
KITP, Santa Barbara, November 13, 2019

Edwin Herbert Hall 
1855-1938

George Gabriel Stokes 
1819-1903

Claude-Louis Navier 
1785-1836

Hall effect in viscous electron fluids

from December 31, 2019



Two postdoc openings (theory)  
- jobs starting on April 1, 2020 

(marco.polini@icloud.com)

mailto:marco.polini@icloud.com


Collaborators

For a recent popular review see  
M. Polini and A.K. Geim, arXiv:1909.10615 (Physics Today)

Roshan K. 
Kumar

(now at ICFO)

Denis A.
Bandurin

(now at MIT)
Andre K.

Geim

Alexey I.
Berdyugin

theory

experiments

Iacopo
Torre

(now at ICFO)

Alessandro
Principi 

(now at UNIMAN)

Francesco
M.D. Pellegrino
(now at UNICT)

Minsoo
Kim



Introduction



In a fluid or gas, hydrodynamics works because one has local 
conservation of momentum and energy 

All transport properties governed by just 3 quantities (when B=0): the 
shear viscosity (η), the bulk viscosity (ζ), and the thermal conductivity 
(κ); in this talk we will always use the kinematic viscosity ν=η/(nm) 

Near-perfect fluids: measured (!!!) record-low shear viscosity in 
strongly-interacting quantum fluids like quark-gluon plasmas and ultracold 
Fermi gases at unitarity 

What about electron systems in a solid? They can exchange energy and 
momentum with the lattice.
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In a crystal, hydrodynamics is relevant when
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Abstract

Could it be that the matter formed from the electrons in high Tc superconductors is of

a radically new kind that may be called "many body entangled compressible quantum

matter"? Much of this text is intended as an easy to read tutorial, explaining recent

theoretical advances that have been unfolding at the cross roads of condensed matter-

and string theory, black hole physics as well as quantum information theory. These de-

velopments suggest that the physics of such matter may be governed by surprisingly

simple principles. My real objective is to present an experimental strategy to test criti-

cally whether these principles are actually at work, revolving around the famous linear

resistivity characterizing the strange metal phase. The theory suggests a very simple

explanation of this "unreasonably simple" behavior that is actually directly linked to re-

markable results from the study of the quark gluon plasma formed at the heavy ion

colliders: the "fast hydrodynamization" and the "minimal viscosity". This leads to high

quality predictions for experiment: the momentum relaxation rate governing the resis-

tivity relates directly to the electronic entropy, while at low temperatures the electron

fluid should become unviscous to a degree that turbulent flows can develop even on the

nanometre scale.
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Our humble approach:  
focus on ultraclean Fermi liquids*

* Same approach taken by the MIT/Weizmann collaboration led by L. Levitov & G. Falkovich



Transport in ultraclean materials

kBT/EF
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Ballistic regime: 
Landauer-Büttiker theory (single-

electron quantum mechanics) 

H = E 
<latexit sha1_base64="jJnTCB5cn4w7LeJ/YEDQ4QUzbEI=">AAAB/nicdZDLSsNAFIZPvNZ6i4orN4NFcFUS8boQiiJ0WcFeoAllMp20QyeTMDMRSij4Km5cKOLW53Dn2zhpK1TRHwY+/nMO58wfJJwp7Tif1tz8wuLScmGluLq2vrFpb203VJxKQusk5rFsBVhRzgSta6Y5bSWS4ijgtBkMrvN6855KxWJxp4cJ9SPcEyxkBGtjdezdzCOYo+rIqymGLtENyqFjl5yyMxaagRPHvTh1kTt1SjBVrWN/eN2YpBEVmnCsVNt1Eu1nWGpGOB0VvVTRBJMB7tG2QYEjqvxsfP4IHRini8JYmic0GruzExmOlBpGgemMsO6r37Xc/KvWTnV47mdMJKmmgkwWhSlHOkZ5FqjLJCWaDw1gIpm5FZE+lphok1jRhPD9U/Q/NI7KruHb41LlahpHAfZgHw7BhTOoQBVqUAcCGTzCM7xYD9aT9Wq9TVrnrOnMDvyQ9f4FXIiUcQ==</latexit><latexit sha1_base64="jJnTCB5cn4w7LeJ/YEDQ4QUzbEI=">AAAB/nicdZDLSsNAFIZPvNZ6i4orN4NFcFUS8boQiiJ0WcFeoAllMp20QyeTMDMRSij4Km5cKOLW53Dn2zhpK1TRHwY+/nMO58wfJJwp7Tif1tz8wuLScmGluLq2vrFpb203VJxKQusk5rFsBVhRzgSta6Y5bSWS4ijgtBkMrvN6855KxWJxp4cJ9SPcEyxkBGtjdezdzCOYo+rIqymGLtENyqFjl5yyMxaagRPHvTh1kTt1SjBVrWN/eN2YpBEVmnCsVNt1Eu1nWGpGOB0VvVTRBJMB7tG2QYEjqvxsfP4IHRini8JYmic0GruzExmOlBpGgemMsO6r37Xc/KvWTnV47mdMJKmmgkwWhSlHOkZ5FqjLJCWaDw1gIpm5FZE+lphok1jRhPD9U/Q/NI7KruHb41LlahpHAfZgHw7BhTOoQBVqUAcCGTzCM7xYD9aT9Wq9TVrnrOnMDvyQ9f4FXIiUcQ==</latexit><latexit sha1_base64="jJnTCB5cn4w7LeJ/YEDQ4QUzbEI=">AAAB/nicdZDLSsNAFIZPvNZ6i4orN4NFcFUS8boQiiJ0WcFeoAllMp20QyeTMDMRSij4Km5cKOLW53Dn2zhpK1TRHwY+/nMO58wfJJwp7Tif1tz8wuLScmGluLq2vrFpb203VJxKQusk5rFsBVhRzgSta6Y5bSWS4ijgtBkMrvN6855KxWJxp4cJ9SPcEyxkBGtjdezdzCOYo+rIqymGLtENyqFjl5yyMxaagRPHvTh1kTt1SjBVrWN/eN2YpBEVmnCsVNt1Eu1nWGpGOB0VvVTRBJMB7tG2QYEjqvxsfP4IHRini8JYmic0GruzExmOlBpGgemMsO6r37Xc/KvWTnV47mdMJKmmgkwWhSlHOkZ5FqjLJCWaDw1gIpm5FZE+lphok1jRhPD9U/Q/NI7KruHb41LlahpHAfZgHw7BhTOoQBVqUAcCGTzCM7xYD9aT9Wq9TVrnrOnMDvyQ9f4FXIiUcQ==</latexit><latexit sha1_base64="jJnTCB5cn4w7LeJ/YEDQ4QUzbEI=">AAAB/nicdZDLSsNAFIZPvNZ6i4orN4NFcFUS8boQiiJ0WcFeoAllMp20QyeTMDMRSij4Km5cKOLW53Dn2zhpK1TRHwY+/nMO58wfJJwp7Tif1tz8wuLScmGluLq2vrFpb203VJxKQusk5rFsBVhRzgSta6Y5bSWS4ijgtBkMrvN6855KxWJxp4cJ9SPcEyxkBGtjdezdzCOYo+rIqymGLtENyqFjl5yyMxaagRPHvTh1kTt1SjBVrWN/eN2YpBEVmnCsVNt1Eu1nWGpGOB0VvVTRBJMB7tG2QYEjqvxsfP4IHRini8JYmic0GruzExmOlBpGgemMsO6r37Xc/KvWTnV47mdMJKmmgkwWhSlHOkZ5FqjLJCWaDw1gIpm5FZE+lphok1jRhPD9U/Q/NI7KruHb41LlahpHAfZgHw7BhTOoQBVqUAcCGTzCM7xYD9aT9Wq9TVrnrOnMDvyQ9f4FXIiUcQ==</latexit>



