary-induced DMI contributes to
the stability of the skyrmion.
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I. INTRODUCTION

That boundary conditions (BCs) have important conse-
quences pervades many areas of physics. Well-known ex-
amples are the discrete frequencies of a vibrating string
clamped at the edges or different electrostatic solutions that
arise in either Dirichlet BCs or Neumann BCs. The effects
of boundaries are also crucial in micromagnetism and have
been addressed already more than 20 years ago, e.g., see
Ref. [1]. In more recent years, magnetic systems with broken
space inversion symmetry have attracted a lot of attention.
The broken inversion symmetry allows for the Dzyaloshinskii-
Moriya interaction (DMI) which twists magnetic textures in a
chiral way. Therefore, such systems can host novel topological
magnetic textures like chiral domain walls [2– 6] and magnetic
skyrmions [7– 10]. In these systems it has been shown that the
DMI induces canting of the magnetization at the edge [11,12].
This canting can have a profound effect on the confinement
of modulated magnetic textures like helices and skyrmions
[13– 17].

In this paper we exploit the effect of a recently discov-
ered contribution to the boundary condition in systems with
generalized DMI [18]. It has been shown in Ref. [18], by
means of symmetry analysis, that this boundary condition with
generalized DMI requires the full tensorial structure of the
third-rank DMI tensor and not just the antisymmetric part.
Already for the case of a simple ferromagnetic thin film, a new
type of DMI-induced spin structure, i.e., a purely boundary-
driven magnetic twist state at the top and bottom surface, was
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predicted analytically. In this work we study numerically and
analytically the effect of this type of boundary-induced DMI on
the ferromagnetic state, on a domain wall, and on a magnetic
skyrmion in a ferromagnetic film with C∞v symmetry. The
paper is structured as follows. In Sec. II we describe the
system and review the idea of the boundary-induced DMI. In
Sec. III we consider the effect of such a term in an otherwise
uniform state. We do find a chiral edge canting and analyze
it thoroughly in Sec. IV. Subsequently, we study the effect
of the boundary-induced DMI on isolated domain walls and
magnetic skyrmions in Secs. V and VI, respectively. We find
that boundary-induced DMI leads to an increase/decrease of
the domain wall width at the top/bottom surface of the sample
and a depth-dependent increase of the skyrmion radius, as
shown in Fig. 1. Our results are summarized in Sec. VII.

II. MODEL AND METHODS

We model a thin magnetic film (in the xy plane) with
perpendicular magnetic anisotropy (PMA) and generalized
DMI. The free energy functional of the magnetization M(r) =
Msm(r) with a constant saturation magnetization Ms is given
by E =

∫
ε dV for which the energy density is

ε = A(∇m)2 − Km2
z +

∑

µαβ

D
µ
αβmα∂µmβ

− µ0M · Hext − 1
2
µ0M · Hdemag, (1)

with exchange stiffness A, applied field Hext, anisotropy
constant K , and 33 = 27 DMI tensor elements D

µ
αβ . The

indices α and β denote the components of the magnetization
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V. Milošević,5, † Bartel Van Waeyenberge,2 and Karin Everschor-Sitte3

1Department of Physics, University of Antwerp, Antwerp, Belgium
2DyNaMat, Department of Solid State Sciences, Ghent University, Ghent, Belgium

3Institute of Physics, Johannes Gutenberg Universität, 55128 Mainz, Germany
4Department of Engineering and Science, University of Agder, 4879 Grimstad, Norway

5Department of Physics, Antwerp University, Antwerp, Belgium

In the quest for miniaturizing magnetic devices, the e↵ects of boundaries and surfaces become
increasingly important. Here we show how the recently predicted boundary-induced Dzyaloshinskii-
Moriya interaction (DMI) a↵ects the magnetization of ferromagnetic films with a C1v symmetry
and a perpendicular magnetic anisotropy. For an otherwise uniformly magnetized film, we find a
surface twist when the magnetization in the bulk is canted by an in-plane external field. This twist
at the surfaces caused by the boundary-induced DMI di↵ers from the common canting caused by
internal DMI observed at the edges of a chiral magnet. Further, we find that the surface twist due
to the boundary-induced DMI strongly a↵ects the width of the domain wall at the surfaces. We
also find that the skyrmion radius increases in the depth of the film, with the average size of the
skyrmion increasing with boundary-induced DMI. This increase suggests that the boundary-induced
DMI contributes to the stability of the skyrmion.

I. INTRODUCTION

That boundary conditions (BCs) have important con-
sequences pervades many areas of physics. Well-known
examples are the discrete frequencies of a vibrating string
clamped at the edges or di↵erent electrostatic solutions
that arise in either Dirichlet BCs or Neumann BCs. The
e↵ects of boundaries are also crucial in micromagnetism
and have been addressed already more than 20 years ago,
e.g. see Ref. 1. In more recent years, magnetic systems
with broken space inversion symmetry have attracted a
lot of attention. The broken inversion symmetry allows
for the Dzyaloshinskii-Moriya interaction (DMI) which
twists magnetic textures in a chiral way. Therefore, such
systems can host novel topological magnetic textures like
chiral domain walls2–6 and magnetic skyrmions7–10. In
these systems, it has been shown that the DMI induces
canting of the magnetization at the edge11,12. This cant-
ing can have a profound e↵ect on the confinement of mod-
ulated magnetic textures like helices and skyrmions13–17.

In this manuscript, we exploit the e↵ect of a recently
discovered contribution to the boundary condition in sys-
tems with generalized DMI18. It has been shown in
Ref. 18, by means of symmetry analysis, that this bound-
ary condition with generalized DMI requires the full ten-
sorial structure of the third-rank DMI tensor and not just
the antisymmetric part. Already for the case of a simple
ferromagnetic thin film, a new type of DMI-induced spin
structure, i.e. a purely boundary-driven magnetic twist
state at the top and bottom surface, was predicted ana-
lytically. In this work, we study numerically and analyti-
cally the e↵ect of this type of boundary-induced DMI on
the ferromagnetic state, on a domain wall, and on a mag-
netic skyrmion in a ferromagnetic film with C1v sym-
metry. The paper is structured as follows. In Sec. II, we
describe the system and review the idea of the boundary-
induced DMI. In Sec. III, we consider the e↵ect of such a
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FIG. 1. Cross section of a skyrmion in an extended film with
boundary-induced DMI (DS 6= 0) at the top and bottom sur-
face, and without boundary-induced DMI (DS = 0) . Both
systems are shown on the same scale. The dark contours rep-
resent isomagnetizations.

term in an otherwise uniform state. We do find a chiral
edge canting and analyze it thoroughly in Sec. IV. Sub-
sequently, we study the e↵ect of the boundary-induced
DMI on isolated domain walls and magnetic skyrmions
in Sec. V and VI, respectively. We find that boundary
induced DMI leads to an increase/decrease of the domain
wall width at the top/bottom surface of the sample and
a depth-dependent increase of the skyrmion radius, as
shown in Fig. 1. Our results are summarized in Sec. VII.
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In the quest for miniaturizing magnetic devices, the effects of boundaries and surfaces become increasingly
important. Here we show how the recently predicted boundary-induced Dzyaloshinskii-Moriya interaction (DMI)
affects the magnetization of ferromagnetic films with a C∞v symmetry and a perpendicular magnetic anisotropy.
For an otherwise uniformly magnetized film, we find a surface twist when the magnetization in the bulk is canted
by an in-plane external field. This twist at the surfaces caused by the boundary-induced DMI differs from the
common canting caused by internal DMI observed at the edges of a chiral magnet. Furthermore, we find that
the surface twist due to the boundary-induced DMI strongly affects the width of the domain wall at the surfaces.
We also find that the skyrmion radius increases in the depth of the film, with the average size of the skyrmion
increasing with boundary-induced DMI. This increase suggests that the boundary-induced DMI contributes to
the stability of the skyrmion.
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I. INTRODUCTION

That boundary conditions (BCs) have important conse-
quences pervades many areas of physics. Well-known ex-
amples are the discrete frequencies of a vibrating string
clamped at the edges or different electrostatic solutions that
arise in either Dirichlet BCs or Neumann BCs. The effects
of boundaries are also crucial in micromagnetism and have
been addressed already more than 20 years ago, e.g., see
Ref. [1]. In more recent years, magnetic systems with broken
space inversion symmetry have attracted a lot of attention.
The broken inversion symmetry allows for the Dzyaloshinskii-
Moriya interaction (DMI) which twists magnetic textures in a
chiral way. Therefore, such systems can host novel topological
magnetic textures like chiral domain walls [2– 6] and magnetic
skyrmions [7– 10]. In these systems it has been shown that the
DMI induces canting of the magnetization at the edge [11,12].
This canting can have a profound effect on the confinement
of modulated magnetic textures like helices and skyrmions
[13– 17].

In this paper we exploit the effect of a recently discov-
ered contribution to the boundary condition in systems with
generalized DMI [18]. It has been shown in Ref. [18], by
means of symmetry analysis, that this boundary condition with
generalized DMI requires the full tensorial structure of the
third-rank DMI tensor and not just the antisymmetric part.
Already for the case of a simple ferromagnetic thin film, a new
type of DMI-induced spin structure, i.e., a purely boundary-
driven magnetic twist state at the top and bottom surface, was
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predicted analytically. In this work we study numerically and
analytically the effect of this type of boundary-induced DMI on
the ferromagnetic state, on a domain wall, and on a magnetic
skyrmion in a ferromagnetic film with C∞v symmetry. The
paper is structured as follows. In Sec. II we describe the
system and review the idea of the boundary-induced DMI. In
Sec. III we consider the effect of such a term in an otherwise
uniform state. We do find a chiral edge canting and analyze
it thoroughly in Sec. IV. Subsequently, we study the effect
of the boundary-induced DMI on isolated domain walls and
magnetic skyrmions in Secs. V and VI, respectively. We find
that boundary-induced DMI leads to an increase/decrease of
the domain wall width at the top/bottom surface of the sample
and a depth-dependent increase of the skyrmion radius, as
shown in Fig. 1. Our results are summarized in Sec. VII.

II. MODEL AND METHODS

We model a thin magnetic film (in the xy plane) with
perpendicular magnetic anisotropy (PMA) and generalized
DMI. The free energy functional of the magnetization M(r) =
Msm(r) with a constant saturation magnetization Ms is given
by E =

∫
ε dV for which the energy density is

ε = A(∇m)2 − Km2
z +

∑

µαβ

D
µ
αβmα∂µmβ

− µ0M · Hext − 1
2
µ0M · Hdemag, (1)

with exchange stiffness A, applied field Hext, anisotropy
constant K , and 33 = 27 DMI tensor elements D

µ
αβ . The

indices α and β denote the components of the magnetization

2469-9950/2018/98(6)/064429(9) 064429-1 ©2018 American Physical Society

DMI	beyond	Lifshitz	invariants???

FRANK FREIMUTH, STEFAN BLÜGEL, AND YURIY MOKROUSOV PHYSICAL REVIEW B 96, 054403 (2017)

current, which are valid at the first order in SOI. Thereby we
find analytically that DMI is given exactly by the ground-state
spin current at the first order in SOI, which clarifies the rela-
tion between the Berry-phase approach and the spin-current
approach to DMI. Tuning the SOI strength in Co/Pt(111)
and Mn/W(001) magnetic bilayers artificially, we confirm
this analytical result numerically by ab initio calculations.
By studying both DMI and ground-state spin current as a
function of SOI strength, we illustrate the limitations of the
spin-current approach to DMI, which breaks down for large
SOI strength. We find that the SOI-linear contribution to
the ground-state spin current consists of two terms, and provide
an intuitive interpretation of both of them. We discover that
one contribution is intimately linked to the misalignment that
conduction electron spins acquire as they traverse magnetically
noncollinear textures. This contribution can be understood
as Zeeman interaction between the spin-orbit field and the
spin misalignment. When the magnetization direction is time-
dependent, the spin misalignment leads to counterpropagating
spin currents, based on which we elucidate the nature of the
energy current that is driven by magnetization dynamics in
systems with DMI [24]. Thereby, our theory exposes the
connections of DMI to other spintronics concepts such as
spin-orbit fields and spin-transfer torque.

This article is structured as follows. In Sec. II, we derive
expressions for the SOI-linear contributions to DMI and to the
ground-state spin current and show that both agree within the
first-order perturbation theory in SOI. In Secs. III A and III B,
we interpret the two contributions to DMI that arise at the first
order in SOI. In Sec. IV, we explain how the ground-state
energy current associated with DMI can be understood from
counter-propagating spin currents driven by magnetization
dynamics. In Sec. V we show that ground-state spin currents
exist for the nonmagnetic Rashba model with zero DMI,
but that these spin currents arise at the third order of SOI.
In Sec. VI, we present ab initio calculations of DMI and
of ground-state spin currents in Mn/W(001) and Co/Pt(111)
magnetic bilayers. In Sec. VII, we conclude with a summary
and outlook, where we also discuss the option to modify DMI
by nonequilibrium spin currents excited by electric fields or
light.

II. FIRST-ORDER CONTRIBUTION OF SOI TO DMI

Due to DMI, the free energy density F (r) at position r
contains a term linear in the gradients of magnetization [22]:

F DMI(r) =
∑

j

Dj (n̂(r)) ·
[

n̂(r) × ∂ n̂(r)
∂rj

]
, (1)

where Dj (n̂) are the DMI coefficient vectors, which depend
on the magnetization direction n̂(r) in systems where DMI is
anisotropic. The index j runs over the three cartesian directions
x, y, and z.

Within the Berry phase approach, Dj (n̂) is given by

Dj (n̂) =
∫

dd k

(2π )d
∑

n

[f (Ekn)Aknj (n̂) − g(Ekn)Bknj (n̂)],

(2)

where d is the dimension (d = 2 or d = 3), f (Ekn) = [1 +
eβ(Ekn−µ)]−1 is the occupation number of band n at k point
k, g(Ekn) = −kBT ln[1 + e−β(Ekn−µ)] is the contribution of
the state |ukn⟩ with band energy Ekn to the grand canonical
potential, T is the temperature, kB is Boltzmann’s constant,
µ is the chemical potential, and β = (kBT )−1. In the mixed
Berry curvature [23],

Bknj (n̂) = −2
[

n̂ × Im
〈
∂ukn

∂ n̂

∣∣∣∣
∂ukn

∂kj

〉]
, (3)

k derivatives are mixed with n̂ derivatives. The twist-torque
moment of wave packets is described by [22]

Aknj (n̂) = −
[

n̂ × Im
〈
∂ukn

∂ n̂

∣∣∣∣[Ekn − Hk]
∣∣∣∣
∂ukn

∂kj

〉]
, (4)

where Hk is the Hamiltonian in crystal-momentum represen-
tation, i.e., Hk|ukn⟩ = Ekn|ukn⟩.

