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Discrete geometry and singularities

Loop quantum cosmology provides difference equations for
wave functions on superspaces.

—— Repulsion experienced by wave packets. Avoids singularity
If bounce occurs; effective picture of geometry valid, but
dynamics non-classical.
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Discrete geometry and singularities

Loop quantum cosmology provides difference equations for
wave functions on superspaces.

—— Repulsion experienced by wave packets. Avoids singularity
If bounce occurs; effective picture of geometry valid, but
dynamics non-classical. Or,

— States enter deep quantum regime. More general, but rarely
geometrically intuitive. Well-posed recurrence scheme even
around classically singular geometries (e.g. V' = 0 in isotropy).

Several examples known in different models. For extension to
more general situations, appeal to BKL difficult: Bounces avoid
asymptotic regime; structure of difference equations on
superspace different from Einstein’s equation.

Plan: (i) Origin of difference equations.
(i) Solvable bounce model and effective equations.
(i) Difference equations and space-like singularities.
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Isotropy, spatially flat

Connection A° = ¢d°, densitized triad E¢ = pd?; conjugate pair
(¢, p) with |p| = $a? (sgn(p): orientation), ¢ = Z~a.
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Isotropy, spatially flat

Connection A° = ¢d°, densitized triad E¢ = pd?; conjugate pair
(¢, p) with |p| = $a? (sgn(p): orientation), ¢ = Z~a. i

Holonomies along symmetry
generators:
he = Pexp/Ai T, e4dt
e ) ali @
1 p ~ i - 71 p~
= cos(3 [¢) + 2m;€"sin(5 [ €) T AN
e = \ EF
Basic lattice states v/ |
S
({por}) = ]| expGitwr [0
v, 1 N

with edge labels p, ; € Z. 2
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Exact isotropy

Orthonormal states {(c|u) = /2, = > u, 1 and basic

Operators
e 2|y = |uty)
plpy = vlpulw)
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Exact isotropy

Orthonormal states {(c|u) = /2, = > u, 1 and basic
operators

—

el )

u+p)
plpy = vlpulw)

from p = —LimyG .

Operator algebra follows from full holonomy-flux algebra:
suitable lattice operators preserve distributional states
supported only on isotropic connections.

Unigue representation in full theory distinguishes representation
of reduced models, inequivalent to Wheeler—DeWitt
representation.

A

(etr'c/2 not weakly continuous in p/; p with discrete spectrum.)
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| v
Hamiltonian constraint

1 3 i EFE
C[N] = 167‘("}/G/Zd xN (E’iija,b ]detE|

= 2(1+77)(4] - T9) (4] ~

Requires inverse determinant, from relation

{AZ, / V| det E\ngc} — 21vGeTR e e

b rc
ELES

V| det E|
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| v
Hamiltonian constraint

1 3 i EPEy
C[N] = 167‘("}/G/Zd xN (E’iija,b ]detE|

= 2(1+~7%)(4; - T

a

. . [a 1b]
(AJ L FJ) L Ej
b b \/|det E|
Requires inverse determinant,from relation
b e
E}E;

{Az"/ JTdet ]

For curvature: s¢s$F' 7, = A7 (he — 1) + O(A) W

S1

\ngc} — 21vGeTR e e
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Hamiltonian constraint

= 2(1+97%)(4,,

Requires inverse determj

ForCurvature: s¢sbF' 7, = A~ (hy —

trinsic curvature;:
K’L

1 |
d&PzN | € F!
167T’}/G/2 . (6 Ik~ ab

—T4)(A4] ~

| det E\ngc} — 21vGeTR e e

AT o {Az,{ Bari

18518,

nt, from relation

| det E|

Ele gt

Ly )\/|det3E|

b rc
B

1)+ O(A)

zyk aEb

V| det E|

V| det E|

—

S2

)

S1

)
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“Reduced” Hamiltonian constraint

Schematically: 3>, 3, x €17xtr(ha,  hi[het, V1),

0
8tyGh

= _GIJK{[(CU,Icv—l—J,I+SU,ISU+J,I)CU,JCU+I,J+(CU,ICU+J,I_Sv,ISU+J,I)SU,JSU+I,J]AU,K}

tr( P, rho, th_|_] v, i, [hv 1 Vo))

2 A
+€IJK{[(C’U,IS’U—f—J,I_S’U,IC’U—f—J,I)S’U,JC’U—I—I,J+(SU,ICU+J,I+CU,ISU+J,I)C’U,JS’U—f—I,J]B’U,K}

) A A A
where Av K = Tt (V CU,KVUC%K — S’U,KV’US’U,K) and
v+2
. . . .
Bv K - 471-@7(;5 (S’U,KV’UC’U,K — C’U,KV’US’U,K) hviz,l
using ¢, ; and s, ; for cosines and sines. |
-1
hy2 P
2
h ) v+l
v,
1
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“Reduced” Hamiltonian constraint