Transport in ultraclean materials

kBT/EF
<latexit sha1_base64="1ENspNdHdL3q3Deu86lDIYi5PAc=">AAAB/XicdZDLSgMxFIYz9Vbrbbzs3ASL4KrOiNddqSguK/QG7TBk0rQNTTJDkhHqMPgqblwo4tb3cOfbmLYjVNEfAh//OYdz8gcRo0o7zqeVm5tfWFzKLxdWVtfWN+zNrYYKY4lJHYcslK0AKcKoIHVNNSOtSBLEA0aawfByXG/eEaloKGp6FBGPo76gPYqRNpZv7wz9pCM5rKS1w6spXqe+XXRKzkRwBk4c9+LUhW7mFEGmqm9/dLohjjkRGjOkVNt1Iu0lSGqKGUkLnViRCOEh6pO2QYE4UV4yuT6F+8bpwl4ozRMaTtzZiQRxpUY8MJ0c6YH6XRubf9Xase6dewkVUayJwNNFvZhBHcJxFLBLJcGajQwgLKm5FeIBkghrE1jBhPD9U/g/NI5KruHb42K5ksWRB7tgDxwAF5yBMrgBVVAHGNyDR/AMXqwH68l6td6mrTkrm9kGP2S9fwGXAZSo</latexit><latexit sha1_base64="1ENspNdHdL3q3Deu86lDIYi5PAc=">AAAB/XicdZDLSgMxFIYz9Vbrbbzs3ASL4KrOiNddqSguK/QG7TBk0rQNTTJDkhHqMPgqblwo4tb3cOfbmLYjVNEfAh//OYdz8gcRo0o7zqeVm5tfWFzKLxdWVtfWN+zNrYYKY4lJHYcslK0AKcKoIHVNNSOtSBLEA0aawfByXG/eEaloKGp6FBGPo76gPYqRNpZv7wz9pCM5rKS1w6spXqe+XXRKzkRwBk4c9+LUhW7mFEGmqm9/dLohjjkRGjOkVNt1Iu0lSGqKGUkLnViRCOEh6pO2QYE4UV4yuT6F+8bpwl4ozRMaTtzZiQRxpUY8MJ0c6YH6XRubf9Xase6dewkVUayJwNNFvZhBHcJxFLBLJcGajQwgLKm5FeIBkghrE1jBhPD9U/g/NI5KruHb42K5ksWRB7tgDxwAF5yBMrgBVVAHGNyDR/AMXqwH68l6td6mrTkrm9kGP2S9fwGXAZSo</latexit><latexit sha1_base64="1ENspNdHdL3q3Deu86lDIYi5PAc=">AAAB/XicdZDLSgMxFIYz9Vbrbbzs3ASL4KrOiNddqSguK/QG7TBk0rQNTTJDkhHqMPgqblwo4tb3cOfbmLYjVNEfAh//OYdz8gcRo0o7zqeVm5tfWFzKLxdWVtfWN+zNrYYKY4lJHYcslK0AKcKoIHVNNSOtSBLEA0aawfByXG/eEaloKGp6FBGPo76gPYqRNpZv7wz9pCM5rKS1w6spXqe+XXRKzkRwBk4c9+LUhW7mFEGmqm9/dLohjjkRGjOkVNt1Iu0lSGqKGUkLnViRCOEh6pO2QYE4UV4yuT6F+8bpwl4ozRMaTtzZiQRxpUY8MJ0c6YH6XRubf9Xase6dewkVUayJwNNFvZhBHcJxFLBLJcGajQwgLKm5FeIBkghrE1jBhPD9U/g/NI5KruHb42K5ksWRB7tgDxwAF5yBMrgBVVAHGNyDR/AMXqwH68l6td6mrTkrm9kGP2S9fwGXAZSo</latexit><latexit sha1_base64="1ENspNdHdL3q3Deu86lDIYi5PAc=">AAAB/XicdZDLSgMxFIYz9Vbrbbzs3ASL4KrOiNddqSguK/QG7TBk0rQNTTJDkhHqMPgqblwo4tb3cOfbmLYjVNEfAh//OYdz8gcRo0o7zqeVm5tfWFzKLxdWVtfWN+zNrYYKY4lJHYcslK0AKcKoIHVNNSOtSBLEA0aawfByXG/eEaloKGp6FBGPo76gPYqRNpZv7wz9pCM5rKS1w6spXqe+XXRKzkRwBk4c9+LUhW7mFEGmqm9/dLohjjkRGjOkVNt1Iu0lSGqKGUkLnViRCOEh6pO2QYE4UV4yuT6F+8bpwl4ozRMaTtzZiQRxpUY8MJ0c6YH6XRubf9Xase6dewkVUayJwNNFvZhBHcJxFLBLJcGajQwgLKm5FeIBkghrE1jBhPD9U/g/NI5KruHb42K5ksWRB7tgDxwAF5yBMrgBVVAHGNyDR/AMXqwH68l6td6mrTkrm9kGP2S9fwGXAZSo</latexit>