In the limit of strong exchange or small SOI, the DMI
coefficient vector Dj can also be determined from the ground-
state spin current Qj [11,25]. When the ground-state spin
current flowing in j direction is defined as

Qj = h̄

4

∫
dd k

(2π )d
∑

n

f (Ekn)⟨ukn|{σ ,vj }|ukn⟩, (5)

the DMI coefficient vector can be written as

Dj = − Qj . (6)

Here, vj is the j component of the velocity operator v and
σ = (σx ,σy ,σz)T is the vector of Pauli spin matrices.

Both Eqs. (2) and (5) express the DMI directly in terms
of the electronic structure, which is a major advantage over
the spin-spiral method, where DMI is extracted from the q-
linear term in the energy dispersion [15– 18]. However, Eqs. (2)
and (5) look very different and the relationship between both
approaches is not clear. Since DMI arises at the first order
in SOI [12], we will use first-order perturbation theory to
determine the SOI-linear contributions to Dj and Qj . This
will facilitate the comparison between the approaches Eqs. (2)
and (5) and elucidate their relationship.

Within Kohn-Sham density functional theory, interacting
many-electron systems are described by the effective single-
particle Hamiltonian

H (r) = − h̄2

2m
% + V (r) + µBσ · n̂&xc(r)

+ 1
2ec2

µBσ · [∇V (r) × v], (7)

where the first term describes the kinetic energy and the second
term is the scalar effective potential. The third term describes
the exchange interaction, where µB is the Bohr magneton,
&xc(r) = 1

2µB
[V eff

minority(r) − V eff
majority(r)] is the exchange field,

V eff
minority(r) is the effective potential of minority electrons, and

V eff
majority(r) is the effective potential of majority electrons. The

last term is the spin-orbit interaction, where e is the elementary
positive charge and c is the velocity of light.

The Hamiltonian in crystal-momentum representation is
given by Hk = e−ik·rHeik·r . We decompose Hk into the spin-
orbit interaction Vkand the Hamiltonian H̄kwithout SOI, such
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Starting from the general Berry phase theory of the Dzyaloshinskii-Moriya interaction (DMI) we derive an
expression for the linear contribution of the spin-orbit interaction (SOI). Thereby, we show analytically that at
the first order in SOI DMI is given by the ground-state spin current. We verify this finding numerically by ab
initio calculations in Mn/W(001) and Co/Pt(111) magnetic bilayers. We show that despite the strong SOI from
the 5dheavy metals, DMI is well-approximated by the first order in SOI, while the ground-state spin current is
not. We decompose the SOI-linear contribution to DMI into two parts. One part has a simple interpretation in
terms of the Zeeman interaction between the spin-orbit field and the spin misalignment that electrons acquire in
magnetically noncollinear textures. This interpretation provides also an intuitive understanding of the symmetry
of DMI on the basis of the spin-orbit field and it explains in a simple way why DMI and ground-state spin currents
are related. Moreover, we show that energy currents driven by magnetization dynamics and associated to DMI
can be explained by counter-propagating spin currents that carry energy due to their Zeeman interaction with the
spin-orbit field. Finally, we discuss options to modify DMI by nonequilibrium spin currents excited by electric
fields or light.

DOI: 10.1103/PhysRevB.96.054403

I. INTRODUCTION

Most excitement about spin currents arises from the
prospects to use them to transmit information dissipationlessly
[1], to switch magnetic bits [2,3], and to move domain walls
[4,5]. Therefore, in many cases the generation of spin currents
by applied electric fields, i.e., the spin Hall effect [6], or by
magnetization dynamics, i.e., spin pumping [7], or by laser ex-
citation [8] are considered. However, spin currents exist also in
the absence of applied electric fields, magnetization dynamics
and laser pulses, when the system is in its ground state. These
ground-state spin currents mediate important effects and inter-
actions as well. For example, in magnetic bilayer systems, the
ground-state spin current flowing between the magnetic layer
and the normal metal substate when the magnetization is tilted
away from the easy axis provides the nonlocal contribution to
the magnetic anisotropy torque [9]. Furthermore, the interlayer
exchange coupling between magnetic layers in spin valves is
mediated by ground-state spin currents [10].

Recently, it has been proposed to estimate the
Dzyaloshinskii-Moriya interaction (DMI) from the ground-
state spin current [11]. DMI describes the linear-in-q con-
tribution to the energy dispersion E(q) of spin spirals and
arises in systems with inversion asymmetry and spin-orbit
interaction (SOI) [12,13]. In several spintronics concepts,
DMI plays a central role. Notably, it is a key ingredient
to achieve current-driven domain wall motion at high speed
[4,5] and to stabilize skyrmions [14]. The relation of DMI
to the ground-state spin current also leads to an intuitive
interpretation of DMI as a Doppler shift [11].

Since the computational evaluation of the ground-state spin
current is easier than the usually applied methodology for
the calculation of the DMI coefficients from the q-linear
contribution to the energy dispersion E(q) of spin spirals
[15– 18], it has been proposed to use the ground-state spin

*Corresponding author: f.freimuth@fz-juelich.de

currents, for example, to study the dependence of DMI on
strain and voltage [11]. However, the relation between DMI
and ground-state spin current has been derived in the strong
exchange limit and the accuracy of this spin-current approach
to DMI has been demonstrated only in the B20 compounds
Mn1−xFexGe and Fe1−xCoxGe. In Co/Pt magnetic bilayer
systems, SOI is much stronger than in these B20 compounds
and the applicability of the spin-current approach to such
magnetic bilayer systems has not been demonstrated yet.

The description of ferroelectric polarization by the Berry
phase [19], the use of the Berry curvature in the theory
of the anomalous Hall effect [20], and the discovery of
topological insulators are well-known examples for the success
story of the quest for effects of topological and geometrical
origin in band theory. Recently, it has been shown that the
exchange parameters can be expressed in terms of geometrical
properties such as the quantum metrics [21] and that DMI
can be expressed in terms of the mixed Berry curvature
Im⟨∂ukn/∂ n̂|∂ukn/∂k⟩, where derivatives with respect to the
k point and derivatives with respect to the magnetization
direction n̂ are combined [22– 24].

This Berry phase approach expresses DMI directly in
terms of the electronic structure, similar to the spin-current
approach. This is a major advantage of these two approaches
compared to the spin-spiral method, where DMI is extracted
from the q-linear contribution to the energy dispersion E(q)
of spin spirals. While the relation of DMI to other important
spintronics effects is not directly obvious within the spin-spiral
approach, the Berry phase theory of DMI shows how DMI is
related to direct, inverse and thermal spin-orbit torques and to
the twist-torque moments of wave packets [22– 24]. Since the
spin-current approach to DMI establishes the connection to the
ground-state spin current, even more insights can be expected
from investigating the relationship between the Berry phase
approach on the one hand and the spin current approach on the
other hand.

In the present paper, we use first-order perturbation theory
to derive expressions for DMI and for the ground-state spin
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In the quest for miniaturizing magnetic devices, the e↵ects of boundaries and surfaces become
increasingly important. Here we show how the recently predicted boundary-induced Dzyaloshinskii-
Moriya interaction (DMI) a↵ects the magnetization of ferromagnetic films with a C1v symmetry
and a perpendicular magnetic anisotropy. For an otherwise uniformly magnetized film, we find a
surface twist when the magnetization in the bulk is canted by an in-plane external field. This twist
at the surfaces caused by the boundary-induced DMI di↵ers from the common canting caused by
internal DMI observed at the edges of a chiral magnet. Further, we find that the surface twist due
to the boundary-induced DMI strongly a↵ects the width of the domain wall at the surfaces. We
also find that the skyrmion radius increases in the depth of the film, with the average size of the
skyrmion increasing with boundary-induced DMI. This increase suggests that the boundary-induced
DMI contributes to the stability of the skyrmion.

I. INTRODUCTION

That boundary conditions (BCs) have important con-
sequences pervades many areas of physics. Well-known
examples are the discrete frequencies of a vibrating string
clamped at the edges or di↵erent electrostatic solutions
that arise in either Dirichlet BCs or Neumann BCs. The
e↵ects of boundaries are also crucial in micromagnetism
and have been addressed already more than 20 years ago,
e.g. see Ref. 1. In more recent years, magnetic systems
with broken space inversion symmetry have attracted a
lot of attention. The broken inversion symmetry allows
for the Dzyaloshinskii-Moriya interaction (DMI) which
twists magnetic textures in a chiral way. Therefore, such
systems can host novel topological magnetic textures like
chiral domain walls2–6 and magnetic skyrmions7–10. In
these systems, it has been shown that the DMI induces
canting of the magnetization at the edge11,12. This cant-
ing can have a profound e↵ect on the confinement of mod-
ulated magnetic textures like helices and skyrmions13–17.

In this manuscript, we exploit the e↵ect of a recently
discovered contribution to the boundary condition in sys-
tems with generalized DMI18. It has been shown in
Ref. 18, by means of symmetry analysis, that this bound-
ary condition with generalized DMI requires the full ten-
sorial structure of the third-rank DMI tensor and not just
the antisymmetric part. Already for the case of a simple
ferromagnetic thin film, a new type of DMI-induced spin
structure, i.e. a purely boundary-driven magnetic twist
state at the top and bottom surface, was predicted ana-
lytically. In this work, we study numerically and analyti-
cally the e↵ect of this type of boundary-induced DMI on
the ferromagnetic state, on a domain wall, and on a mag-
netic skyrmion in a ferromagnetic film with C1v sym-
metry. The paper is structured as follows. In Sec. II, we
describe the system and review the idea of the boundary-
induced DMI. In Sec. III, we consider the e↵ect of such a

...
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FIG. 1. Cross section of a skyrmion in an extended film with
boundary-induced DMI (DS 6= 0) at the top and bottom sur-
face, and without boundary-induced DMI (DS = 0) . Both
systems are shown on the same scale. The dark contours rep-
resent isomagnetizations.

term in an otherwise uniform state. We do find a chiral
edge canting and analyze it thoroughly in Sec. IV. Sub-
sequently, we study the e↵ect of the boundary-induced
DMI on isolated domain walls and magnetic skyrmions
in Sec. V and VI, respectively. We find that boundary
induced DMI leads to an increase/decrease of the domain
wall width at the top/bottom surface of the sample and
a depth-dependent increase of the skyrmion radius, as
shown in Fig. 1. Our results are summarized in Sec. VII.
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Bartel Van Waeyenberge,2 and Karin Everschor-Sitte3

1Department of Physics, University of Antwerp, B-2020 Antwerp, Belgium
2DyNaMat, Department of Solid State Sciences, Ghent University, B-9000 Ghent, Belgium

3Institute of Physics, Johannes Gutenberg Universität, 55128 Mainz, Germany
4Department of Engineering and Science, University of Agder, 4879 Grimstad, Norway

(Received 30 May 2018; published 31 August 2018)

In the quest for miniaturizing magnetic devices, the effects of boundaries and surfaces become increasingly
important. Here we show how the recently predicted boundary-induced Dzyaloshinskii-Moriya interaction (DMI)
affects the magnetization of ferromagnetic films with a C∞v symmetry and a perpendicular magnetic anisotropy.
For an otherwise uniformly magnetized film, we find a surface twist when the magnetization in the bulk is canted
by an in-plane external field. This twist at the surfaces caused by the boundary-induced DMI differs from the
common canting caused by internal DMI observed at the edges of a chiral magnet. Furthermore, we find that
the surface twist due to the boundary-induced DMI strongly affects the width of the domain wall at the surfaces.
We also find that the skyrmion radius increases in the depth of the film, with the average size of the skyrmion
increasing with boundary-induced DMI. This increase suggests that the boundary-induced DMI contributes to
the stability of the skyrmion.
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I. INTRODUCTION

That boundary conditions (BCs) have important conse-
quences pervades many areas of physics. Well-known ex-
amples are the discrete frequencies of a vibrating string
clamped at the edges or different electrostatic solutions that
arise in either Dirichlet BCs or Neumann BCs. The effects
of boundaries are also crucial in micromagnetism and have
been addressed already more than 20 years ago, e.g., see
Ref. [1]. In more recent years, magnetic systems with broken
space inversion symmetry have attracted a lot of attention.
The broken inversion symmetry allows for the Dzyaloshinskii-
Moriya interaction (DMI) which twists magnetic textures in a
chiral way. Therefore, such systems can host novel topological
magnetic textures like chiral domain walls [2– 6] and magnetic
skyrmions [7– 10]. In these systems it has been shown that the
DMI induces canting of the magnetization at the edge [11,12].
This canting can have a profound effect on the confinement
of modulated magnetic textures like helices and skyrmions
[13– 17].

In this paper we exploit the effect of a recently discov-
ered contribution to the boundary condition in systems with
generalized DMI [18]. It has been shown in Ref. [18], by
means of symmetry analysis, that this boundary condition with
generalized DMI requires the full tensorial structure of the
third-rank DMI tensor and not just the antisymmetric part.
Already for the case of a simple ferromagnetic thin film, a new
type of DMI-induced spin structure, i.e., a purely boundary-
driven magnetic twist state at the top and bottom surface, was

*jeroen.mulkers@uantwerpen.be
†milorad.milosevic@uantwerpen.be

predicted analytically. In this work we study numerically and
analytically the effect of this type of boundary-induced DMI on
the ferromagnetic state, on a domain wall, and on a magnetic
skyrmion in a ferromagnetic film with C∞v symmetry. The
paper is structured as follows. In Sec. II we describe the
system and review the idea of the boundary-induced DMI. In
Sec. III we consider the effect of such a term in an otherwise
uniform state. We do find a chiral edge canting and analyze
it thoroughly in Sec. IV. Subsequently, we study the effect
of the boundary-induced DMI on isolated domain walls and
magnetic skyrmions in Secs. V and VI, respectively. We find
that boundary-induced DMI leads to an increase/decrease of
the domain wall width at the top/bottom surface of the sample
and a depth-dependent increase of the skyrmion radius, as
shown in Fig. 1. Our results are summarized in Sec. VII.