Schematically: 3>, 3, x €17xtr(ha,  hi[het, V1),

0
8tyGh

= _GIJK{[(CU,ICU+J,I+SU,ISU+J,I)CU,JCU+I,J+(CU,ICU+J,I_SU,ISU+J,I)SU,JSU+I,J]A’U,K}

tr( P, rho, th_|_J v, i, [hv 1 Vo))

2 A
+€IJK{[(C’U,IS’U—f—J,I_SU,ICU+J,I)S’U,JC’U—I—I,J+(SU,ICU+J,I+CU,IS’U+J,I)C’U,JSU+I,J]BU,K}

1 " x "
where Av K ‘= ZrinGh (V CU,KVUC%K — S’U,KV’US’U,K) and

V+2
. . X .
Bv K - 471-@7(;5 (S’U,KV’UC’U,K _ C’U,KV’US’U,K) hviz,l
using ¢, ; and s, ; for cosines and sines. |
hy thas
Exact isotropy: gravitational constraint 5
C o< —63sin?(dc)B — —*\ P+ = Vil

edge length 6, thus A o< 62 vertices.

1
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Difference equation

Action:
A 3
Ol =
2 167 G332 (

Virs — Vies) ([ + 46) — 2|p) + | — 46))

Operator equation (C + Hmatter)|?) = 0 to be solved for states
) = >, ¥Yu(9)|n) where 1, (¢) represents the state in the triad

representation.
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Difference equation

Action:
A 3
Ol =
2 167 G332 (

Virs — Vies) ([ + 46) — 2|p) + | — 46))

Operator equation (C + Hmatter)|?) = 0 to be solved for states
) = Do V(@) ) where ¢, (¢) represents the state in the triad
representation.

Results in difference equation for ,(¢):

(Vitss — Viur3s)Vpuras(P) — 2(Vias — Vus)bu(9)
+(Vu—35 — Vu—55>¢u—45(€b) — _%WG5373€1%ﬁmatter(ﬂ>¢ﬂ(¢>

with volume eigenvalues V,, = (v£3|u|/6)3/2.

A

H . aiter fully quantized, including metric coefficients, e.g.

A

Hy = —51i%|p|=3/20% /0¢* + [p>/*W (¢)-
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Matter Hamiltonian

Hy = §Ip|=/?p3 + |p[*/*W () contains p~!, but  has discrete
spectrum containing zero: no densely defined inverse.
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Matter Hamiltonian

Hy = 5|p|=3/2p3 + p|*/*W (¢) contains p~*, but p has discrete
spectrum containing zero: no densely defined inverse.

Classical |p|=3/2? can be rewritten in form suitable for
guantization,

3 6
_ 1 _
sgn(p)|p| /% = (m e > tr(rrhr{h; !, |p3/4})>
I=1

using only positive powers of p and “holonomies” h; = €.
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Matter Hamiltonian

Hy = 5|p|=3/2p3 + p|*/*W (¢) contains p~*, but p has discrete
spectrum containing zero: no densely defined inverse.

Classical |p|=3/% can be rewritten in form suitable for
guantization,

3 6
_ 1 _
sgn(p)|p| /% = (m e > tr(rrhr{h; !, |p3/4})>
I=1

using only positive powers of p and “holonomies” h; = €.

Eigenvalues

_— A 6
s 2), = (5ogz (pussl’ = sl
P

finite, vanish at . = 0.
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Properties

— ¢, (¢) replaces ¥ (a, ¢) in Wheeler-DeWitt quantization;
Wheeler—DeWitt equation is good approximation when ,,(¢)
does not vary strongly on small scales . £ 46.
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Properties

— 1,,(¢) replaces ¢ (a, ¢) in Wheeler—DeWitt quantization;
Wheeler—DeWitt equation is good approximation when ,,(¢)
does not vary strongly on small scales . £ 46.

— Wave function defined for positive and negative 1. sign
corresponds to orientation of triad. Classical singularity ;2 = 0 In
Interior, rather than boundary, of minisuperspace. Extension of
Hilbert space provided. Wave function uniquely extended from
one side to the other: non-singular in internal time .
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Properties

— 1,,(¢) replaces ¢ (a, ¢) in Wheeler—DeWitt quantization;
Wheeler—DeWitt equation is good approximation when ,,(¢)
does not vary strongly on small scales . £ 46.

— Wave function defined for positive and negative 1. sign
corresponds to orientation of triad. Classical singularity ¢ = 0 In
Interior, rather than boundary, of minisuperspace. Extension of
Hilbert space provided. Wave function uniguely extended from
one side to the other: non-singular in internal time .