Ballistic regime: 
Landauer-Büttiker theory (single-

electron quantum mechanics) 

H = E 
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J(r) = �dcE(r)
<latexit sha1_base64="pJfHFdbrP9V3567XV5cxNWvlGzg="></latexit><latexit sha1_base64="pJfHFdbrP9V3567XV5cxNWvlGzg="></latexit><latexit sha1_base64="pJfHFdbrP9V3567XV5cxNWvlGzg="></latexit><latexit sha1_base64="pJfHFdbrP9V3567XV5cxNWvlGzg="></latexit>

Diffusive 
regime: Ohm’s law with 

Drude conductivity (classical 
theory; screening) 



Transport in ultraclean materials

kBT/EF
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Phys. Rev. B 92, 165433 (2015); Phys. Rev. B 94, 155414 (2016); 
Phys. Rev. B 96, 195401 (2017); Phys. Rev. B 98, 241304(R) (2018);  

Science 351, 1055 (2016); Nature Phys. 13, 1182 (2017); 
Phys. Rev. Lett. 121, 236602 (2018); Science 364, 162 (2019); 

Phys. Rev. Lett. 123, 117203 (2019)

Hydrodynamic 
regime: Navier-
Stokes equation, 
dominant role of 
electron-electron 

interactions

J(r) = D2
⌫r2J(r) + �dcE(r)
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Ballistic regime: 
Landauer-Büttiker theory (single-

electron quantum mechanics) 

H = E 
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Diffusive 
regime: Ohm’s law with 

Drude conductivity (classical 
theory; screening) 



L. Wang et al., Science 342, 614 (2013) 
See also works by Manchester, MIT, Harvard, Zürich, Cambridge, Aachen, etc

Great sandwiches: hBN/G/hBN 



Great sandwiches: WSe2/G/hBN 
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Figure 2: Carrier mobility as a function of charge carrier density of three devices based on
WSe2/Gr/hBN (blue traces), and three reference devices based on hBN/Gr/hBN (black traces),
including data from Ref. (6) (labelled as R3). The gray-dashed line indicate our current un-
derstanding of the mobility limit set by electron-phonon (e-ph) scattering. This limit is well
established both in experiment (6, 15, 20–23) and theory (15, 16, 24–26), with uncertainties of
the order of 20% at most. The remaining traces indicate the range of carrier mobilities reported
in the literature (6) for high-performance III-V semiconductors and for silicon.
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Figure 1: Room-temperature transport in WSe2/Gr/hBN. a: Schematic illustration of a
WSe2/Gr/hBN heterostructure. b: False-color cross-sectional scanning transmission electron
microscopy image of one of our samples highlighting the excellent interface quality and the
layer spacing (see line profile plotted as inset). The scale bar is 1 nm. c: Optical-microscope
image of a dual-gated WSe2/Gr/hBN multi-terminal Hall-bar device with metallic top gate (de-
vice D1). d: Schematic cross section of the device. e: Room-temperature longitudinal con-
ductivity of device D1 and of a reference sample based on hBN/Gr/hBN (R1) as a function of
charge carrier density n. At high carrier density, the conductivity of device D1 is more than
three times higher than the one of the reference sample, going well beyond what is considered
the upper limit set by electron-phonon (e-ph) scattering to the conductivity of graphene at room
temperature (dashed line).
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Figure 1: Room-temperature transport in WSe2/Gr/hBN. a: Schematic illustration of a
WSe2/Gr/hBN heterostructure. b: False-color cross-sectional scanning transmission electron
microscopy image of one of our samples highlighting the excellent interface quality and the
layer spacing (see line profile plotted as inset). The scale bar is 1 nm. c: Optical-microscope
image of a dual-gated WSe2/Gr/hBN multi-terminal Hall-bar device with metallic top gate (de-
vice D1). d: Schematic cross section of the device. e: Room-temperature longitudinal con-
ductivity of device D1 and of a reference sample based on hBN/Gr/hBN (R1) as a function of
charge carrier density n. At high carrier density, the conductivity of device D1 is more than
three times higher than the one of the reference sample, going well beyond what is considered
the upper limit set by electron-phonon (e-ph) scattering to the conductivity of graphene at room
temperature (dashed line).
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L. Banszerus, T. Sohier, A. Epping, F. Winkler, F. Libisch, F. Haupt, K. Watanabe, T. Taniguchi,  
K. Müller-Caspary4, N. Marzari, F. Mauri, B. Beschoten, and C. Stampfer, arXiv:1909.09523

Crucial heterostructures for the 
observation of non-linear hydro phenomena,  
such as preturbulence and other instabilities 



How to observe hydro electron flow 
in these ultraclean materials  

(and also “old” ones such as GaAs*) 

*B.A. Braem, F.M.D. Pellegrino, A. Principi, M. Röösli, S. Hennel, J.V. Koski, M. Berl, W. Dietsche,  
W. Wegscheider, M. Polini, T. Ihn, and K. Ensslin, Phys. Rev. B 98, 241304(R) (2018)



The “vicinity” resistance geometry



Nonlocal transport: the “vicinity” resistance
I

I

VNL

VNL

12 3 4

1
2

3
4

SLG

BLG

I. Torre, A. Tomadin, A.K. Geim, and M. Polini, Phys. Rev. B 92, 165433 (2015)

r · J(r) = 0

J(r) = D2
⌫r2J(r)� �dcr�(r)

Solve the following steady-state equations: 

supplemented by boundary conditions:

RNL ⌘ VNL/I
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[@yJx(x, y) + @xJy(x, y)]y=±W/2 = ⌥Jx(x, y = ±W/2)
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Solution of the problem (I)
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For a translationally-invariant geometry, the problem can be solved by employing FTs:

One can recast the problem into a system of 4×4 first-order differential equations

@yw(kx, y) = M(kx)w(kx, y)
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The general solution can be therefore written as:
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Solution of the problem (II)
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Measurement of the vicinity resistance