II. MODEL AND METHODS

We model a thin magnetic film (in the xy plane) with
perpendicular magnetic anisotropy (PMA) and generalized
DMI. The free energy functional of the magnetization M(r) =
Msm(r) with a constant saturation magnetization Ms is given
by E =

∫
ε dV for which the energy density is

ε = A(∇m)2 − Km2
z +

∑

µαβ

D
µ
αβmα∂µmβ

− µ0M · Hext − 1
2
µ0M · Hdemag, (1)

with exchange stiffness A, applied field Hext, anisotropy
constant K , and 33 = 27 DMI tensor elements D

µ
αβ . The

indices α and β denote the components of the magnetization
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current, which are valid at the first order in SOI. Thereby we
find analytically that DMI is given exactly by the ground-state
spin current at the first order in SOI, which clarifies the rela-
tion between the Berry-phase approach and the spin-current
approach to DMI. Tuning the SOI strength in Co/Pt(111)
and Mn/W(001) magnetic bilayers artificially, we confirm
this analytical result numerically by ab initio calculations.
By studying both DMI and ground-state spin current as a
function of SOI strength, we illustrate the limitations of the
spin-current approach to DMI, which breaks down for large
SOI strength. We find that the SOI-linear contribution to
the ground-state spin current consists of two terms, and provide
an intuitive interpretation of both of them. We discover that
one contribution is intimately linked to the misalignment that
conduction electron spins acquire as they traverse magnetically
noncollinear textures. This contribution can be understood
as Zeeman interaction between the spin-orbit field and the
spin misalignment. When the magnetization direction is time-
dependent, the spin misalignment leads to counterpropagating
spin currents, based on which we elucidate the nature of the
energy current that is driven by magnetization dynamics in
systems with DMI [24]. Thereby, our theory exposes the
connections of DMI to other spintronics concepts such as
spin-orbit fields and spin-transfer torque.

This article is structured as follows. In Sec. II, we derive
expressions for the SOI-linear contributions to DMI and to the
ground-state spin current and show that both agree within the
first-order perturbation theory in SOI. In Secs. III A and III B,
we interpret the two contributions to DMI that arise at the first
order in SOI. In Sec. IV, we explain how the ground-state
energy current associated with DMI can be understood from
counter-propagating spin currents driven by magnetization
dynamics. In Sec. V we show that ground-state spin currents
exist for the nonmagnetic Rashba model with zero DMI,
but that these spin currents arise at the third order of SOI.
In Sec. VI, we present ab initio calculations of DMI and
of ground-state spin currents in Mn/W(001) and Co/Pt(111)
magnetic bilayers. In Sec. VII, we conclude with a summary
and outlook, where we also discuss the option to modify DMI
by nonequilibrium spin currents excited by electric fields or
light.

II. FIRST-ORDER CONTRIBUTION OF SOI TO DMI

Due to DMI, the free energy density F (r) at position r
contains a term linear in the gradients of magnetization [22]:

F DMI(r) =
∑

j

Dj (n̂(r)) ·
[

n̂(r) × ∂ n̂(r)
∂rj

]
, (1)

where Dj (n̂) are the DMI coefficient vectors, which depend
on the magnetization direction n̂(r) in systems where DMI is
anisotropic. The index j runs over the three cartesian directions
x, y, and z.

Within the Berry phase approach, Dj (n̂) is given by

Dj (n̂) =
∫

dd k

(2π )d
∑

n

[f (Ekn)Aknj (n̂) − g(Ekn)Bknj (n̂)],

(2)

where d is the dimension (d = 2 or d = 3), f (Ekn) = [1 +
eβ(Ekn−µ)]−1 is the occupation number of band n at k point
k, g(Ekn) = −kBT ln[1 + e−β(Ekn−µ)] is the contribution of
the state |ukn⟩ with band energy Ekn to the grand canonical
potential, T is the temperature, kB is Boltzmann’s constant,
µ is the chemical potential, and β = (kBT )−1. In the mixed
Berry curvature [23],

Bknj (n̂) = −2
[

n̂ × Im
〈
∂ukn

∂ n̂

∣∣∣∣
∂ukn

∂kj

〉]
, (3)

k derivatives are mixed with n̂ derivatives. The twist-torque
moment of wave packets is described by [22]

Aknj (n̂) = −
[

n̂ × Im
〈
∂ukn

∂ n̂

∣∣∣∣[Ekn − Hk]
∣∣∣∣
∂ukn

∂kj

〉]
, (4)

where Hk is the Hamiltonian in crystal-momentum represen-
tation, i.e., Hk|ukn⟩ = Ekn|ukn⟩.

In the limit of strong exchange or small SOI, the DMI
coefficient vector Dj can also be determined from the ground-
state spin current Qj [11,25]. When the ground-state spin
current flowing in j direction is defined as

Qj = h̄

4

∫
dd k

(2π )d
∑

n

f (Ekn)⟨ukn|{σ ,vj }|ukn⟩, (5)

the DMI coefficient vector can be written as

Dj = − Qj . (6)

Here, vj is the j component of the velocity operator v and
σ = (σx ,σy ,σz)T is the vector of Pauli spin matrices.

Both Eqs. (2) and (5) express the DMI directly in terms
of the electronic structure, which is a major advantage over
the spin-spiral method, where DMI is extracted from the q-
linear term in the energy dispersion [15– 18]. However, Eqs. (2)
and (5) look very different and the relationship between both
approaches is not clear. Since DMI arises at the first order
in SOI [12], we will use first-order perturbation theory to
determine the SOI-linear contributions to Dj and Qj . This
will facilitate the comparison between the approaches Eqs. (2)
and (5) and elucidate their relationship.

Within Kohn-Sham density functional theory, interacting
many-electron systems are described by the effective single-
particle Hamiltonian

H (r) = − h̄2

2m
% + V (r) + µBσ · n̂&xc(r)

+ 1
2ec2

µBσ · [∇V (r) × v], (7)

where the first term describes the kinetic energy and the second
term is the scalar effective potential. The third term describes
the exchange interaction, where µB is the Bohr magneton,
&xc(r) = 1

2µB
[V eff

minority(r) − V eff
majority(r)] is the exchange field,

V eff
minority(r) is the effective potential of minority electrons, and

V eff
majority(r) is the effective potential of majority electrons. The

last term is the spin-orbit interaction, where e is the elementary
positive charge and c is the velocity of light.

The Hamiltonian in crystal-momentum representation is
given by Hk = e−ik·rHeik·r . We decompose Hk into the spin-
orbit interaction Vkand the Hamiltonian H̄kwithout SOI, such
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Starting from the general Berry phase theory of the Dzyaloshinskii-Moriya interaction (DMI) we derive an
expression for the linear contribution of the spin-orbit interaction (SOI). Thereby, we show analytically that at
the first order in SOI DMI is given by the ground-state spin current. We verify this finding numerically by ab
initio calculations in Mn/W(001) and Co/Pt(111) magnetic bilayers. We show that despite the strong SOI from
the 5dheavy metals, DMI is well-approximated by the first order in SOI, while the ground-state spin current is
not. We decompose the SOI-linear contribution to DMI into two parts. One part has a simple interpretation in
terms of the Zeeman interaction between the spin-orbit field and the spin misalignment that electrons acquire in
magnetically noncollinear textures. This interpretation provides also an intuitive understanding of the symmetry
of DMI on the basis of the spin-orbit field and it explains in a simple way why DMI and ground-state spin currents
are related. Moreover, we show that energy currents driven by magnetization dynamics and associated to DMI
can be explained by counter-propagating spin currents that carry energy due to their Zeeman interaction with the
spin-orbit field. Finally, we discuss options to modify DMI by nonequilibrium spin currents excited by electric
fields or light.

DOI: 10.1103/PhysRevB.96.054403

I. INTRODUCTION

Most excitement about spin currents arises from the
prospects to use them to transmit information dissipationlessly
[1], to switch magnetic bits [2,3], and to move domain walls
[4,5]. Therefore, in many cases the generation of spin currents
by applied electric fields, i.e., the spin Hall effect [6], or by
magnetization dynamics, i.e., spin pumping [7], or by laser ex-
citation [8] are considered. However, spin currents exist also in
the absence of applied electric fields, magnetization dynamics
and laser pulses, when the system is in its ground state. These
ground-state spin currents mediate important effects and inter-
actions as well. For example, in magnetic bilayer systems, the
ground-state spin current flowing between the magnetic layer
and the normal metal substate when the magnetization is tilted
away from the easy axis provides the nonlocal contribution to
the magnetic anisotropy torque [9]. Furthermore, the interlayer
exchange coupling between magnetic layers in spin valves is
mediated by ground-state spin currents [10].

Recently, it has been proposed to estimate the
Dzyaloshinskii-Moriya interaction (DMI) from the ground-
state spin current [11]. DMI describes the linear-in-q con-
tribution to the energy dispersion E(q) of spin spirals and
arises in systems with inversion asymmetry and spin-orbit
interaction (SOI) [12,13]. In several spintronics concepts,
DMI plays a central role. Notably, it is a key ingredient
to achieve current-driven domain wall motion at high speed
[4,5] and to stabilize skyrmions [14]. The relation of DMI
to the ground-state spin current also leads to an intuitive
interpretation of DMI as a Doppler shift [11].

Since the computational evaluation of the ground-state spin
current is easier than the usually applied methodology for
the calculation of the DMI coefficients from the q-linear
contribution to the energy dispersion E(q) of spin spirals
[15– 18], it has been proposed to use the ground-state spin

*Corresponding author: f.freimuth@fz-juelich.de

currents, for example, to study the dependence of DMI on
strain and voltage [11]. However, the relation between DMI
and ground-state spin current has been derived in the strong
exchange limit and the accuracy of this spin-current approach
to DMI has been demonstrated only in the B20 compounds
Mn1−xFexGe and Fe1−xCoxGe. In Co/Pt magnetic bilayer
systems, SOI is much stronger than in these B20 compounds
and the applicability of the spin-current approach to such
magnetic bilayer systems has not been demonstrated yet.

The description of ferroelectric polarization by the Berry
phase [19], the use of the Berry curvature in the theory
of the anomalous Hall effect [20], and the discovery of
topological insulators are well-known examples for the success
story of the quest for effects of topological and geometrical
origin in band theory. Recently, it has been shown that the
exchange parameters can be expressed in terms of geometrical
properties such as the quantum metrics [21] and that DMI
can be expressed in terms of the mixed Berry curvature
Im⟨∂ukn/∂ n̂|∂ukn/∂k⟩, where derivatives with respect to the
k point and derivatives with respect to the magnetization
direction n̂ are combined [22– 24].

This Berry phase approach expresses DMI directly in
terms of the electronic structure, similar to the spin-current
approach. This is a major advantage of these two approaches
compared to the spin-spiral method, where DMI is extracted
from the q-linear contribution to the energy dispersion E(q)
of spin spirals. While the relation of DMI to other important
spintronics effects is not directly obvious within the spin-spiral
approach, the Berry phase theory of DMI shows how DMI is
related to direct, inverse and thermal spin-orbit torques and to
the twist-torque moments of wave packets [22– 24]. Since the
spin-current approach to DMI establishes the connection to the
ground-state spin current, even more insights can be expected
from investigating the relationship between the Berry phase
approach on the one hand and the spin current approach on the
other hand.

In the present paper, we use first-order perturbation theory
to derive expressions for DMI and for the ground-state spin
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In the quest for miniaturizing magnetic devices, the e↵ects of boundaries and surfaces become
increasingly important. Here we show how the recently predicted boundary-induced Dzyaloshinskii-
Moriya interaction (DMI) a↵ects the magnetization of ferromagnetic films with a C1v symmetry
and a perpendicular magnetic anisotropy. For an otherwise uniformly magnetized film, we find a
surface twist when the magnetization in the bulk is canted by an in-plane external field. This twist
at the surfaces caused by the boundary-induced DMI di↵ers from the common canting caused by
internal DMI observed at the edges of a chiral magnet. Further, we find that the surface twist due
to the boundary-induced DMI strongly a↵ects the width of the domain wall at the surfaces. We
also find that the skyrmion radius increases in the depth of the film, with the average size of the
skyrmion increasing with boundary-induced DMI. This increase suggests that the boundary-induced
DMI contributes to the stability of the skyrmion.

I. INTRODUCTION

That boundary conditions (BCs) have important con-
sequences pervades many areas of physics. Well-known
examples are the discrete frequencies of a vibrating string
clamped at the edges or di↵erent electrostatic solutions
that arise in either Dirichlet BCs or Neumann BCs. The
e↵ects of boundaries are also crucial in micromagnetism
and have been addressed already more than 20 years ago,
e.g. see Ref. 1. In more recent years, magnetic systems
with broken space inversion symmetry have attracted a
lot of attention. The broken inversion symmetry allows
for the Dzyaloshinskii-Moriya interaction (DMI) which
twists magnetic textures in a chiral way. Therefore, such
systems can host novel topological magnetic textures like
chiral domain walls2–6 and magnetic skyrmions7–10. In
these systems, it has been shown that the DMI induces
canting of the magnetization at the edge11,12. This cant-
ing can have a profound e↵ect on the confinement of mod-
ulated magnetic textures like helices and skyrmions13–17.

In this manuscript, we exploit the e↵ect of a recently
discovered contribution to the boundary condition in sys-
tems with generalized DMI18. It has been shown in
Ref. 18, by means of symmetry analysis, that this bound-
ary condition with generalized DMI requires the full ten-
sorial structure of the third-rank DMI tensor and not just
the antisymmetric part. Already for the case of a simple
ferromagnetic thin film, a new type of DMI-induced spin
structure, i.e. a purely boundary-driven magnetic twist
state at the top and bottom surface, was predicted ana-
lytically. In this work, we study numerically and analyti-
cally the e↵ect of this type of boundary-induced DMI on
the ferromagnetic state, on a domain wall, and on a mag-
netic skyrmion in a ferromagnetic film with C1v sym-
metry. The paper is structured as follows. In Sec. II, we
describe the system and review the idea of the boundary-
induced DMI. In Sec. III, we consider the e↵ect of such a
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FIG. 1. Cross section of a skyrmion in an extended film with
boundary-induced DMI (DS 6= 0) at the top and bottom sur-
face, and without boundary-induced DMI (DS = 0) . Both
systems are shown on the same scale. The dark contours rep-
resent isomagnetizations.

term in an otherwise uniform state. We do find a chiral
edge canting and analyze it thoroughly in Sec. IV. Sub-
sequently, we study the e↵ect of the boundary-induced
DMI on isolated domain walls and magnetic skyrmions
in Sec. V and VI, respectively. We find that boundary
induced DMI leads to an increase/decrease of the domain
wall width at the top/bottom surface of the sample and
a depth-dependent increase of the skyrmion radius, as
shown in Fig. 1. Our results are summarized in Sec. VII.

ar
X

iv
:1

80
5.