—— Two sides provided by basic variables (densitized triad);
extendability consequence of Hamiltonian constraint. Would
have been singular in other ordering choices.

Scenario testable in more complicated models: e.g. Kasner
where one metric component diverges at the classical
singularity; more complicated difference equations in less
symmetric models.
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Solvable model

Consider a free, massless scalar in a flat isotropic geometry:

Hy = 1h2|p\ 320 For large p, ignoring |p|—3/2 # “|p|=3/2";

— 2

== M(p’ ¢) o (sin(c)p) P(p, ¢) =: H*¢(p, ¢)

(ordering to be specified).
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Solvable model

Consider a free, massless scalar in a flat isotropic geometry:

Ay = —L112|p|-3/: 320 For large p, ignoring |p|—3/2 # “|p|=3/2";

— 2

&%wwwo x (sin(c)p) ¥ (p, ) =: H*4(p, )

(ordering to be specified).

Solve for 0¢/0¢, use ¢ = t as internal time:

e e

it = Hep = |(sin(c)p)|v = 3[i(J — )|y with J := pexp(ic).

Hamiltonian linear except for norm, linear algebra (sl(2, R)) with
basic operators:

A

p,J=nt , [pJ=—-ntt , [J,JN=—2np— A
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Equations of motion

Look at states for which AH < (H) (conserved); ignore norm of
H= (J J1). Equations of motion for expectation values
d<ﬁ> 1 A T 1 T T\ *
M H)) = -1
d(J) _ 1e oo d(J)"
v = gL HD=—3() +h) = —o
and fluctuations
: 1 d 7
/— H 2PN —(p) = —P) — p/
G = ([p*, H]) — 2(p) = (p) = —-G™ = G
Gl = —ogP |, QYU = oGP
vl — _Loar _Laai _ ow vl — _Laii _Lair o
2 2 ’ 2 2
GJJ _ _GpJ Gpj
where GAB = L(AB + BA) — (A)(B), and higher moments.
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Solution

BY(t) = L(cre™ +cael) —Lh . (I)(t) = L(cre™t — coet) +iH

to be restricted to satisfy J.JT = p?,
(N = () + 30)° = G + G + 38 = () + 37)" + 3

()2 — (D) + 27)% = —cico + H? implies ciea = H? + c3; only
bouncing solutions for —c3 < H? (conserved).
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Solution

BY(t) = L(cre™ +cael) —Lh . (I)(t) = L(cre™t — coet) +iH

to be restricted to satisfy J.JT = p?,

(N2 = ((p) + L1m)2 = GPP + G + 1h% = ((p) + 17) + c3

()2 — (D) + 27)% = —cico + H? implies ciea = H? + c3; only
bouncing solutions for —c3 < H? (conserved).

Solutions for GAZ show be-
havior of dispersions.

Basis for derivation of effec-
tive equations and perturba-
tion theory around solvable
model (without explicit con- H
struction of states). >

p(®)
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Singularity resolution

Bounce to new semiclassical space-time region in select models
so far. More generally, states will spread, and dispersions (and
higher moments) couple to expectation values. Detailed
geometrical pictures more difficult to develop in such cases.
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Singularity resolution

Bounce to new semiclassical space-time region in select models
so far. More generally, states will spread, and dispersions (and
higher moments) couple to expectation values. Detailed
geometrical pictures more difficult to develop in such cases.

More basic statement using difference equations: any quantum
state extended across classical singularity in superspace
(through deep quantum regime). New region beyond singularity,
but no general statements yet about re-emergence of
semiclassical parts. Available in several situations, non-trivial
consistency checks:

—— Kasner singularity
—— Breakdown for perturbative anisotropy
— Inhomogeneous situations, BKL spirit?
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Kasnher

Diagonal densitized triad £¢ = p(9)5¢, relation to diagonal metric
components ay by p' = asas and cyclic.

Kasner solution: ay(t) oc t* with >~ ;a7 =1=>_;a%. One
component always diverges and —1 < ay < 1.
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Diagonal densitized triad £¢ = p(9)5¢, relation to diagonal metric
components ay by p' = asas and cyclic.

Kasner solution: ay(t) oc t* with >~ ;a7 =1=>_;a%. One
component always diverges and —1 < ay < 1.

In densitized triad: p!(¢) o< t'=91, all approach zero at classical
singularity. Becomes interior point of minisuperspace Iif signs
from triad orientation are taken into account.
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Kasnher

Diagonal densitized triad £¢ = p(9)5¢, relation to diagonal metric
components ay by p' = asas and cyclic.

Kasner solution: ay(t) oc t* with >~ ;a7 =1=>_;a%. One
component always diverges and —1 < ay < 1.