The first sign change signals the crossover from the ballistic regime 
(governed by single-particle quantum mechanics) to an interaction-dominated 
regime and then the hydrodynamic regime (where the anomalous contribution 
to the potential dominates) 

The second sign change signals the crossover from the hydrodynamic regime 
to the ordinary diffusive regime governed by local Ohm’s law
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Kinematic viscosity

°3 °2 °1 0 1 2 3
0.00

0.05

0.10

0.15

0.20

n
[m

2 /
s]

SLG

T = 160 K
T = 220 K
T = 280 K

°2 °1 0 1 2
n [1012 cm°2]

0.00

0.05

0.10

0.15

0.20

n
[m

2 /
s]

BLG

T = 140 K
T = 190 K
T = 240 K

D. Bandurin, I. Torre, R.K. Kumar, M. Ben Shalom, A. Tomadin, A. Principi, G.H. Auton, E. Khestanova,  
K.S. Novoselov, I.V. Grigorieva, L.A. Ponomarenko, A.K. Geim, and M. Polini, Science 351, 1055 (2016)



Whirlpools or no whirlpools?

F.M.D. Pellegrino, I. Torre, A.K. Geim, and M. Polini, Phys. Rev. B 94, 155414 (2016)
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The “point contact” geometry



Super-flow through point contacts
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Magnons in ferromagnets behave as a viscous fluid over a length scale, the momentum-relaxation length,
below which momentum-conserving scattering processes dominate. We show theoretically that in this
hydrodynamic regime viscous effects lead to a sign change in the magnon chemical potential, which can be
detected as a sign change in the nonlocal resistance measured in spin transport experiments. This sign
change is observable when the injector-detector distance becomes comparable to the momentum-relaxation
length. Taking into account momentum- and spin-relaxation processes, we consider the quasiconservation
laws for momentum and spin in a magnon fluid. The resulting equations are solved for nonlocal spin
transport devices in which spin is injected and detected via metallic leads. Because of the finite viscosity we
also find a backflow of magnons close to the injector lead. Our work shows that nonlocal magnon spin
transport devices are an attractive platform to develop and study magnon-fluid dynamics.

DOI: 10.1103/PhysRevLett.123.117203

Introduction.—Hydrodynamics has been a universal
theme across physics [1–3] due to its universal applicabil-
ity, and because novel systems that warrant a hydrody-
namic description keep on emerging. Recent examples of
new hydrodynamic systems are strongly interacting cold-
atom systems and the quark-gluon plasma [4–7]. Very
recently, it has been shown that electrons in almost defect-
free solid-state conductors can reach the hydrodynamic
regime where the electrons collide more frequently among
each other than with phonons or impurities [8–11]. In this
regime, the electron viscosity becomes important and has
been shown to lead, for example, to superballistic charge
transport through point contacts [12,13], to the possibility
of measuring the Hall viscosity [14,15], and, in the case of
finite spin-orbit coupling, to large current-induced spin
densities [16].
The realization of viscous electron systems begs the

question of whether there may be other solid-state plat-
forms for fluid dynamics. Based on the work of Halperin
and Hohenberg [17], Reiter [18] and Michel and Schwabl
[19,20] answered this question affirmatively by theoreti-
cally proposing magnons, the quanta of spin waves in
ferromagnets, as the entities for making up this fluid. Very
recently, Prasai et al. [21] have revived this direction by
proposing that the observed enhancement of the magnon
heat conductivity in their experiment is due to hydro-
dynamic Poiseuille flow of magnons. Even more recently,
Rodriguez-Nieva et al. [22] have proposed to measure the
second sound mode of magnons using spin qubit magne-
tometers [23,24] as a probe of magnon hydrodynamics.

FIG. 1. Schematics of a nonlocal transport device for the
detection of viscous magnon flow. Two metallic leads of width
wl (depicted in green) are placed on top of a ferromagnetic
insulator and are separated by a distance d. The ferromagnetic
insulator has dimensions W × L in the x̂-ŷ plane, while the
system is translational invariant along ẑ. The left lead hosts a
spin accumulation (μs > 0) and injects spin into the ferromag-
netic insulator. The right lead is modeled as a spin sink
(μs ¼ 0) and acts as spin detector. Because of viscous effects,
the current has nonzero vorticity close to the injector, which
leads to local changes in the direction of the magnon current
(jm) and to sign changes in the magnon chemical potential
(μm). The streamlines of the magnon current are depicted with
black arrows, while the color code indicates the behavior of the
normalized variations of the magnon chemical potential
around its spatial average, i.e., ½μm − hμmi#=μmax

m . The main
panel shows the result for a viscous magnon fluid (Dν ∼W)
while the inset shows the result for the diffusive regime
(Dν → 0). The change of sign of the spin current injected
into the detector provides evidence for the existence of a
viscous magnon fluid.
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Abstract
Weconsider spin–vorticity coupling—the generation of spin polarization by vorticity—in viscous
two-dimensional electron systemswith spin–orbit coupling.We first derive hydrodynamic equations
for spin andmomentumdensities inwhich theirmutual coupling is determined by the rotational
viscosity.We then calculate the rotational viscositymicroscopically in the limits of weak and strong
spin–orbit coupling.We provide estimates that show that the spin–orbit coupling achieved in recent
experiments is strong enough for the spin–vorticity coupling to be observed. On the one hand, this
coupling provides away to image viscous electron flows by imaging spin densities. On the other hand,
we show that the spin polarization generated by spin–vorticity coupling in the hydrodynamic regime
can, in principle, bemuch larger than that generated, e.g. by the spinHall effect, in the diffusive
regime.

1. Introduction

Thefield of spintronics is concernedwith electric control of spin currents [1]. For the description of
experimentally relevant systems it has, until very recently, been sufficient to consider their coupled spin-charge
dynamics in the diffusive regimewhere the time scale for electronmomentum scattering is fast compared to
other time scales. The celebratedValet–Fert theory for electron spin transport inmagneticmultilayers [2] and
theDyakonov–Perel drift-diffusion theory for spin generation by the spinHall effect [3], for example, fall within
this paradigm.