11
11

0v
1 

 [c
on

d-
m

at
.m

es
-h

al
l] 

 2
8 

M
ay

 2
01

8

PHYSICAL REVIEW B 98, 064429 (2018)
Editors’ Suggestion

Effect of boundary-induced chirality on magnetic textures in thin films

Jeroen Mulkers,1,2,* Kjetil M. D. Hals,3,4 Jonathan Leliaert,2 Milorad V. Milošević,1,†
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In the quest for miniaturizing magnetic devices, the effects of boundaries and surfaces become increasingly
important. Here we show how the recently predicted boundary-induced Dzyaloshinskii-Moriya interaction (DMI)
affects the magnetization of ferromagnetic films with a C∞v symmetry and a perpendicular magnetic anisotropy.
For an otherwise uniformly magnetized film, we find a surface twist when the magnetization in the bulk is canted
by an in-plane external field. This twist at the surfaces caused by the boundary-induced DMI differs from the
common canting caused by internal DMI observed at the edges of a chiral magnet. Furthermore, we find that
the surface twist due to the boundary-induced DMI strongly affects the width of the domain wall at the surfaces.
We also find that the skyrmion radius increases in the depth of the film, with the average size of the skyrmion
increasing with boundary-induced DMI. This increase suggests that the boundary-induced DMI contributes to
the stability of the skyrmion.

DOI: 10.1103/PhysRevB.98.064429

I. INTRODUCTION

That boundary conditions (BCs) have important conse-
quences pervades many areas of physics. Well-known ex-
amples are the discrete frequencies of a vibrating string
clamped at the edges or different electrostatic solutions that
arise in either Dirichlet BCs or Neumann BCs. The effects
of boundaries are also crucial in micromagnetism and have
been addressed already more than 20 years ago, e.g., see
Ref. [1]. In more recent years, magnetic systems with broken
space inversion symmetry have attracted a lot of attention.
The broken inversion symmetry allows for the Dzyaloshinskii-
Moriya interaction (DMI) which twists magnetic textures in a
chiral way. Therefore, such systems can host novel topological
magnetic textures like chiral domain walls [2– 6] and magnetic
skyrmions [7– 10]. In these systems it has been shown that the
DMI induces canting of the magnetization at the edge [11,12].
This canting can have a profound effect on the confinement
of modulated magnetic textures like helices and skyrmions
[13– 17].

In this paper we exploit the effect of a recently discov-
ered contribution to the boundary condition in systems with
generalized DMI [18]. It has been shown in Ref. [18], by
means of symmetry analysis, that this boundary condition with
generalized DMI requires the full tensorial structure of the
third-rank DMI tensor and not just the antisymmetric part.
Already for the case of a simple ferromagnetic thin film, a new
type of DMI-induced spin structure, i.e., a purely boundary-
driven magnetic twist state at the top and bottom surface, was
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predicted analytically. In this work we study numerically and
analytically the effect of this type of boundary-induced DMI on
the ferromagnetic state, on a domain wall, and on a magnetic
skyrmion in a ferromagnetic film with C∞v symmetry. The
paper is structured as follows. In Sec. II we describe the
system and review the idea of the boundary-induced DMI. In
Sec. III we consider the effect of such a term in an otherwise
uniform state. We do find a chiral edge canting and analyze
it thoroughly in Sec. IV. Subsequently, we study the effect
of the boundary-induced DMI on isolated domain walls and
magnetic skyrmions in Secs. V and VI, respectively. We find
that boundary-induced DMI leads to an increase/decrease of
the domain wall width at the top/bottom surface of the sample
and a depth-dependent increase of the skyrmion radius, as
shown in Fig. 1. Our results are summarized in Sec. VII.

II. MODEL AND METHODS

We model a thin magnetic film (in the xy plane) with
perpendicular magnetic anisotropy (PMA) and generalized
DMI. The free energy functional of the magnetization M(r) =
Msm(r) with a constant saturation magnetization Ms is given
by E =

∫
ε dV for which the energy density is

ε = A(∇m)2 − Km2
z +

∑

µαβ

D
µ
αβmα∂µmβ

− µ0M · Hext − 1
2
µ0M · Hdemag, (1)

with exchange stiffness A, applied field Hext, anisotropy
constant K , and 33 = 27 DMI tensor elements D

µ
αβ . The

indices α and β denote the components of the magnetization
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current, which are valid at the first order in SOI. Thereby we
find analytically that DMI is given exactly by the ground-state
spin current at the first order in SOI, which clarifies the rela-
tion between the Berry-phase approach and the spin-current
approach to DMI. Tuning the SOI strength in Co/Pt(111)
and Mn/W(001) magnetic bilayers artificially, we confirm
this analytical result numerically by ab initio calculations.
By studying both DMI and ground-state spin current as a
function of SOI strength, we illustrate the limitations of the
spin-current approach to DMI, which breaks down for large
SOI strength. We find that the SOI-linear contribution to
the ground-state spin current consists of two terms, and provide
an intuitive interpretation of both of them. We discover that
one contribution is intimately linked to the misalignment that
conduction electron spins acquire as they traverse magnetically
noncollinear textures. This contribution can be understood
as Zeeman interaction between the spin-orbit field and the
spin misalignment. When the magnetization direction is time-
dependent, the spin misalignment leads to counterpropagating
spin currents, based on which we elucidate the nature of the
energy current that is driven by magnetization dynamics in
systems with DMI [24]. Thereby, our theory exposes the
connections of DMI to other spintronics concepts such as
spin-orbit fields and spin-transfer torque.

This article is structured as follows. In Sec. II, we derive
expressions for the SOI-linear contributions to DMI and to the
ground-state spin current and show that both agree within the
first-order perturbation theory in SOI. In Secs. III A and III B,
we interpret the two contributions to DMI that arise at the first
order in SOI. In Sec. IV, we explain how the ground-state
energy current associated with DMI can be understood from
counter-propagating spin currents driven by magnetization
dynamics. In Sec. V we show that ground-state spin currents
exist for the nonmagnetic Rashba model with zero DMI,
but that these spin currents arise at the third order of SOI.
In Sec. VI, we present ab initio calculations of DMI and
of ground-state spin currents in Mn/W(001) and Co/Pt(111)
magnetic bilayers. In Sec. VII, we conclude with a summary
and outlook, where we also discuss the option to modify DMI
by nonequilibrium spin currents excited by electric fields or
light.

II. FIRST-ORDER CONTRIBUTION OF SOI TO DMI

Due to DMI, the free energy density F (r) at position r
contains a term linear in the gradients of magnetization [22]:

F DMI(r) =
∑

j

Dj (n̂(r)) ·
[

n̂(r) × ∂ n̂(r)
∂rj

]
, (1)

where Dj (n̂) are the DMI coefficient vectors, which depend
on the magnetization direction n̂(r) in systems where DMI is
anisotropic. The index j runs over the three cartesian directions
x, y, and z.

Within the Berry phase approach, Dj (n̂) is given by

Dj (n̂) =
∫

dd k

(2π )d
∑

n

[f (Ekn)Aknj (n̂) − g(Ekn)Bknj (n̂)],

(2)

where d is the dimension (d = 2 or d = 3), f (Ekn) = [1 +
eβ(Ekn−µ)]−1 is the occupation number of band n at k point
k, g(Ekn) = −kBT ln[1 + e−β(Ekn−µ)] is the contribution of
the state |ukn⟩ with band energy Ekn to the grand canonical
potential, T is the temperature, kB is Boltzmann’s constant,
µ is the chemical potential, and β = (kBT )−1. In the mixed
Berry curvature [23],

Bknj (n̂) = −2
[

n̂ × Im
〈
∂ukn

∂ n̂

∣∣∣∣
∂ukn

∂kj

〉]
, (3)

k derivatives are mixed with n̂ derivatives. The twist-torque
moment of wave packets is described by [22]

Aknj (n̂) = −
[

n̂ × Im
〈
∂ukn

∂ n̂

∣∣∣∣[Ekn − Hk]
∣∣∣∣
∂ukn

∂kj

〉]
, (4)

where Hk is the Hamiltonian in crystal-momentum represen-
tation, i.e., Hk|ukn⟩ = Ekn|ukn⟩.

In the limit of strong exchange or small SOI, the DMI
coefficient vector Dj can also be determined from the ground-
state spin current Qj [11,25]. When the ground-state spin
current flowing in j direction is defined as

Qj = h̄

4

∫
dd k

(2π )d
∑

n

f (Ekn)⟨ukn|{σ ,vj }|ukn⟩, (5)

the DMI coefficient vector can be written as

Dj = − Qj . (6)

Here, vj is the j component of the velocity operator v and
σ = (σx ,σy ,σz)T is the vector of Pauli spin matrices.

Both Eqs. (2) and (5) express the DMI directly in terms
of the electronic structure, which is a major advantage over
the spin-spiral method, where DMI is extracted from the q-
linear term in the energy dispersion [15– 18]. However, Eqs. (2)
and (5) look very different and the relationship between both
approaches is not clear. Since DMI arises at the first order
in SOI [12], we will use first-order perturbation theory to
determine the SOI-linear contributions to Dj and Qj . This
will facilitate the comparison between the approaches Eqs. (2)
and (5) and elucidate their relationship.

Within Kohn-Sham density functional theory, interacting
many-electron systems are described by the effective single-
particle Hamiltonian

H (r) = − h̄2

2m
% + V (r) + µBσ · n̂&xc(r)

+ 1
2ec2

µBσ · [∇V (r) × v], (7)

where the first term describes the kinetic energy and the second
term is the scalar effective potential. The third term describes
the exchange interaction, where µB is the Bohr magneton,
&xc(r) = 1

2µB
[V eff

minority(r) − V eff
majority(r)] is the exchange field,

V eff
minority(r) is the effective potential of minority electrons, and

V eff
majority(r) is the effective potential of majority electrons. The

last term is the spin-orbit interaction, where e is the elementary
positive charge and c is the velocity of light.

The Hamiltonian in crystal-momentum representation is
given by Hk = e−ik·rHeik·r . We decompose Hk into the spin-
orbit interaction Vkand the Hamiltonian H̄kwithout SOI, such

054403-2

PHYSICAL REVIEW B 96, 054403 (2017)

Relation of the Dzyaloshinskii-Moriya interaction to spin currents and to the spin-orbit field

Frank Freimuth,* Stefan Blügel, and Yuriy Mokrousov
Peter Grünberg Institut and Institute for Advanced Simulation, Forschungszentrum Jülich and JARA, 52425 Jülich, Germany

(Received 30 January 2017; revised manuscript received 18 July 2017; published 2 August 2017)

Starting from the general Berry phase theory of the Dzyaloshinskii-Moriya interaction (DMI) we derive an
expression for the linear contribution of the spin-orbit interaction (SOI). Thereby, we show analytically that at
the first order in SOI DMI is given by the ground-state spin current. We verify this finding numerically by ab
initio calculations in Mn/W(001) and Co/Pt(111) magnetic bilayers. We show that despite the strong SOI from
the 5dheavy metals, DMI is well-approximated by the first order in SOI, while the ground-state spin current is
not. We decompose the SOI-linear contribution to DMI into two parts. One part has a simple interpretation in
terms of the Zeeman interaction between the spin-orbit field and the spin misalignment that electrons acquire in
magnetically noncollinear textures. This interpretation provides also an intuitive understanding of the symmetry
of DMI on the basis of the spin-orbit field and it explains in a simple way why DMI and ground-state spin currents
are related. Moreover, we show that energy currents driven by magnetization dynamics and associated to DMI
can be explained by counter-propagating spin currents that carry energy due to their Zeeman interaction with the
spin-orbit field. Finally, we discuss options to modify DMI by nonequilibrium spin currents excited by electric
fields or light.

DOI: 10.1103/PhysRevB.96.054403

I. INTRODUCTION

Most excitement about spin currents arises from the
prospects to use them to transmit information dissipationlessly
[1], to switch magnetic bits [2,3], and to move domain walls
[4,5]. Therefore, in many cases the generation of spin currents
by applied electric fields, i.e., the spin Hall effect [6], or by
magnetization dynamics, i.e., spin pumping [7], or by laser ex-
citation [8] are considered. However, spin currents exist also in
the absence of applied electric fields, magnetization dynamics
and laser pulses, when the system is in its ground state. These
ground-state spin currents mediate important effects and inter-
actions as well. For example, in magnetic bilayer systems, the
ground-state spin current flowing between the magnetic layer
and the normal metal substate when the magnetization is tilted
away from the easy axis provides the nonlocal contribution to
the magnetic anisotropy torque [9]. Furthermore, the interlayer
exchange coupling between magnetic layers in spin valves is
mediated by ground-state spin currents [10].

Recently, it has been proposed to estimate the
Dzyaloshinskii-Moriya interaction (DMI) from the ground-
state spin current [11]. DMI describes the linear-in-q con-
tribution to the energy dispersion E(q) of spin spirals and
arises in systems with inversion asymmetry and spin-orbit
interaction (SOI) [12,13]. In several spintronics concepts,
DMI plays a central role. Notably, it is a key ingredient
to achieve current-driven domain wall motion at high speed
[4,5] and to stabilize skyrmions [14]. The relation of DMI
to the ground-state spin current also leads to an intuitive
interpretation of DMI as a Doppler shift [11].