In densitized triad: p!(¢) o< t'=91, all approach zero at classical
singularity. Becomes interior point of minisuperspace Iif signs
from triad orientation are taken into account.

Difference equation (restricted anisotropy, black hole interior):

20V |[v+28|+/ V) ¥pt26,0425 =2(\/ |[v+20|++/ V)Y —25,0 426

(/T8I (- 20 ypas o — (1427262 (1 26) )
12/ =281/ D)2, 25— 2(y/T— 201/ [y -6, 25=0
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B
Non-singular behavior

Two independent triad variables 1 and v, corresponding to
metric

2 N(t)Q 22 4|y 2
ds® = \V(t)|d + |v(t)|dS2

Classical singularity at » = 0, wave function uniquely extended
across.
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B
Non-singular behavior

Two independent triad variables 1 and v, corresponding to
metric

M(t)2 2 2
ds® = dz? + |v(t)|dS2
v (1)]
Classical singularity at » = 0, wave function uniquely extended
across.

All anisotropies guantized non-perturbatively, discreteness of all
triad components considered.

Alternatively: Treat anisotropy as small parameter, perturbation
on isotropic “background”

u=v+e , v=U—2
Expand wave function and coefficients in difference equation in

anisotropy e and its momentum P (Wheeler—DeWitt limit for
anisotropy but not for isotropic variable).
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Perturbative singularity

Matrix elements of Hamiltonian in perturbative basis,
s >= 3, s0(€)|7 >

<v, 6‘[:]‘5 > {Au+4531/—|—45(6) + BDSD(E) + éy—453V—45(6)}
with coefficients, using As f(7) := £(f(7 + 35) — f(v — 34)),

Gy = =301 + 2| As|p|/?) + 3(1]'2 — 2|p|As||*/?)ie
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Spherical Symmetry

Coupled equations in inhomogeneous models. States:

) = g g b(F, i) —p ke ke e (ke € 2,0 < iy €R)
subject to coupled difference equations (one for each edge)
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Spherical Symmetry

Coupled equations in inhomogeneous models. States:

) = g g b(F, i) —p ke ke e (ke € 2,0 < iy €R)
subject to coupled difference equations (one for each edge)

/\

( )¢( k—vk—l—v"')+C’R+(E)w('“7k—7k—|——2,...)
) ( 7k—7k++27°'-)+CL+(E)¢(-.-,k_—2,]{7+,...)
JW(ooo k- +2kyy...)+---=0

. (/;
A(E

Extended superspace: sgn det £ determined by sgnk..
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Spherical Symmetry

Coupled equations in inhomogeneous models. States:

) = S g (ko i) —p ey ke oo (kh €7,0 < iy €R)
subject to coupled difference equations (one for each edge)

/\

( )¢( k—vk—l—v"')+CR+(E)w('°°7k—7k+—2,...)
) ( 7k—7k++27°'-)+CL+(E)¢(-.-,k_—2,]{7+,...)
JW(ooo k- +2kyy...)+---=0

A —

_(k
. (E

Extended superspace: sgn det £ determined by sgnk..

Again, extension non-singular. Depends crucially on form

(possible zeros) of coefficients C‘Ri(lZ), much more non-trivial
than in isotropic models. Structure qualitatively different from
homogeneous models: k- and k_-terms crucial.

No BKL-type argument for decoupling so far.
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Summary

Basic, possibly general mechanism of non-singular behavior:
extended Hilbert space (compared to Wheeler—DeWitt
guantization) provided by loop quantization (orientations of
densitized triad, connected by difference equation). Non-trivially
generalized to anisotropic and midi-superspace models.
Non-perturbative quantization essential at level of “fundamental”
difference equations.
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guantization) provided by loop quantization (orientations of
densitized triad, connected by difference equation). Non-trivially
generalized to anisotropic and midi-superspace models.
Non-perturbative quantization essential at level of “fundamental
difference equations.

Does not refer to physical states and observables; rather, any
state is shown to be extended which must then also apply to
physical states. No guarantee of semiclassical behavior
throughout.
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Summary

Basic, possibly general mechanism of non-singular behavior:
extended Hilbert space (compared to Wheeler—DeWitt
guantization) provided by loop quantization (orientations of
densitized triad, connected by difference equation). Non-trivially
generalized to anisotropic and midi-superspace models.
Non-perturbative quantization essential at level of “fundamental”
difference equations.

Does not refer to physical states and observables; rather, any
state is shown to be extended which must then also apply to
physical states. No guarantee of semiclassical behavior
throughout.

Development of explicit bounce pictures more involved, but
possible by perturbation around solvable model based on
effective equations. Testable whether perturbation theory
remains valid throughout, especially for inhomogeneities.
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