Very recent experimental developments have brought about solid-state systems, such as ultra-clean
encapsulated graphene, inwhich themomentum scattering time can bemuch longer than the time scale for
electron–electron interactions [4–7]. In this so-called hydrodynamic regime, the electronmomentumneeds to
be included as a hydrodynamic variable and the viscosity of the electron system cannot be neglected [8–17]. The
finite electron viscosity leads to several physical consequences, such as a negative nonlocal resistance [4] and
super-ballistic transport through point contacts (PCs) [7, 18]. These developments have spurred on a great deal
of research, including proposals formeasuring theHall viscosity [19–21] and connections to strong-coupling
predictions from string theory [22].

In a very different physical system, liquidHg, spin-hydrodynamic generation, i.e.the generation of voltages
fromvorticity, was recently experimentally observed. [23]. Spin-hydrodynamic generation is believed to be a
consequence of spin–vorticity coupling. Phenomenological theories of spin–vorticity couplingwere developed
early on [24] and have been applied tofluids consisting of particles with internal angularmomentum such as
ferrofluids [25], molecular nanofluids [26], and nematic liquid crystals [27]. In these phenomenological
theories, the coupling between orbital angularmomentum, i.e.vorticity of thefluid, and internal angular is
governed by a dissipative coefficient, the so-called ‘rotational viscosity’. This type of viscosity has been estimated
microscopically for classical systems (see e.g. [27]) andHg [23], but not for viscous electrons in a crystal.

Motivated by the recent realization of solid-state systems hosting viscous electron fluids, we develop in this
Letter the theory for spin–vorticity coupling in such systems.We derive the phenomenological equations
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Viscous Hall effect*
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2D viscous stress tensor

where the rank-4 tensor introduced above is given by

See e.g. B. Bradlyn, M. Goldstein, and N. Read, Phys. Rev. B 86, 245309 (2012)
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Navier-Stokes-Lorentz Eq (I)
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We start from the Navier-Stokes equation in the presence of a magnetic field:

Using the previous expression for the viscous stress tensor and introducing the 
electrochemical potential, we finally get:

which, as usual, needs to be solved together with the continuity equation and 
suitable BCs (such as no-slip, free surface, or interpolations between the two) on 
the components of the current orthogonal and tangential to the device boundary

F.M.D. Pellegrino, I. Torre, and M. Polini, Phys. Rev. B 96, 195401 (2017)
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F.M.D. Pellegrino, I. Torre, and M. Polini, Phys. Rev. B 96, 195401 (2017)

Solutions can be found for both free-surface and no-slip BCs, and devices of finite 
geometry such as Hall bars with finite width.  

The solution for a single injector into a half space with no-slip BCs is however 
enlightening:

Navier-Stokes-Lorentz Eq (II)
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Navier-Stokes-Lorentz Eq (III)

stemming from thermal excitations and charge
inhomogeneity, we carried out experiments
away from the charge neutrality point, at n
of the order of 1012 cm−2. Last, we used small
I ≤ 1 mA so as to stay in the linear response
regime and avoid nonlinear effects, including
electron heating (2, 6).
Examples of Rv(n) in the hydrodynamic re-

gime are shown in Fig. 1F for one of our MLG
devices. In agreement with the previous studies
(6, 7), Rv in zero B is negative for all n away
from the charge neutrality and is practically
symmetric for electron and hole doping (pos-
itive and negative n, respectively). The small
positive field of 20 mT shifts the Rv curves in

opposite directions for electrons and holes, as
indicated by the green arrows in Fig. 1F. The
shifts are opposite for negative B. This behavior
implies a contribution that is antisymmetric
with respect to B and n, similar to the ordinary
HE. However, the latter cannot possibly explain
the observed shifts because in the vicinity,
geometry voltage probes are placed on the
same side of the current path, which cancels
the ordinary HE contribution to the measured
voltages. A formal proof of this can be found in
(16). Experimentally, we have also checked that
there is no ordinary HE contribution for the
vicinity geometry by using similar graphene
devices but exhibiting low mobility (fig. S2, D

to F). Furthermore, it is important to compare
the sign of the Rv changes induced by B with
the sign of the ordinary HE. To keep the same
sign convention for B and n, it is instructive to
measure the local Hall resistance R35,12 (Fig. 1E
and fig. S6) instead of using the standard Hall
geometry. In this case, we used contact 5 instead
of 4 and kept all the other contacts same as in
the Rv measurements. This swap placed the volt-
age probes at the opposite sides of the current
path, which gave rise to the voltage drop VH

owing to the ordinary HE. The antisymmetric-
in-B part of R35,12 (to avoid a contribution from
longitudinal resistivity) is plotted in Fig. 1F
(dashed lines). It shows that the ordinary HE
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Fig. 1. Effect of magnetic field on
viscous electron flow. (A and B) Electric
potential distribution f(r) expected in
graphene’s electron fluid near a current
injector in zero B and 50 mT, respectively.
The calculations were based on equations
C15 and C16 of (16) by using characteristic
zero-field viscosity n0 = 0.1 m2/s, found
in our experiments; n = 2 × 1012 cm−2; and
t = 2 ps. Solid curves indicate equipotentials.
(C) Contribution from the ordinary
HE toward the map in (B). (D) Contribution
that comes from nH. Color scale in (A) to
(D) is dark blue to dark red and reflects
–2.5 to +2.5 of the potential induced by the
ordinary HE in (C). (E) Optical micrograph
of one of our devices, along with the schematic
of the vicinity geometry from which Rv is
obtained. (F) Examples of the vicinity resistance
for different B (solid curves); L ≈ 1 mm.
Dashed lines indicate Local Hall resistance
measured by using voltage probes 3 and 5 close
to the current injector (22).