Since the computational evaluation of the ground-state spin
current is easier than the usually applied methodology for
the calculation of the DMI coefficients from the q-linear
contribution to the energy dispersion E(q) of spin spirals
[15– 18], it has been proposed to use the ground-state spin
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currents, for example, to study the dependence of DMI on
strain and voltage [11]. However, the relation between DMI
and ground-state spin current has been derived in the strong
exchange limit and the accuracy of this spin-current approach
to DMI has been demonstrated only in the B20 compounds
Mn1−xFexGe and Fe1−xCoxGe. In Co/Pt magnetic bilayer
systems, SOI is much stronger than in these B20 compounds
and the applicability of the spin-current approach to such
magnetic bilayer systems has not been demonstrated yet.

The description of ferroelectric polarization by the Berry
phase [19], the use of the Berry curvature in the theory
of the anomalous Hall effect [20], and the discovery of
topological insulators are well-known examples for the success
story of the quest for effects of topological and geometrical
origin in band theory. Recently, it has been shown that the
exchange parameters can be expressed in terms of geometrical
properties such as the quantum metrics [21] and that DMI
can be expressed in terms of the mixed Berry curvature
Im⟨∂ukn/∂ n̂|∂ukn/∂k⟩, where derivatives with respect to the
k point and derivatives with respect to the magnetization
direction n̂ are combined [22– 24].

This Berry phase approach expresses DMI directly in
terms of the electronic structure, similar to the spin-current
approach. This is a major advantage of these two approaches
compared to the spin-spiral method, where DMI is extracted
from the q-linear contribution to the energy dispersion E(q)
of spin spirals. While the relation of DMI to other important
spintronics effects is not directly obvious within the spin-spiral
approach, the Berry phase theory of DMI shows how DMI is
related to direct, inverse and thermal spin-orbit torques and to
the twist-torque moments of wave packets [22– 24]. Since the
spin-current approach to DMI establishes the connection to the
ground-state spin current, even more insights can be expected
from investigating the relationship between the Berry phase
approach on the one hand and the spin current approach on the
other hand.

In the present paper, we use first-order perturbation theory
to derive expressions for DMI and for the ground-state spin
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In the quest for miniaturizing magnetic devices, the e↵ects of boundaries and surfaces become
increasingly important. Here we show how the recently predicted boundary-induced Dzyaloshinskii-
Moriya interaction (DMI) a↵ects the magnetization of ferromagnetic films with a C1v symmetry
and a perpendicular magnetic anisotropy. For an otherwise uniformly magnetized film, we find a
surface twist when the magnetization in the bulk is canted by an in-plane external field. This twist
at the surfaces caused by the boundary-induced DMI di↵ers from the common canting caused by
internal DMI observed at the edges of a chiral magnet. Further, we find that the surface twist due
to the boundary-induced DMI strongly a↵ects the width of the domain wall at the surfaces. We
also find that the skyrmion radius increases in the depth of the film, with the average size of the
skyrmion increasing with boundary-induced DMI. This increase suggests that the boundary-induced
DMI contributes to the stability of the skyrmion.

I. INTRODUCTION

That boundary conditions (BCs) have important con-
sequences pervades many areas of physics. Well-known
examples are the discrete frequencies of a vibrating string
clamped at the edges or di↵erent electrostatic solutions
that arise in either Dirichlet BCs or Neumann BCs. The
e↵ects of boundaries are also crucial in micromagnetism
and have been addressed already more than 20 years ago,
e.g. see Ref. 1. In more recent years, magnetic systems
with broken space inversion symmetry have attracted a
lot of attention. The broken inversion symmetry allows
for the Dzyaloshinskii-Moriya interaction (DMI) which
twists magnetic textures in a chiral way. Therefore, such
systems can host novel topological magnetic textures like
chiral domain walls2–6 and magnetic skyrmions7–10. In
these systems, it has been shown that the DMI induces
canting of the magnetization at the edge11,12. This cant-
ing can have a profound e↵ect on the confinement of mod-
ulated magnetic textures like helices and skyrmions13–17.

In this manuscript, we exploit the e↵ect of a recently
discovered contribution to the boundary condition in sys-
tems with generalized DMI18. It has been shown in
Ref. 18, by means of symmetry analysis, that this bound-
ary condition with generalized DMI requires the full ten-
sorial structure of the third-rank DMI tensor and not just
the antisymmetric part. Already for the case of a simple
ferromagnetic thin film, a new type of DMI-induced spin
structure, i.e. a purely boundary-driven magnetic twist
state at the top and bottom surface, was predicted ana-
lytically. In this work, we study numerically and analyti-
cally the e↵ect of this type of boundary-induced DMI on
the ferromagnetic state, on a domain wall, and on a mag-
netic skyrmion in a ferromagnetic film with C1v sym-
metry. The paper is structured as follows. In Sec. II, we
describe the system and review the idea of the boundary-
induced DMI. In Sec. III, we consider the e↵ect of such a

...
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FIG. 1. Cross section of a skyrmion in an extended film with
boundary-induced DMI (DS 6= 0) at the top and bottom sur-
face, and without boundary-induced DMI (DS = 0) . Both
systems are shown on the same scale. The dark contours rep-
resent isomagnetizations.

term in an otherwise uniform state. We do find a chiral
edge canting and analyze it thoroughly in Sec. IV. Sub-
sequently, we study the e↵ect of the boundary-induced
DMI on isolated domain walls and magnetic skyrmions
in Sec. V and VI, respectively. We find that boundary
induced DMI leads to an increase/decrease of the domain
wall width at the top/bottom surface of the sample and
a depth-dependent increase of the skyrmion radius, as
shown in Fig. 1. Our results are summarized in Sec. VII.
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In the quest for miniaturizing magnetic devices, the effects of boundaries and surfaces become increasingly
important. Here we show how the recently predicted boundary-induced Dzyaloshinskii-Moriya interaction (DMI)
affects the magnetization of ferromagnetic films with a C∞v symmetry and a perpendicular magnetic anisotropy.
For an otherwise uniformly magnetized film, we find a surface twist when the magnetization in the bulk is canted
by an in-plane external field. This twist at the surfaces caused by the boundary-induced DMI differs from the
common canting caused by internal DMI observed at the edges of a chiral magnet. Furthermore, we find that
the surface twist due to the boundary-induced DMI strongly affects the width of the domain wall at the surfaces.
We also find that the skyrmion radius increases in the depth of the film, with the average size of the skyrmion
increasing with boundary-induced DMI. This increase suggests that the boundary-induced DMI contributes to
the stability of the skyrmion.
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I. INTRODUCTION

That boundary conditions (BCs) have important conse-
quences pervades many areas of physics. Well-known ex-
amples are the discrete frequencies of a vibrating string
clamped at the edges or different electrostatic solutions that
arise in either Dirichlet BCs or Neumann BCs. The effects
of boundaries are also crucial in micromagnetism and have
been addressed already more than 20 years ago, e.g., see
Ref. [1]. In more recent years, magnetic systems with broken
space inversion symmetry have attracted a lot of attention.
The broken inversion symmetry allows for the Dzyaloshinskii-
Moriya interaction (DMI) which twists magnetic textures in a
chiral way. Therefore, such systems can host novel topological
magnetic textures like chiral domain walls [2– 6] and magnetic
skyrmions [7– 10]. In these systems it has been shown that the
DMI induces canting of the magnetization at the edge [11,12].
This canting can have a profound effect on the confinement
of modulated magnetic textures like helices and skyrmions
[13– 17].

In this paper we exploit the effect of a recently discov-
ered contribution to the boundary condition in systems with
generalized DMI [18]. It has been shown in Ref. [18], by
means of symmetry analysis, that this boundary condition with
generalized DMI requires the full tensorial structure of the
third-rank DMI tensor and not just the antisymmetric part.
Already for the case of a simple ferromagnetic thin film, a new
type of DMI-induced spin structure, i.e., a purely boundary-
driven magnetic twist state at the top and bottom surface, was
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predicted analytically. In this work we study numerically and
analytically the effect of this type of boundary-induced DMI on
the ferromagnetic state, on a domain wall, and on a magnetic
skyrmion in a ferromagnetic film with C∞v symmetry. The
paper is structured as follows. In Sec. II we describe the
system and review the idea of the boundary-induced DMI. In
Sec. III we consider the effect of such a term in an otherwise
uniform state. We do find a chiral edge canting and analyze
it thoroughly in Sec. IV. Subsequently, we study the effect
of the boundary-induced DMI on isolated domain walls and
magnetic skyrmions in Secs. V and VI, respectively. We find
that boundary-induced DMI leads to an increase/decrease of
the domain wall width at the top/bottom surface of the sample
and a depth-dependent increase of the skyrmion radius, as
shown in Fig. 1. Our results are summarized in Sec. VII.

II. MODEL AND METHODS

We model a thin magnetic film (in the xy plane) with
perpendicular magnetic anisotropy (PMA) and generalized
DMI. The free energy functional of the magnetization M(r) =
Msm(r) with a constant saturation magnetization Ms is given
by E =

∫
ε dV for which the energy density is

ε = A(∇m)2 − Km2
z +

∑

µαβ

D
µ
αβmα∂µmβ

− µ0M · Hext − 1
2
µ0M · Hdemag, (1)

with exchange stiffness A, applied field Hext, anisotropy
constant K , and 33 = 27 DMI tensor elements D

µ
αβ . The

indices α and β denote the components of the magnetization
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current, which are valid at the first order in SOI. Thereby we
find analytically that DMI is given exactly by the ground-state
spin current at the first order in SOI, which clarifies the rela-
tion between the Berry-phase approach and the spin-current
approach to DMI. Tuning the SOI strength in Co/Pt(111)
and Mn/W(001) magnetic bilayers artificially, we confirm
this analytical result numerically by ab initio calculations.
By studying both DMI and ground-state spin current as a
function of SOI strength, we illustrate the limitations of the
spin-current approach to DMI, which breaks down for large
SOI strength. We find that the SOI-linear contribution to
the ground-state spin current consists of two terms, and provide
an intuitive interpretation of both of them. We discover that
one contribution is intimately linked to the misalignment that
conduction electron spins acquire as they traverse magnetically
noncollinear textures. This contribution can be understood
as Zeeman interaction between the spin-orbit field and the
spin misalignment. When the magnetization direction is time-
dependent, the spin misalignment leads to counterpropagating
spin currents, based on which we elucidate the nature of the
energy current that is driven by magnetization dynamics in
systems with DMI [24]. Thereby, our theory exposes the
connections of DMI to other spintronics concepts such as
spin-orbit fields and spin-transfer torque.

This article is structured as follows. In Sec. II, we derive
expressions for the SOI-linear contributions to DMI and to the
ground-state spin current and show that both agree within the
first-order perturbation theory in SOI. In Secs. III A and III B,
we interpret the two contributions to DMI that arise at the first
order in SOI. In Sec. IV, we explain how the ground-state
energy current associated with DMI can be understood from
counter-propagating spin currents driven by magnetization
dynamics. In Sec. V we show that ground-state spin currents
exist for the nonmagnetic Rashba model with zero DMI,
but that these spin currents arise at the third order of SOI.
In Sec. VI, we present ab initio calculations of DMI and
of ground-state spin currents in Mn/W(001) and Co/Pt(111)
magnetic bilayers. In Sec. VII, we conclude with a summary
and outlook, where we also discuss the option to modify DMI
by nonequilibrium spin currents excited by electric fields or
light.

II. FIRST-ORDER CONTRIBUTION OF SOI TO DMI

Due to DMI, the free energy density F (r) at position r
contains a term linear in the gradients of magnetization [22]:

F DMI(r) =
∑

j

Dj (n̂(r)) ·
[

n̂(r) × ∂ n̂(r)
∂rj

]
, (1)

where Dj (n̂) are the DMI coefficient vectors, which depend
on the magnetization direction n̂(r) in systems where DMI is
anisotropic. The index j runs over the three cartesian directions
x, y, and z.

Within the Berry phase approach, Dj (n̂) is given by

Dj (n̂) =
∫

dd k

(2π )d
∑

n

[f (Ekn)Aknj (n̂) − g(Ekn)Bknj (n̂)],

(2)

where d is the dimension (d = 2 or d = 3), f (Ekn) = [1 +
eβ(Ekn−µ)]−1 is the occupation number of band n at k point
k, g(Ekn) = −kBT ln[1 + e−β(Ekn−µ)] is the contribution of
the state |ukn⟩ with band energy Ekn to the grand canonical
potential, T is the temperature, kB is Boltzmann’s constant,
µ is the chemical potential, and β = (kBT )−1. In the mixed
Berry curvature [23],

Bknj (n̂) = −2
[

n̂ × Im
〈
∂ukn

∂ n̂

∣∣∣∣
∂ukn

∂kj

〉]
, (3)

k derivatives are mixed with n̂ derivatives. The twist-torque
moment of wave packets is described by [22]

Aknj (n̂) = −
[

n̂ × Im
〈
∂ukn

∂ n̂

∣∣∣∣[Ekn − Hk]
∣∣∣∣
∂ukn

∂kj

〉]
, (4)

where Hk is the Hamiltonian in crystal-momentum represen-
tation, i.e., Hk|ukn⟩ = Ekn|ukn⟩.

In the limit of strong exchange or small SOI, the DMI
coefficient vector Dj can also be determined from the ground-
state spin current Qj [11,25]. When the ground-state spin
current flowing in j direction is defined as

Qj = h̄

4

∫
dd k

(2π )d
∑

n

f (Ekn)⟨ukn|{σ ,vj }|ukn⟩, (5)

the DMI coefficient vector can be written as

Dj = − Qj . (6)

Here, vj is the j component of the velocity operator v and
σ = (σx ,σy ,σz)T is the vector of Pauli spin matrices.

Both Eqs. (2) and (5) express the DMI directly in terms
of the electronic structure, which is a major advantage over
the spin-spiral method, where DMI is extracted from the q-
linear term in the energy dispersion [15– 18]. However, Eqs. (2)
and (5) look very different and the relationship between both
approaches is not clear. Since DMI arises at the first order
in SOI [12], we will use first-order perturbation theory to
determine the SOI-linear contributions to Dj and Qj . This
will facilitate the comparison between the approaches Eqs. (2)
and (5) and elucidate their relationship.