Fig. 2. Viscous Hall effect. (A) RA(B) for one
of our MLG devices at L ≈ 1 mm for three
different temperatures. (B) The dimensionless
viscous coefficient aVH(T) (symbols).
Reproducibility is provided in fig. S2C.
(C) aVH(L) found for five different devices
indicated with different symbols, whereas the
color refers to MLG and BLG. n = 2 × 1012 cm−2

for (A) to (C), which corresponds to the
Fermi energy of ~165 and ~70 meV for MLG
and BLG, respectively. Dashed lines in (C)
indicate dependences from Eq. 2 with no fitting
parameters; s0(T) is determined as described
in (22), section 1, and n0(T) is taken from
experiment (6). (D and E) Maps of jaVHj in MLG
and BLG devices for L ≈ 1.5 mm and 0.7 mm,
respectively; B = 40 mT. Shaded areas
indicate omitted analysis because the cyclotron
diameter becomes comparable with the
device width (23).
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For experimental convenience, in order to extract the Hall viscosity we introduce 
the viscous Hall resistance:

RA(x) ⌘
RV(x,�B)�RV(x,B)

2

= ⇢0
⌫H
⌫

D⌫

2x


L1

✓
|x|
D⌫

◆
� I1

✓
|x|
D⌫

◆�

<latexit sha1_base64="6MhqPk2TXVkBB1iMw6Wwjceoug0="></latexit>



Measuring the Hall viscosity

A. I. Berdyugin, S. G. Xu, F. M. D. Pellegrino, R. Krishna Kumar, A. Principi, I. Torre, M. Ben Shalom  
T. Taniguchi, K. Watanabe, I. V. Grigorieva, M. Polini, A. K. Geim, and D.A. Bandurin, 

Science 364, 162 (2019)

stemming from thermal excitations and charge
inhomogeneity, we carried out experiments
away from the charge neutrality point, at n
of the order of 1012 cm−2. Last, we used small
I ≤ 1 mA so as to stay in the linear response
regime and avoid nonlinear effects, including
electron heating (2, 6).
Examples of Rv(n) in the hydrodynamic re-

gime are shown in Fig. 1F for one of our MLG
devices. In agreement with the previous studies
(6, 7), Rv in zero B is negative for all n away
from the charge neutrality and is practically
symmetric for electron and hole doping (pos-
itive and negative n, respectively). The small
positive field of 20 mT shifts the Rv curves in

opposite directions for electrons and holes, as
indicated by the green arrows in Fig. 1F. The
shifts are opposite for negative B. This behavior
implies a contribution that is antisymmetric
with respect to B and n, similar to the ordinary
HE. However, the latter cannot possibly explain
the observed shifts because in the vicinity,
geometry voltage probes are placed on the
same side of the current path, which cancels
the ordinary HE contribution to the measured
voltages. A formal proof of this can be found in
(16). Experimentally, we have also checked that
there is no ordinary HE contribution for the
vicinity geometry by using similar graphene
devices but exhibiting low mobility (fig. S2, D

to F). Furthermore, it is important to compare
the sign of the Rv changes induced by B with
the sign of the ordinary HE. To keep the same
sign convention for B and n, it is instructive to
measure the local Hall resistance R35,12 (Fig. 1E
and fig. S6) instead of using the standard Hall
geometry. In this case, we used contact 5 instead
of 4 and kept all the other contacts same as in
the Rv measurements. This swap placed the volt-
age probes at the opposite sides of the current
path, which gave rise to the voltage drop VH

owing to the ordinary HE. The antisymmetric-
in-B part of R35,12 (to avoid a contribution from
longitudinal resistivity) is plotted in Fig. 1F
(dashed lines). It shows that the ordinary HE
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Fig. 1. Effect of magnetic field on
viscous electron flow. (A and B) Electric
potential distribution f(r) expected in
graphene’s electron fluid near a current
injector in zero B and 50 mT, respectively.
The calculations were based on equations
C15 and C16 of (16) by using characteristic
zero-field viscosity n0 = 0.1 m2/s, found
in our experiments; n = 2 × 1012 cm−2; and
t = 2 ps. Solid curves indicate equipotentials.
(C) Contribution from the ordinary
HE toward the map in (B). (D) Contribution
that comes from nH. Color scale in (A) to
(D) is dark blue to dark red and reflects
–2.5 to +2.5 of the potential induced by the
ordinary HE in (C). (E) Optical micrograph
of one of our devices, along with the schematic
of the vicinity geometry from which Rv is
obtained. (F) Examples of the vicinity resistance
for different B (solid curves); L ≈ 1 mm.
Dashed lines indicate Local Hall resistance
measured by using voltage probes 3 and 5 close
to the current injector (22).

Fig. 2. Viscous Hall effect. (A) RA(B) for one
of our MLG devices at L ≈ 1 mm for three
different temperatures. (B) The dimensionless
viscous coefficient aVH(T) (symbols).
Reproducibility is provided in fig. S2C.
(C) aVH(L) found for five different devices
indicated with different symbols, whereas the
color refers to MLG and BLG. n = 2 × 1012 cm−2

for (A) to (C), which corresponds to the
Fermi energy of ~165 and ~70 meV for MLG
and BLG, respectively. Dashed lines in (C)
indicate dependences from Eq. 2 with no fitting
parameters; s0(T) is determined as described
in (22), section 1, and n0(T) is taken from
experiment (6). (D and E) Maps of jaVHj in MLG
and BLG devices for L ≈ 1.5 mm and 0.7 mm,
respectively; B = 40 mT. Shaded areas
indicate omitted analysis because the cyclotron
diameter becomes comparable with the
device width (23).
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stemming from thermal excitations and charge
inhomogeneity, we carried out experiments
away from the charge neutrality point, at n
of the order of 1012 cm−2. Last, we used small
I ≤ 1 mA so as to stay in the linear response
regime and avoid nonlinear effects, including
electron heating (2, 6).
Examples of Rv(n) in the hydrodynamic re-

gime are shown in Fig. 1F for one of our MLG
devices. In agreement with the previous studies
(6, 7), Rv in zero B is negative for all n away
from the charge neutrality and is practically
symmetric for electron and hole doping (pos-
itive and negative n, respectively). The small
positive field of 20 mT shifts the Rv curves in

opposite directions for electrons and holes, as
indicated by the green arrows in Fig. 1F. The
shifts are opposite for negative B. This behavior
implies a contribution that is antisymmetric
with respect to B and n, similar to the ordinary
HE. However, the latter cannot possibly explain
the observed shifts because in the vicinity,
geometry voltage probes are placed on the
same side of the current path, which cancels
the ordinary HE contribution to the measured
voltages. A formal proof of this can be found in
(16). Experimentally, we have also checked that
there is no ordinary HE contribution for the
vicinity geometry by using similar graphene
devices but exhibiting low mobility (fig. S2, D

to F). Furthermore, it is important to compare
the sign of the Rv changes induced by B with
the sign of the ordinary HE. To keep the same
sign convention for B and n, it is instructive to
measure the local Hall resistance R35,12 (Fig. 1E
and fig. S6) instead of using the standard Hall
geometry. In this case, we used contact 5 instead
of 4 and kept all the other contacts same as in
the Rv measurements. This swap placed the volt-
age probes at the opposite sides of the current
path, which gave rise to the voltage drop VH

owing to the ordinary HE. The antisymmetric-
in-B part of R35,12 (to avoid a contribution from
longitudinal resistivity) is plotted in Fig. 1F
(dashed lines). It shows that the ordinary HE
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Fig. 1. Effect of magnetic field on
viscous electron flow. (A and B) Electric
potential distribution f(r) expected in
graphene’s electron fluid near a current
injector in zero B and 50 mT, respectively.
The calculations were based on equations
C15 and C16 of (16) by using characteristic
zero-field viscosity n0 = 0.1 m2/s, found
in our experiments; n = 2 × 1012 cm−2; and
t = 2 ps. Solid curves indicate equipotentials.
(C) Contribution from the ordinary
HE toward the map in (B). (D) Contribution
that comes from nH. Color scale in (A) to
(D) is dark blue to dark red and reflects
–2.5 to +2.5 of the potential induced by the
ordinary HE in (C). (E) Optical micrograph
of one of our devices, along with the schematic
of the vicinity geometry from which Rv is
obtained. (F) Examples of the vicinity resistance
for different B (solid curves); L ≈ 1 mm.
Dashed lines indicate Local Hall resistance
measured by using voltage probes 3 and 5 close
to the current injector (22).

Fig. 2. Viscous Hall effect. (A) RA(B) for one
of our MLG devices at L ≈ 1 mm for three
different temperatures. (B) The dimensionless
viscous coefficient aVH(T) (symbols).
Reproducibility is provided in fig. S2C.
(C) aVH(L) found for five different devices
indicated with different symbols, whereas the
color refers to MLG and BLG. n = 2 × 1012 cm−2

for (A) to (C), which corresponds to the
Fermi energy of ~165 and ~70 meV for MLG
and BLG, respectively. Dashed lines in (C)
indicate dependences from Eq. 2 with no fitting
parameters; s0(T) is determined as described
in (22), section 1, and n0(T) is taken from
experiment (6). (D and E) Maps of jaVHj in MLG
and BLG devices for L ≈ 1.5 mm and 0.7 mm,
respectively; B = 40 mT. Shaded areas
indicate omitted analysis because the cyclotron
diameter becomes comparable with the
device width (23).
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stemming from thermal excitations and charge
inhomogeneity, we carried out experiments
away from the charge neutrality point, at n
of the order of 1012 cm−2. Last, we used small
I ≤ 1 mA so as to stay in the linear response
regime and avoid nonlinear effects, including
electron heating (2, 6).
Examples of Rv(n) in the hydrodynamic re-

gime are shown in Fig. 1F for one of our MLG
devices. In agreement with the previous studies
(6, 7), Rv in zero B is negative for all n away
from the charge neutrality and is practically
symmetric for electron and hole doping (pos-
itive and negative n, respectively). The small
positive field of 20 mT shifts the Rv curves in

opposite directions for electrons and holes, as
indicated by the green arrows in Fig. 1F. The
shifts are opposite for negative B. This behavior
implies a contribution that is antisymmetric
with respect to B and n, similar to the ordinary
HE. However, the latter cannot possibly explain
the observed shifts because in the vicinity,
geometry voltage probes are placed on the
same side of the current path, which cancels
the ordinary HE contribution to the measured
voltages. A formal proof of this can be found in
(16). Experimentally, we have also checked that
there is no ordinary HE contribution for the
vicinity geometry by using similar graphene
devices but exhibiting low mobility (fig. S2, D

to F). Furthermore, it is important to compare
the sign of the Rv changes induced by B with
the sign of the ordinary HE. To keep the same
sign convention for B and n, it is instructive to
measure the local Hall resistance R35,12 (Fig. 1E
and fig. S6) instead of using the standard Hall
geometry. In this case, we used contact 5 instead
of 4 and kept all the other contacts same as in
the Rv measurements. This swap placed the volt-
age probes at the opposite sides of the current
path, which gave rise to the voltage drop VH

owing to the ordinary HE. The antisymmetric-
in-B part of R35,12 (to avoid a contribution from
longitudinal resistivity) is plotted in Fig. 1F
(dashed lines). It shows that the ordinary HE
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Fig. 1. Effect of magnetic field on
viscous electron flow. (A and B) Electric
potential distribution f(r) expected in
graphene’s electron fluid near a current
injector in zero B and 50 mT, respectively.
The calculations were based on equations
C15 and C16 of (16) by using characteristic
zero-field viscosity n0 = 0.1 m2/s, found
in our experiments; n = 2 × 1012 cm−2; and
t = 2 ps. Solid curves indicate equipotentials.
(C) Contribution from the ordinary
HE toward the map in (B). (D) Contribution
that comes from nH. Color scale in (A) to
(D) is dark blue to dark red and reflects
–2.5 to +2.5 of the potential induced by the
ordinary HE in (C). (E) Optical micrograph
of one of our devices, along with the schematic
of the vicinity geometry from which Rv is
obtained. (F) Examples of the vicinity resistance
for different B (solid curves); L ≈ 1 mm.
Dashed lines indicate Local Hall resistance
measured by using voltage probes 3 and 5 close
to the current injector (22).

Fig. 2. Viscous Hall effect. (A) RA(B) for one
of our MLG devices at L ≈ 1 mm for three
different temperatures. (B) The dimensionless
viscous coefficient aVH(T) (symbols).
Reproducibility is provided in fig. S2C.
(C) aVH(L) found for five different devices
indicated with different symbols, whereas the
color refers to MLG and BLG. n = 2 × 1012 cm−2

for (A) to (C), which corresponds to the
Fermi energy of ~165 and ~70 meV for MLG
and BLG, respectively. Dashed lines in (C)
indicate dependences from Eq. 2 with no fitting
parameters; s0(T) is determined as described
in (22), section 1, and n0(T) is taken from
experiment (6). (D and E) Maps of jaVHj in MLG
and BLG devices for L ≈ 1.5 mm and 0.7 mm,
respectively; B = 40 mT. Shaded areas
indicate omitted analysis because the cyclotron
diameter becomes comparable with the
device width (23).
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Measuring the Hall viscosity
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induces f of the opposite polarity with respect
to those causing the B shifts in Rv. Indeed, the
vicinity curve in Fig. 1F is shifted, for example,
upward for hole doping and positive B, whereas
the ordinary HE would shift it downward [(22),
section 6]. This behavior agrees well with the
opposite signs of the contributions expected
from VH and nH toward Rv, as shown in theo-
retical Fig. 1, C and D.
For further analysis, we define the Hall (odd)