Within Kohn-Sham density functional theory, interacting
many-electron systems are described by the effective single-
particle Hamiltonian

H (r) = − h̄2

2m
% + V (r) + µBσ · n̂&xc(r)

+ 1
2ec2

µBσ · [∇V (r) × v], (7)

where the first term describes the kinetic energy and the second
term is the scalar effective potential. The third term describes
the exchange interaction, where µB is the Bohr magneton,
&xc(r) = 1

2µB
[V eff

minority(r) − V eff
majority(r)] is the exchange field,

V eff
minority(r) is the effective potential of minority electrons, and

V eff
majority(r) is the effective potential of majority electrons. The

last term is the spin-orbit interaction, where e is the elementary
positive charge and c is the velocity of light.

The Hamiltonian in crystal-momentum representation is
given by Hk = e−ik·rHeik·r . We decompose Hk into the spin-
orbit interaction Vkand the Hamiltonian H̄kwithout SOI, such
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Starting from the general Berry phase theory of the Dzyaloshinskii-Moriya interaction (DMI) we derive an
expression for the linear contribution of the spin-orbit interaction (SOI). Thereby, we show analytically that at
the first order in SOI DMI is given by the ground-state spin current. We verify this finding numerically by ab
initio calculations in Mn/W(001) and Co/Pt(111) magnetic bilayers. We show that despite the strong SOI from
the 5dheavy metals, DMI is well-approximated by the first order in SOI, while the ground-state spin current is
not. We decompose the SOI-linear contribution to DMI into two parts. One part has a simple interpretation in
terms of the Zeeman interaction between the spin-orbit field and the spin misalignment that electrons acquire in
magnetically noncollinear textures. This interpretation provides also an intuitive understanding of the symmetry
of DMI on the basis of the spin-orbit field and it explains in a simple way why DMI and ground-state spin currents
are related. Moreover, we show that energy currents driven by magnetization dynamics and associated to DMI
can be explained by counter-propagating spin currents that carry energy due to their Zeeman interaction with the
spin-orbit field. Finally, we discuss options to modify DMI by nonequilibrium spin currents excited by electric
fields or light.
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I. INTRODUCTION

Most excitement about spin currents arises from the
prospects to use them to transmit information dissipationlessly
[1], to switch magnetic bits [2,3], and to move domain walls
[4,5]. Therefore, in many cases the generation of spin currents
by applied electric fields, i.e., the spin Hall effect [6], or by
magnetization dynamics, i.e., spin pumping [7], or by laser ex-
citation [8] are considered. However, spin currents exist also in
the absence of applied electric fields, magnetization dynamics
and laser pulses, when the system is in its ground state. These
ground-state spin currents mediate important effects and inter-
actions as well. For example, in magnetic bilayer systems, the
ground-state spin current flowing between the magnetic layer
and the normal metal substate when the magnetization is tilted
away from the easy axis provides the nonlocal contribution to
the magnetic anisotropy torque [9]. Furthermore, the interlayer
exchange coupling between magnetic layers in spin valves is
mediated by ground-state spin currents [10].

Recently, it has been proposed to estimate the
Dzyaloshinskii-Moriya interaction (DMI) from the ground-
state spin current [11]. DMI describes the linear-in-q con-
tribution to the energy dispersion E(q) of spin spirals and
arises in systems with inversion asymmetry and spin-orbit
interaction (SOI) [12,13]. In several spintronics concepts,
DMI plays a central role. Notably, it is a key ingredient
to achieve current-driven domain wall motion at high speed
[4,5] and to stabilize skyrmions [14]. The relation of DMI
to the ground-state spin current also leads to an intuitive
interpretation of DMI as a Doppler shift [11].

Since the computational evaluation of the ground-state spin
current is easier than the usually applied methodology for
the calculation of the DMI coefficients from the q-linear
contribution to the energy dispersion E(q) of spin spirals
[15– 18], it has been proposed to use the ground-state spin

*Corresponding author: f.freimuth@fz-juelich.de

currents, for example, to study the dependence of DMI on
strain and voltage [11]. However, the relation between DMI
and ground-state spin current has been derived in the strong
exchange limit and the accuracy of this spin-current approach
to DMI has been demonstrated only in the B20 compounds
Mn1−xFexGe and Fe1−xCoxGe. In Co/Pt magnetic bilayer
systems, SOI is much stronger than in these B20 compounds
and the applicability of the spin-current approach to such
magnetic bilayer systems has not been demonstrated yet.

The description of ferroelectric polarization by the Berry
phase [19], the use of the Berry curvature in the theory
of the anomalous Hall effect [20], and the discovery of
topological insulators are well-known examples for the success
story of the quest for effects of topological and geometrical
origin in band theory. Recently, it has been shown that the
exchange parameters can be expressed in terms of geometrical
properties such as the quantum metrics [21] and that DMI
can be expressed in terms of the mixed Berry curvature
Im⟨∂ukn/∂ n̂|∂ukn/∂k⟩, where derivatives with respect to the
k point and derivatives with respect to the magnetization
direction n̂ are combined [22– 24].

This Berry phase approach expresses DMI directly in
terms of the electronic structure, similar to the spin-current
approach. This is a major advantage of these two approaches
compared to the spin-spiral method, where DMI is extracted
from the q-linear contribution to the energy dispersion E(q)
of spin spirals. While the relation of DMI to other important
spintronics effects is not directly obvious within the spin-spiral
approach, the Berry phase theory of DMI shows how DMI is
related to direct, inverse and thermal spin-orbit torques and to
the twist-torque moments of wave packets [22– 24]. Since the
spin-current approach to DMI establishes the connection to the
ground-state spin current, even more insights can be expected
from investigating the relationship between the Berry phase
approach on the one hand and the spin current approach on the
other hand.

In the present paper, we use first-order perturbation theory
to derive expressions for DMI and for the ground-state spin

2469-9950/2017/96(5)/054403(13) 054403-1 ©2017 American Physical Society
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Microscopic	theory
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General	formula
The problem is reduced to the analysis of the following formula

This is similar but more general than the formula proposed before
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First	order	in	spin-orbit	
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Benchmarking
The limit of zero spin-orbit coupling ↵R = 0
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f± =
1

1 + e(⇠(p)±�sd�µ)/T
<latexit sha1_base64="MRSQ2T7pIqyud5NrPFr9rbXle0Q="></latexit><latexit sha1_base64="MRSQ2T7pIqyud5NrPFr9rbXle0Q="></latexit><latexit sha1_base64="MRSQ2T7pIqyud5NrPFr9rbXle0Q="></latexit>

Coincides with well-established theoretical results!

see e.g.

H = ⇠(p) + JsdS n · � �sd = JsdS
<latexit sha1_base64="vz+QzoDunkiw3DvmHBruUyL8CXY="></latexit>



Non-parabolic	dispersion

⇠(p) =
p2

2m
(1 +⌥

p2

2m
)

<latexit sha1_base64="bL3PZWa1KKTnRm+nsBZesmZSycQ="></latexit><latexit sha1_base64="bL3PZWa1KKTnRm+nsBZesmZSycQ="></latexit><latexit sha1_base64="bL3PZWa1KKTnRm+nsBZesmZSycQ="></latexit><latexit sha1_base64="bL3PZWa1KKTnRm+nsBZesmZSycQ="></latexit>

⇣(p) = 1
<latexit sha1_base64="QCM2NFT9Pd/Yur650m9Qf3A3aEc="></latexit><latexit sha1_base64="QCM2NFT9Pd/Yur650m9Qf3A3aEc="></latexit><latexit sha1_base64="QCM2NFT9Pd/Yur650m9Qf3A3aEc="></latexit><latexit sha1_base64="QCM2NFT9Pd/Yur650m9Qf3A3aEc="></latexit>

D =
4m↵R

~ A
<latexit sha1_base64="iuZpcgxu9Hw55vDi+eM8VP+FC1s="></latexit><latexit sha1_base64="iuZpcgxu9Hw55vDi+eM8VP+FC1s="></latexit><latexit sha1_base64="iuZpcgxu9Hw55vDi+eM8VP+FC1s="></latexit>

The relation                           (Kim, Lee, Lee, Stiles) breaks down 

beyond the BR model!

E.g. for non-parabolic kinetic energy it is replaced by D = �4m↵R

~ A
<latexit sha1_base64="W9Z7PYKmOXUlMlHrqZiQWuynbSM="></latexit><latexit sha1_base64="W9Z7PYKmOXUlMlHrqZiQWuynbSM="></latexit><latexit sha1_base64="W9Z7PYKmOXUlMlHrqZiQWuynbSM="></latexit>

in the metal regime

��sd
<latexit sha1_base64="89sK9qIP2d7SBXZ+i7QcYyCHFsQ=">AAAB/HicdVDJSgNBEO2JW4xbNEcvjUHwYpiRoPEW1IPHCGaBzBB6OpWkSc9Cd40YhvgrXjwo4tUP8ebf2FkE1wcFj/eqqKrnx1JotO13K7OwuLS8kl3Nra1vbG7lt3caOkoUhzqPZKRaPtMgRQh1FCihFStggS+h6Q/PJ37zBpQWUXiNoxi8gPVD0ROcoZE6+cKhewESWSd1EW4x1d3xuJMv2qWyc3psV+hv4pTsKYpkjlon/+Z2I54EECKXTOu2Y8fopUyh4BLGOTfREDM+ZH1oGxqyALSXTo8f032jdGkvUqZCpFP160TKAq1HgW86A4YD/dObiH957QR7FS8VYZwghHy2qJdIihGdJEG7QgFHOTKEcSXMrZQPmGIcTV45E8Lnp/R/0jgqOXbJuSoXq2fzOLJkl+yRA+KQE1Ill6RG6oSTEbknj+TJurMerGfrZdaaseYzBfIN1usHsfOVdw==</latexit><latexit sha1_base64="89sK9qIP2d7SBXZ+i7QcYyCHFsQ=">AAAB/HicdVDJSgNBEO2JW4xbNEcvjUHwYpiRoPEW1IPHCGaBzBB6OpWkSc9Cd40YhvgrXjwo4tUP8ebf2FkE1wcFj/eqqKrnx1JotO13K7OwuLS8kl3Nra1vbG7lt3caOkoUhzqPZKRaPtMgRQh1FCihFStggS+h6Q/PJ37zBpQWUXiNoxi8gPVD0ROcoZE6+cKhewESWSd1EW4x1d3xuJMv2qWyc3psV+hv4pTsKYpkjlon/+Z2I54EECKXTOu2Y8fopUyh4BLGOTfREDM+ZH1oGxqyALSXTo8f032jdGkvUqZCpFP160TKAq1HgW86A4YD/dObiH957QR7FS8VYZwghHy2qJdIihGdJEG7QgFHOTKEcSXMrZQPmGIcTV45E8Lnp/R/0jgqOXbJuSoXq2fzOLJkl+yRA+KQE1Ill6RG6oSTEbknj+TJurMerGfrZdaaseYzBfIN1usHsfOVdw==</latexit><latexit sha1_base64="89sK9qIP2d7SBXZ+i7QcYyCHFsQ=">AAAB/HicdVDJSgNBEO2JW4xbNEcvjUHwYpiRoPEW1IPHCGaBzBB6OpWkSc9Cd40YhvgrXjwo4tUP8ebf2FkE1wcFj/eqqKrnx1JotO13K7OwuLS8kl3Nra1vbG7lt3caOkoUhzqPZKRaPtMgRQh1FCihFStggS+h6Q/PJ37zBpQWUXiNoxi8gPVD0ROcoZE6+cKhewESWSd1EW4x1d3xuJMv2qWyc3psV+hv4pTsKYpkjlon/+Z2I54EECKXTOu2Y8fopUyh4BLGOTfREDM+ZH1oGxqyALSXTo8f032jdGkvUqZCpFP160TKAq1HgW86A4YD/dObiH957QR7FS8VYZwghHy2qJdIihGdJEG7QgFHOTKEcSXMrZQPmGIcTV45E8Lnp/R/0jgqOXbJuSoXq2fzOLJkl+yRA+KQE1Ill6RG6oSTEbknj+TJurMerGfrZdaaseYzBfIN1usHsfOVdw==</latexit><latexit sha1_base64="89sK9qIP2d7SBXZ+i7QcYyCHFsQ=">AAAB/HicdVDJSgNBEO2JW4xbNEcvjUHwYpiRoPEW1IPHCGaBzBB6OpWkSc9Cd40YhvgrXjwo4tUP8ebf2FkE1wcFj/eqqKrnx1JotO13K7OwuLS8kl3Nra1vbG7lt3caOkoUhzqPZKRaPtMgRQh1FCihFStggS+h6Q/PJ37zBpQWUXiNoxi8gPVD0ROcoZE6+cKhewESWSd1EW4x1d3xuJMv2qWyc3psV+hv4pTsKYpkjlon/+Z2I54EECKXTOu2Y8fopUyh4BLGOTfREDM+ZH1oGxqyALSXTo8f032jdGkvUqZCpFP160TKAq1HgW86A4YD/dObiH957QR7FS8VYZwghHy2qJdIihGdJEG7QgFHOTKEcSXMrZQPmGIcTV45E8Lnp/R/0jgqOXbJuSoXq2fzOLJkl+yRA+KQE1Ill6RG6oSTEbknj+TJurMerGfrZdaaseYzBfIN1usHsfOVdw==</latexit>