component of the vicinity resistance as RA(B) =
[Rv(B) – Rv(–B)]/2. The antisymmetrization re-
moves the contributions that are symmetric
in B and caused by the longitudinal viscosity
n and the Ohmic flow (6, 16). Examples of
the RA(B) curves for MLG and BLG devices are
shown in Fig. 2A and fig. S3A, respectively.
Within the ranges of T and B used in our
experiment, the dependences are linear in B
for all the studied devices and for all L. By
analogy with the conventional Hall coefficient,
where aH = RHne/B ≡ 1, it is instructive to
introduce the viscous Hall coefficient, aVH =
RAne/B (22). In this form, the antisymmetric
contribution RA is effectively normalized by
the ordinary HE, which provides a sense of
the magnitude for the observed viscous effects.
Shown in Fig. 2B is the T dependence of

aVH obtained by using data such as those in
Fig. 2A. Above 100 K, at which the hydrodynamic
regime becomes fully developed (6, 7, 10, 12),
the viscous contribution reaches 20% of the
ordinary HE and has the opposite sign (Fig. 2B).
jaVHj decreases with increasing T and eventually
disappears below noise above room T. This T
dependence was found to be universal for all
the studied devices (fig. S2C). The observed be-

havior is detailed in Fig. 2, D and E, by plotting
aVH(T, n) for MLG and BLG. The maps are
somewhat different because of different vis-
cosities of the two graphene systems (6, 10, 11)
but show similar trends as functions of n and
T. We have also studied how aVH depends on L
and found that it decreases with increasing L,
practically disappearing if the voltage probe is
placed further than ~2 mm from the current-
injecting contact (Fig. 2C). The latter highlights
the importance of the vicinity geometry to de-
tect viscous effects.
The anomalous viscous contribution to the

HE, which is found by using the vicinity ge-
ometry, is fully consistent with our measure-
ments of a local Hall resistance [(22), section
6]. To this end, we again used voltage contacts
close to the current injector (for example, using
R35,16) and compared those measurements with
the standard HE geometry (R42,16 ≡ R16,42). The
latter exhibited the ordinary HE with aH = 1, as
expected. By contrast, the local Hall resistance
was notably suppressed in the hydrodynamic
regime (fig. S6) and agreed quantitatively with
the behavior of aVH reported above.
Here, we turn to theory. In the linear-response

and steady-state regimes, 2D viscous transport in
the presence of a perpendicular field B (in the z di-
rection) is described by the Navier-Stokes equation

s0
ne

∇fðrÞ ¼ ð1$ D2
n∇

2ÞvðrÞ þ

wctð1þ D2
H∇

2Þv ðrÞ & ẑ ð1Þ

in conjunction with the continuity equation
and no-slip boundary conditions (16, 22). Here,

v(r) is the local fluid velocity, wc = eB/m is the
cyclotron frequency for electrons with the ef-
fective mass m, s0 = ne2t/m is the Drude con-
ductivity, and t is the transport time with respect
to momentum-nonconserving collisions, such
as scattering on phonons. The right-hand side of
Eq. 1 contains two terms. The first describes the
electric current and viscous friction param-
eterized through the diffusion constant, Dn ¼ffiffiffiffiffi
nt

p
. The second term arises from the Lorentz

force FL = –(wcm)v(r) × ẑ and its viscous count-
erpart that depends on nH and is parameter-
ized through another diffusion constant, DH ¼ffiffiffiffiffiffiffiffiffiffiffiffiffi

nH=wc

p
. The Hall friction acts againstFL, which

also means that nH does not perform any work
on the electron fluid and, therefore, is a dissipa-
tionless coefficient.
For the half-plane geometry (fair approxima-

tion for our devices) and close to the injection
point, the above equation can be solved an-
alytically (16), yielding f(r) shown in Fig. 1,
A to D (examples of the potential and current
maps calculated taking into account the finite de-
vice width are provided in fig. S4). The Hall con-
tribution to the vicinity resistance can be written as

RA ¼ $s0$1x
L
Dn

" #
nH
n

ð2Þ

where x(x) = [L1(x) – I1(x)]/2x, and L1(x) and I1(x)
are the modified Struve and Bessel functions,
respectively (16). The function x(L/Dn) decreases
monotonically with increasing L, behaving as
Dn/pL for L≫Dn. The L dependence expected for
our devices by using Eq. 2 is plotted in Fig. 2C,
showing reasonable agreement with the exper-
iment (especially in terms of the absolute values),
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Fig. 3. Hall viscosity in graphene.
(A) Examples of nH extracted by using
data from Fig. 2A. (B) nH/B as
a function of T. (C) Zero-field viscosity
n0 extracted from our RA(B) measurements
(green). Solid curve indicates theory
(11). Purple symbols indicate previous
experiments (8). For (A) to (C), MLG at
n = 2 × 1012 cm−2. No fitting parameters
were used for the theory curve in (C).
Error bars in (B) and (C) represent the
scatter for measurements by using
different L. The notable increase of the
error below 150 K indicates that the
electron system starts exiting
the hydrodynamic regime (7, 12).
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Take-home  messages

- Vicinity and point-contact geometries have enabled the observation of viscous 
phenomena in graphene; they maybe soon observed in “old” systems including 
graphite, bismuth, etc. but also strongly correlated and topological materials and, 
maybe, even “strange metals” such as high-temperature superconductors in the 
normal state, which are expected to be (minimally) viscous  

- The Hall viscosity has also been measured in the semiclassical regime; it is 
certainly very interesting to think about (possibly all-electrical) protocols to 
measure it in the quantum Hall regime 

- Particularly enticing is to extend the existing hydrodynamic studies into the 
regime where nonlinear terms in the Navier-Stokes equation could no longer be 
ignored. The observation of preturbulence, for example, requires materials with 
smaller ν and longer τ as compared to the 2DESs studied so far



Thank you for your attention!