�sd
<latexit sha1_base64="BLIGOMH9PICAVuI8gQzQO07RhkU=">AAAB+3icdVDJSgNBEO2JW4xbjEcvjUHwNMyIaLwF9eAxglkgCaGnp5I06VnorpGEYX7FiwdFvPoj3vwbO4vg+qDg8V4VVfW8WAqNjvNu5ZaWV1bX8uuFjc2t7Z3ibqmho0RxqPNIRqrlMQ1ShFBHgRJasQIWeBKa3uhy6jfvQGkRhbc4iaEbsEEo+oIzNFKvWOpcgUTWSzsIY0y1n2W9YtmxT9zzU6dCfxPXdmYokwVqveJbx494EkCIXDKt264TYzdlCgWXkBU6iYaY8REbQNvQkAWgu+ns9oweGsWn/UiZCpHO1K8TKQu0ngSe6QwYDvVPbyr+5bUT7Fe6qQjjBCHk80X9RFKM6DQI6gsFHOXEEMaVMLdSPmSKcTRxFUwIn5/S/0nj2HYd2705KVcvFnHkyT45IEfEJWekSq5JjdQJJ2NyTx7Jk5VZD9az9TJvzVmLmT3yDdbrB0VwlUA=</latexit><latexit sha1_base64="BLIGOMH9PICAVuI8gQzQO07RhkU=">AAAB+3icdVDJSgNBEO2JW4xbjEcvjUHwNMyIaLwF9eAxglkgCaGnp5I06VnorpGEYX7FiwdFvPoj3vwbO4vg+qDg8V4VVfW8WAqNjvNu5ZaWV1bX8uuFjc2t7Z3ibqmho0RxqPNIRqrlMQ1ShFBHgRJasQIWeBKa3uhy6jfvQGkRhbc4iaEbsEEo+oIzNFKvWOpcgUTWSzsIY0y1n2W9YtmxT9zzU6dCfxPXdmYokwVqveJbx494EkCIXDKt264TYzdlCgWXkBU6iYaY8REbQNvQkAWgu+ns9oweGsWn/UiZCpHO1K8TKQu0ngSe6QwYDvVPbyr+5bUT7Fe6qQjjBCHk80X9RFKM6DQI6gsFHOXEEMaVMLdSPmSKcTRxFUwIn5/S/0nj2HYd2705KVcvFnHkyT45IEfEJWekSq5JjdQJJ2NyTx7Jk5VZD9az9TJvzVmLmT3yDdbrB0VwlUA=</latexit><latexit sha1_base64="BLIGOMH9PICAVuI8gQzQO07RhkU=">AAAB+3icdVDJSgNBEO2JW4xbjEcvjUHwNMyIaLwF9eAxglkgCaGnp5I06VnorpGEYX7FiwdFvPoj3vwbO4vg+qDg8V4VVfW8WAqNjvNu5ZaWV1bX8uuFjc2t7Z3ibqmho0RxqPNIRqrlMQ1ShFBHgRJasQIWeBKa3uhy6jfvQGkRhbc4iaEbsEEo+oIzNFKvWOpcgUTWSzsIY0y1n2W9YtmxT9zzU6dCfxPXdmYokwVqveJbx494EkCIXDKt264TYzdlCgWXkBU6iYaY8REbQNvQkAWgu+ns9oweGsWn/UiZCpHO1K8TKQu0ngSe6QwYDvVPbyr+5bUT7Fe6qQjjBCHk80X9RFKM6DQI6gsFHOXEEMaVMLdSPmSKcTRxFUwIn5/S/0nj2HYd2705KVcvFnHkyT45IEfEJWekSq5JjdQJJ2NyTx7Jk5VZD9az9TJvzVmLmT3yDdbrB0VwlUA=</latexit><latexit sha1_base64="BLIGOMH9PICAVuI8gQzQO07RhkU=">AAAB+3icdVDJSgNBEO2JW4xbjEcvjUHwNMyIaLwF9eAxglkgCaGnp5I06VnorpGEYX7FiwdFvPoj3vwbO4vg+qDg8V4VVfW8WAqNjvNu5ZaWV1bX8uuFjc2t7Z3ibqmho0RxqPNIRqrlMQ1ShFBHgRJasQIWeBKa3uhy6jfvQGkRhbc4iaEbsEEo+oIzNFKvWOpcgUTWSzsIY0y1n2W9YtmxT9zzU6dCfxPXdmYokwVqveJbx494EkCIXDKt264TYzdlCgWXkBU6iYaY8REbQNvQkAWgu+ns9oweGsWn/UiZCpHO1K8TKQu0ngSe6QwYDvVPbyr+5bUT7Fe6qQjjBCHk80X9RFKM6DQI6gsFHOXEEMaVMLdSPmSKcTRxFUwIn5/S/0nj2HYd2705KVcvFnHkyT45IEfEJWekSq5JjdQJJ2NyTx7Jk5VZD9az9TJvzVmLmT3yDdbrB0VwlUA=</latexit>

µ
<latexit sha1_base64="M7Jvl63L6i+dEbmIQHFCf2pulVU="></latexit>



Broken	Lifshitz	invariants	beyond	weak	SOC	

Dk = Dk(n
2
z)

<latexit sha1_base64="94awpyYjeRm/GiTBUFzAozPiano="></latexit><latexit sha1_base64="94awpyYjeRm/GiTBUFzAozPiano="></latexit><latexit sha1_base64="94awpyYjeRm/GiTBUFzAozPiano="></latexit>

D? = D?(n
2
z)

<latexit sha1_base64="83UPIxiGe6p/driuen1/mK2UQLI="></latexit><latexit sha1_base64="83UPIxiGe6p/driuen1/mK2UQLI="></latexit><latexit sha1_base64="83UPIxiGe6p/driuen1/mK2UQLI="></latexit>

most importantly:

nz = cos ✓
<latexit sha1_base64="bElB2Fb5/tS1aIu1Bw+cbmj65dQ="></latexit><latexit sha1_base64="bElB2Fb5/tS1aIu1Bw+cbmj65dQ="></latexit><latexit sha1_base64="bElB2Fb5/tS1aIu1Bw+cbmj65dQ="></latexit>

Total free energy (integration by parts):

E =

Z
d2r

�
Dtot n · [[ẑ ⇥r]⇥ n] +Ddiff nz(n ·r)✓

 
+ @⌦

<latexit sha1_base64="lO/AXy5C9VD13vv5Z9yIHID5EC0="></latexit><latexit sha1_base64="lO/AXy5C9VD13vv5Z9yIHID5EC0="></latexit><latexit sha1_base64="lO/AXy5C9VD13vv5Z9yIHID5EC0="></latexit>

H = ⇠(p) + ↵R⇣(p) [p⇥ �]z + JsdS n · � �sd = JsdS
<latexit sha1_base64="eCizZEHv9A+yGPlGmjXlYHMf5GU="></latexit><latexit sha1_base64="eCizZEHv9A+yGPlGmjXlYHMf5GU="></latexit><latexit sha1_base64="eCizZEHv9A+yGPlGmjXlYHMf5GU="></latexit>

w = D? n · [[ẑ ⇥r]⇥ n?] +Dk n · [[ẑ ⇥r]⇥ nk]
<latexit sha1_base64="xrnsGj7hu6pJ6qSOHjODtLCA7GI="></latexit>



Broken	Lifshitz	invariants	beyond	weak	SOC	

Dk = Dk(n
2
z)

<latexit sha1_base64="94awpyYjeRm/GiTBUFzAozPiano="></latexit><latexit sha1_base64="94awpyYjeRm/GiTBUFzAozPiano="></latexit><latexit sha1_base64="94awpyYjeRm/GiTBUFzAozPiano="></latexit>

D? = D?(n
2
z)

<latexit sha1_base64="83UPIxiGe6p/driuen1/mK2UQLI="></latexit><latexit sha1_base64="83UPIxiGe6p/driuen1/mK2UQLI="></latexit><latexit sha1_base64="83UPIxiGe6p/driuen1/mK2UQLI="></latexit>

most importantly:

new bulk term 
linear in gradientsnz = cos ✓

<latexit sha1_base64="bElB2Fb5/tS1aIu1Bw+cbmj65dQ="></latexit><latexit sha1_base64="bElB2Fb5/tS1aIu1Bw+cbmj65dQ="></latexit><latexit sha1_base64="bElB2Fb5/tS1aIu1Bw+cbmj65dQ="></latexit>

Total free energy (integration by parts):

E =

Z
d2r

�
Dtot n · [[ẑ ⇥r]⇥ n] +Ddiff nz(n ·r)✓

 
+ @⌦

<latexit sha1_base64="lO/AXy5C9VD13vv5Z9yIHID5EC0="></latexit><latexit sha1_base64="lO/AXy5C9VD13vv5Z9yIHID5EC0="></latexit><latexit sha1_base64="lO/AXy5C9VD13vv5Z9yIHID5EC0="></latexit>

H = ⇠(p) + ↵R⇣(p) [p⇥ �]z + JsdS n · � �sd = JsdS
<latexit sha1_base64="eCizZEHv9A+yGPlGmjXlYHMf5GU="></latexit><latexit sha1_base64="eCizZEHv9A+yGPlGmjXlYHMf5GU="></latexit><latexit sha1_base64="eCizZEHv9A+yGPlGmjXlYHMf5GU="></latexit>

w = D? n · [[ẑ ⇥r]⇥ n?] +Dk n · [[ẑ ⇥r]⇥ nk]
<latexit sha1_base64="xrnsGj7hu6pJ6qSOHjODtLCA7GI="></latexit>



Broken	Lifshitz	invariants	beyond	weak	SOC	

Dk = Dk(n
2
z)

<latexit sha1_base64="94awpyYjeRm/GiTBUFzAozPiano="></latexit><latexit sha1_base64="94awpyYjeRm/GiTBUFzAozPiano="></latexit><latexit sha1_base64="94awpyYjeRm/GiTBUFzAozPiano="></latexit>

D? = D?(n
2
z)

<latexit sha1_base64="83UPIxiGe6p/driuen1/mK2UQLI="></latexit><latexit sha1_base64="83UPIxiGe6p/driuen1/mK2UQLI="></latexit><latexit sha1_base64="83UPIxiGe6p/driuen1/mK2UQLI="></latexit>

most importantly:

new bulk term 
linear in gradientsnz = cos ✓

<latexit sha1_base64="bElB2Fb5/tS1aIu1Bw+cbmj65dQ="></latexit><latexit sha1_base64="bElB2Fb5/tS1aIu1Bw+cbmj65dQ="></latexit><latexit sha1_base64="bElB2Fb5/tS1aIu1Bw+cbmj65dQ="></latexit>

Total free energy (integration by parts):

E =

Z
d2r

�
Dtot n · [[ẑ ⇥r]⇥ n] +Ddiff nz(n ·r)✓

 
+ @⌦

<latexit sha1_base64="lO/AXy5C9VD13vv5Z9yIHID5EC0="></latexit><latexit sha1_base64="lO/AXy5C9VD13vv5Z9yIHID5EC0="></latexit><latexit sha1_base64="lO/AXy5C9VD13vv5Z9yIHID5EC0="></latexit>

H = ⇠(p) + ↵R⇣(p) [p⇥ �]z + JsdS n · � �sd = JsdS
<latexit sha1_base64="eCizZEHv9A+yGPlGmjXlYHMf5GU="></latexit><latexit sha1_base64="eCizZEHv9A+yGPlGmjXlYHMf5GU="></latexit><latexit sha1_base64="eCizZEHv9A+yGPlGmjXlYHMf5GU="></latexit>

w = D? n · [[ẑ ⇥r]⇥ n?] +Dk n · [[ẑ ⇥r]⇥ nk]
<latexit sha1_base64="xrnsGj7hu6pJ6qSOHjODtLCA7GI="></latexit>

Dtot =
Dk +D?

2
= D(0)

tot +D(2)
tot cos(2✓) +D(4)

tot cos(4✓) + . . .
<latexit sha1_base64="R1vDRimCV8uJeLFy5fKu304rYLk="></latexit>

Ddiff =
@

@✓

Dk �D?

2
= D(2)

diff sin(2✓) +D(4)
dif sin(4✓) + . . .

<latexit sha1_base64="55qps5daA0UMTB0te0ml7dyxUIM="></latexit>



Domain	wall	energy
E =

Z
d2r

�
Dtot n · [[ẑ ⇥r]⇥ n] +Ddiff nz(n ·r)✓

 
+ @⌦

<latexit sha1_base64="lO/AXy5C9VD13vv5Z9yIHID5EC0="></latexit><latexit sha1_base64="lO/AXy5C9VD13vv5Z9yIHID5EC0="></latexit><latexit sha1_base64="lO/AXy5C9VD13vv5Z9yIHID5EC0="></latexit>

n(x) = x̂ sin ✓(x) cos�+ ŷ sin�+ ẑ cos ✓(x)
<latexit sha1_base64="fhZmm7mTx2JH5MoPCVjxwIuv6ZY="></latexit><latexit sha1_base64="j9jMqD4lSPist1taNrVay81r2vA="></latexit><latexit sha1_base64="j9jMqD4lSPist1taNrVay81r2vA="></latexit>

✓(x) = arccos [tanh(x/`)]
<latexit sha1_base64="T88nuUk6GMiXZLlpt1XRitO3NnE="></latexit><latexit sha1_base64="T88nuUk6GMiXZLlpt1XRitO3NnE="></latexit><latexit sha1_base64="T88nuUk6GMiXZLlpt1XRitO3NnE="></latexit>

Domain wall
parameterization



Domain	wall	energy
E =

Z
d2r

�
Dtot n · [[ẑ ⇥r]⇥ n] +Ddiff nz(n ·r)✓

 
+ @⌦

<latexit sha1_base64="lO/AXy5C9VD13vv5Z9yIHID5EC0="></latexit><latexit sha1_base64="lO/AXy5C9VD13vv5Z9yIHID5EC0="></latexit><latexit sha1_base64="lO/AXy5C9VD13vv5Z9yIHID5EC0="></latexit>

n(x) = x̂ sin ✓(x) cos�+ ŷ sin�+ ẑ cos ✓(x)
<latexit sha1_base64="fhZmm7mTx2JH5MoPCVjxwIuv6ZY="></latexit><latexit sha1_base64="j9jMqD4lSPist1taNrVay81r2vA="></latexit><latexit sha1_base64="j9jMqD4lSPist1taNrVay81r2vA="></latexit>

✓(x) = arccos [tanh(x/`)]
<latexit sha1_base64="T88nuUk6GMiXZLlpt1XRitO3NnE="></latexit><latexit sha1_base64="T88nuUk6GMiXZLlpt1XRitO3NnE="></latexit><latexit sha1_base64="T88nuUk6GMiXZLlpt1XRitO3NnE="></latexit>

Domain wall
parameterization

EDW = ⇡W

✓
D(0)

tot � 1

4
D(2)

diff

◆
cos�

<latexit sha1_base64="rRmzHsALnXZDNqwdOUCxUVM382w="></latexit><latexit sha1_base64="tbYWu0C8CleUdND4iKL6OHJw46U="></latexit><latexit sha1_base64="tbYWu0C8CleUdND4iKL6OHJw46U="></latexit>

W - domain wall length in y direction



Domain	wall	energy
E =

Z
d2r

�
Dtot n · [[ẑ ⇥r]⇥ n] +Ddiff nz(n ·r)✓

 
+ @⌦

<latexit sha1_base64="lO/AXy5C9VD13vv5Z9yIHID5EC0="></latexit><latexit sha1_base64="lO/AXy5C9VD13vv5Z9yIHID5EC0="></latexit><latexit sha1_base64="lO/AXy5C9VD13vv5Z9yIHID5EC0="></latexit>

n(x) = x̂ sin ✓(x) cos�+ ŷ sin�+ ẑ cos ✓(x)
<latexit sha1_base64="fhZmm7mTx2JH5MoPCVjxwIuv6ZY="></latexit><latexit sha1_base64="j9jMqD4lSPist1taNrVay81r2vA="></latexit><latexit sha1_base64="j9jMqD4lSPist1taNrVay81r2vA="></latexit>

✓(x) = arccos [tanh(x/`)]
<latexit sha1_base64="T88nuUk6GMiXZLlpt1XRitO3NnE="></latexit><latexit sha1_base64="T88nuUk6GMiXZLlpt1XRitO3NnE="></latexit><latexit sha1_base64="T88nuUk6GMiXZLlpt1XRitO3NnE="></latexit>

Domain wall
parameterization

wch = D(0)
tot n · [(ẑ ⇥r)⇥ n] + 2D(2)

diff n
2
z(n ·r)nz + . . .

<latexit sha1_base64="A0je6OhGFLse7BXpt2kNdzK0qm4="></latexit>

EDW = ⇡W

✓
D(0)

tot � 1

4
D(2)

diff

◆
cos�

<latexit sha1_base64="rRmzHsALnXZDNqwdOUCxUVM382w="></latexit><latexit sha1_base64="tbYWu0C8CleUdND4iKL6OHJw46U="></latexit><latexit sha1_base64="tbYWu0C8CleUdND4iKL6OHJw46U="></latexit>

W - domain wall length in y direction



Domain	wall	energy
E =

Z
d2r

�
Dtot n · [[ẑ ⇥r]⇥ n] +Ddiff nz(n ·r)✓

 
+ @⌦
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Domain wall
parameterization

wch = D(0)
tot n · [(ẑ ⇥r)⇥ n] + 2D(2)

diff n
2
z(n ·r)nz + . . .

<latexit sha1_base64="A0je6OhGFLse7BXpt2kNdzK0qm4="></latexit>

EDW = ⇡W

✓
D(0)

tot � 1

4
D(2)

diff

◆
cos�
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W - domain wall length in y direction

X

hi,ji

(ẑ ⇥ dij) · (Si ⇥ Sj)
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new four-spin interaction

X

hij,kli

Sz
kS

z
l (Si · dij)S

z
j
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Importance	of	the	four-spin	interaction	

EDW = ⇡W

✓
D(0)

tot � 1

4
D(2)

diff

◆
cos�
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ij and kl are links in the lattice plaquette

X

hij,kli

Sz
kS

z
l (Si · dij)S

z
j
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2D(2)
diff

Z
d2r n2

z(n ·r)nz /
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Arbitrary	ferromagnet

wch =
1

2

"
Das

ijkL
(k)
ij �

@Dsym
ijk

@✓
⇥(k)

ij �
@Dsym

ijk

@�
�(k)

ij

#
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⇥(k)
ij = ninjrk✓, �(k)

ij = ninjrk�
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after	partial	integration:

[I. Ado et al., arXiv:1904.05337 (2019)]

A(k)
ij =
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Generalization	of	Bogdanov-Yablonskii	classification

[I. Ado et al., arXiv:1904.05337 (2019)]

A(k)
ij = ⇥(k)

ij ,�(k)
ij
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Q = A(x)
xx �A(x)

yy � 2A(y)
xy , S = A(y)

yy �A(y)
xx � 2A(x)

xy
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5

symmetry LI-type terms non-LI-type terms

C2 (D1) L(x)
zx ; L(y)

yz ; L(x)
yz ; L(y)

zx ; L(z)
xy A(x)

zx ; A(y)
yz ; A(x)

yz ; A(y)
zx ; A(z)

xy ; A(z)
xx ; A(z)

yy

C2v (D1h) L(x)
zx ; L(y)

yz A(x)
zx ; A(y)

yz ; A(z)
xx ; A(z)

yy

D2 L(x)
yz ; L(y)

zx ; L(z)
xy A(x)

yz ; A(y)
zx ; A(z)

xy

D2d L(x)
yz � L(y)

zx A(x)
yz +A(y)

zx ; A(z)
xy

C3 L(x)
zx � L(y)

yz ; L(x)
yz + L(y)

zx ; L(z)
xy Q; S; A(x)

zx +A(y)
yz ; A(x)

yz �A(y)
zx ; A(z)

xx +A(z)
yy

C3v L(x)
zx � L(y)

yz Q; A(x)
zx +A(y)

yz ; A(z)
xx +A(z)

yy

C3h Q; S
D3 L(x)

yz + L(y)
zx ; L(z)

xy Q; A(x)
yz �A(y)

zx

D3h Q
Cn, n > 3 L(x)

zx � L(y)
yz ; L(x)

yz + L(y)
zx ; L(z)

xy A(x)
zx +A(y)

yz ; A(x)
yz �A(y)

zx ; A(z)
xx +A(z)

yy

Cnv, n > 3 L(x)
zx � L(y)

yz A(x)
zx +A(y)

yz ; A(z)
xx +A(z)

yy

Dn, n > 3 L(x)
yz + L(y)

zx ; L(z)
xy A(x)

yz �A(y)
zx

S4 L(x)
zx + L(y)

yz ; L(x)
yz � L(y)

zx A(x)
zx �A(y)

yz ; A(x)
yz +A(y)

zx ; A(z)
xy ; A(z)

xx �A(z)
yy

T L(x)
yz + L(y)

zx + L(z)
xy A(x)

yz +A(y)
zx +A(z)

xy

Td A(x)
yz +A(y)

zx +A(z)
xy

O L(x)
yz + L(y)

zx + L(z)
xy

TABLE I: Classification of LI-type and non-LI-type terms in wch allowed by point group symmetries. Here A(k)
ij = ⇥(k)

ij ,�(k)
ij

and we use the notations Q = A(x)
xx �A(x)

yy � 2A(y)
xy , S = A(y)

yy �A(y)
xx � 2A(x)

xy . For the classes C2h (D1d), D2h, D3d, S2, S6, Th,
Oh, and Cnh, Dnh with n > 3, the chiral energy density vanishes identically. Let us give an example of how to use this Table.
Consider a 2D system of the class C1v. According to the row 11, terms with the symmetry of LI enter wch as a combination
L(x)

zx � L(y)
yz . This corresponds to the first term on the right hand side of Eq. (16). The combination A(x)

zx +A(y)
yz with A = ⇥

corresponds to the second term there, while A(x)
zx +A(y)

yz with A = � should be disregarded due to @/@� ⌘ 0 for C1v. In 2D,
A(z)

xx +A(z)
yy with A = ⇥,� vanish since rz ⌘ 0.

tems. Should this happen, the proper treatment of chiral
ferromagnetism must extend beyond Lifshitz invariants.
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C3h,D3h, Td
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Livshitz invariants (LI) are forbidden by symmetry

non-LI multi-spin terms are the only linear-in-gradient terms 
in micromagnetic energy

Special	Classes:



sd-like model for magnetization dynamics

classical Heisenberg model for localized spins

local exchange coupling a la s-d

tight-binding model for conduction electrons  
with spin-orbit interaction & DISORDER (electron bath)

consists of

+

+

H =�Jex
X

hnmi

Sn · Sm +D

X

hnmi

Sn ⇥ Sm +K

X

hnmi

S
z
nS

z
m

�t

X

hnmi

(c†ncm + h.c.) + �R
X

hnmi

c
†
n(� ⇥ dnm)zcm +

X

n

Vnc
†
ncn

�Jsd
X

n

Sn · c†n�cn
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@n

@t
= Heff ⇥ n+

JsdA
~ n⇥ s
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Equation of motion (microscopic LLG) 

- non-equilibrium electron spin density (polarization)
- sensitive to electric current and electric field
- defines all kinds of torques, Gilbert dampings

     - area of the unit cell



@n

@t
= Heff ⇥ n+

JsdA
~ n⇥ s
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Equation of motion (microscopic LLG) 

- non-equilibrium electron spin density (polarization)
- sensitive to electric current and electric field
- defines all kinds of torques, Gilbert dampings

H =
(p� eA/c)2

2m
+ ↵R[p⇥ �]z +�sd n · � + V (r)

<latexit sha1_base64="U1p67QC1Foirem/0KPkAIK6bYoU="></latexit> spin-orbit s-d exchange disorder

     - area of the unit cell



@n

@t
= Heff ⇥ n+

JsdA
~ n⇥ s
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Equation of motion (microscopic LLG) 

- non-equilibrium electron spin density (polarization)
- sensitive to electric current and electric field
- defines all kinds of torques, Gilbert dampings

H =
(p� eA/c)2

2m
+ ↵R[p⇥ �]z +�sd n · � + V (r)
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     - area of the unit cell

s↵ = T SOT

↵� E� + T STT

↵���E�r�n� + TGD

↵�
@n�

@t
+ T ch

↵��r�n� + . . .
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Universal magnetization dynamics

Dt =
@

@t
� vd ·r

<latexit sha1_base64="VbbuCK2ww6n8F1sOhm0IsV/p4Ps="></latexit>

vd = J/en
<latexit sha1_base64="y1vw85E/zh9Cp3OH8H4TPGW/boc="></latexit>

Microscopic LLG up to the first gradients:

Long derivative: Classical drift velocity:

Microscopic theory of spin-orbit torque
I. A. Ado, O. A. Tretiakov, and M. Titov, PRB 95, 094401 (2017)

Anisotropy of spin-transfer torques and Gilbert damping induced by Rashba coupling
I. A. Ado, P. Ostrovsky and M. Titov, arXiv 1907.0241 (2019)

H =
p
2

2m
+ ↵R[� ⇥ p]z ��sd n · � + V (r)

<latexit sha1_base64="zVEn3seXXqXrINzUFYuQJHM82ZI="></latexit>

n = S/S
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2
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Universality of torques

Automodel solutions DO NOT DECAY

Can this phenomenon be observed beyond Rashba model?

@n

@t
=� n⇥Heff � a n⇥ (ẑ ⇥ J)

� ⇠0(n
2
z) Dtn+ ⇠k(n

2
z) n⇥Dtnk + ⇠?(n

2
z) n⇥Dtn?
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n = n(r � vdt)
<latexit sha1_base64="DRYbqlLzBYFFUBsvRDQ6YN4fH38="></latexit>

@n

@t
= �n⇥Heff � a n⇥ (ẑ ⇥ J)
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Vanishing spin-orbit limit 

For vanishing spin-orbit: ⇠0 = �S/S
<latexit sha1_base64="K2n5JNRxBB83coYo0ZptslORjTw="></latexit>

where �S
<latexit sha1_base64="MCz2GyEuoIEhbb3C0Gtqz9j9Nzg="></latexit>

is polarization of conduction electrons per unit cell

⇠?,k = 0
<latexit sha1_base64="0zu5uluLpGiUNiPUuT3kIX0yv3w="></latexit>

hence, the LLG equation is reduced to angular momentum conservation

(S + �S)@tn+ �S (vd ·r)n = 0
<latexit sha1_base64="tIXH4JFtDexsDgPctjhmWjtfE7s="></latexit>
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Dt =
@

@t
� vd ·r

<latexit sha1_base64="VbbuCK2ww6n8F1sOhm0IsV/p4Ps="></latexit>



Large anisotropy of torques! 



Traditional formulation 

For finite spin-orbit: 
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= �Heff ⇥ n� ⇠0Dtn+ ⇠k n⇥Dtnk + ⇠? n⇥Dtn?
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⇠0

1 + ⇠0
= vd

�Seff

S + �Seff
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�̄ =
�

1 + ⇠0
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↵k,? =
⇠k,?
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�k,? = �
⇠k,?
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<latexit sha1_base64="qE/tzOTSi/bvQlKtPMaPPlrM+eE="></latexit>

⇠0 = �Seff/S
<latexit sha1_base64="B9BC0jx5AoNKEKbxTQ56Gc2oeZ8="></latexit>

- a la polarization current 

�Seff 6= �S
<latexit sha1_base64="HpFRQGLhj7WnYCIyC+IvfRbGYBI="></latexit>

vd = J/en
<latexit sha1_base64="y1vw85E/zh9Cp3OH8H4TPGW/boc="></latexit>



Giant	anisotropy	of	Gilbert	damping		
in	2D	Rashba	AFM

s± = (sA ± sB)/2
<latexit sha1_base64="f6FWysro2XUIY25XVl92sDxJdtU="></latexit>
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- magnetization vectorm
<latexit sha1_base64="+BfWhr/cBWaA5KHf8VJxkqV+74A="></latexit>

n ·m = 0, n2 +m2 = 1
<latexit sha1_base64="KaQ15zh4pEupNIdAMPt7X+smxWE="></latexit>

- electron spin densities

m ⌧ n
<latexit sha1_base64="Te9wAi1QqhAqW95lEYbDZ8Wj7rI="></latexit>



Giant	anisotropy	of	Gilbert	damping		
in	2D	Rashba	AFM
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n ·m = 0, n2 +m2 = 1
<latexit sha1_base64="KaQ15zh4pEupNIdAMPt7X+smxWE="></latexit>

- electron spin densities

ṅ = � ⌦n⇥m+ n⇥ s+ +m⇥ s� + . . . ,

ṁ =m⇥ s+ + n⇥ s� + . . .
<latexit sha1_base64="3ihWP6iNWAeIzXoyVpHd753a6wU="></latexit>

equations 
of motion:

m ⌧ n
<latexit sha1_base64="Te9wAi1QqhAqW95lEYbDZ8Wj7rI="></latexit>



Giant	anisotropy	of	Gilbert	damping		
in	2D	Rashba	AFM
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- electron spin densities
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of motion:
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- vanishingly small ↵k
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Giant	anisotropy
from	spin-orbit	split	Fermi	surfaces

 k,+
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Undamped	non-equilibrium	precession
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For Neel vector in plane              and  
non-equilibrium magnetization perpendicular to the plane

one finds an undamped precession 

with the frequency: ⌦m
<latexit sha1_base64="PW7Yaoh4XLe1H9jwlVd0MDcdFWI="></latexit>
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Too	many	open	questions	to	be	listed
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