DANIELE DORIGONI

JOINT WORK W/

A.KLEINSCHMIDT
[1903.09250]1]
[2001.11035]1]

Resurgence @ KITP 2020 - Online Reunion



https://arxiv.org/abs/1903.09250
https://arxiv.org/abs/1903.09250
https://arxiv.org/abs/2001.11035
https://arxiv.org/abs/2001.11035

MODULARITY IN STRING THEORY

World-sheet:
Modular Graph Functions (MGF)

Space-time:

Coefthcient functions for
low-energy expansion
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MODULARITY IN STRING THEORY
World-sheet: 7-point amplitude, e.g. 4 gravitons

on genus /~ Riemann surface 2,

F

In particular genus 1 Case: torus amplitude

We need to integrate over complex

Modular

Invariance

SL(2,7)

structure T

22 it e = yrwith yan SL(2-7)




MODULARITY IN STRING THEORY

World-sheet: ' ’
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e.g. 4 pt amplitude
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1.e. fundamental

domain of SLL(2,7)




MODULARITY IN STRING THEORY

’ ¢
World-sheet: » ' e.g. 4 pt amplitude
A :/ dp(T /”H “VOISL zy ~(Vilz1) - - Valza))

i &=

Modular invariant integrand!

Integral over computable 1n o/ = €§ expansion

complex struct.

invariant under SL(2,72)

Modular Graph Functions
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MODULARITY IN STRING THEORY

/ H ‘ol SL Vl(Zl V4 Z4 / HdQZz eXPp ZSZ]G( Zj’T)}

21 =1 21 =1 1<J

/

Sij = _&Z(pi +p;)? Mandelstam variables
2mi(nu—mu - .
Glzlr) = Z T ) SL(2,7) invariant
() (0.0) m|mT 4 n|? Torus Green Function
T

G s 17D



MODULARITY IN STRING THEORY

/ H m— SL —(Vi(z1) - Vi(z4)) / HdQZZ exp [ZSZ]G( Zj’T)}

27 =1 27 =1 1<

Expand integrand at low energies,

1.e. & small, and integrate over insertion points

Obtain Feynman-like rules  [D’Hoker, Green, Vanhove]



MODULARITY IN STRING THEORY

/ H m— SL —(Vi(z1) - Vi(z4)) / HdQZZ exp [ZSZ]G( zjlr)}

27 =1 27 =1 1<J

Expand integrand at low energies,

1.e. & small, and integrate over insertion points

Obtain Feynman-like rules  [D'Hoker, Green, Vanhove]

03’1’1(7_) _ Z (7-2/77) 5

(m.1)2(0,0) miT + n1’6‘m27' + nz\Ql(ml + mo)T + (N1 + n3)|

Modular Invariant (MGF)




MODULARITY IN STRING THEORY
Space-time: Type II(B) in 10-D has another SI.(2,7) action

Modular group simply acts on axio-dilaton

o b
Z:C(O)—I—Zfigb S V-Z:Zj:":d
(€?) = g5 v € SL(2,7Z)

In general U-Duality Group via compactification on Td
| Hull-Townsend]

Preserved at each order il’l low-energy expansion

o ) [}
l.e. & expansion



MODULARITY IN STRING THEORY

Space-time:

S1.(2,Z) Preserved at each order in ' expansion

1.e. low energy expansion of II(B) in 10-D
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MODULARITY IN STRING THEORY

Space-time:

S1.(2,Z) Preserved at each order in ' expansion

1.e. low energy expansion of II(B) in 10-D

1

S o / dl%\ﬁg(R (0/)34(7)1%4

Modular Invariant coefthicient functions

(SUSY)

Fr()m N=4 Susy LOC. [ Chester, Green, Putu, Wang, Wen]


https://inspirehep.net/authors/1281467
https://inspirehep.net/authors/1281467

MODULARITY IN STRING THEORY

World-sheet:
Torus world-sheet, Modular Graph Functions (MGF)

7 really world-sheet torus

Space-time:

Coethcient functions for
low-energy expansion

7 really axio-dilaton, 1.e. 1/g;



MODULARITY IN STRING THEORY

World-sheet:
Modular Graph Functions (MGF)

How do we study /(7)
invariant under SL(2,72)?

Space-time:

Coethicient functions for
10W-energy expansion



MODULAR DIFFERENTIAL EQ:

Both cases have underlying (modular) differential eq.

(A —=s(s = 1)) f(1) = S(7) A =15(07, +07,)

/ T =T 172

Modular Invariant Source term

Origin of Diff. Eq:

* World-Sheet: “just” act with Laplacian on
multiple lattice-sums [D’Hoker, Green, Vanhove]

* Space-Time: Supersymmetry constrains
COGfﬁClent functlons [ Green, Sethi, Vanhove; Bossard, Verschinin]



MODULAR DIFFERENTIAL EQ:

E.g. Modular Graph Function

(12/m)°

() — E
e (mi,mi)7#(0,0) maT 4 n1[%maT 4 n2l?|(m1 + m2)T + (n1 +n2)|?
172 _ _
(A=6)C311(7) = =7 "o Es(7) — 167" Cals Ea(7)Es(7) + %

E.g. Low-energy eXPansion coefm\
Standard

modular invariant

-

(A —12) fpepa(T) = —4C§ ES/2(T)2

i ol

Eisensteln series




MODULAR DIFFERENTIAL EQ:

Start from:
(A—=s(s—1))f(r) =5(7)

as common starting point to learn about (7)

Methods:

* Fourier Decomposition [Green, Miller, Vanhove]

* Spectral decomp()siti()n [ Green, Miller, Vanhove; Klinger-Logan]
* Lattice SUumMms [Bossard, Kleinschmidt]

* Poincaré Series (+ Resurgence) [DD, Kleinschmidt]



MODULAR DIFFERENTIAL EQ:

Start from:
(A—=s(s—1))f(r) =5(7)

as common starting point to learn about (7)

Methods:

* Fourier Decomposition [Green, Miller, Vanhove]

* Spectral decomposition [ Green, Miller, Vanhove; Klinger-Logan]

* Lattlce Sums [Bossard Klemschmldt]

DD, Kleinschmidt]

X 01ncare Serles (+ Resurgence



SOLUTION BY POINCARE SERIES:
[ Ahlén, Kleinschmidt]

(A =s(s=1))f(r) = 5(7)

Assume modular Invariant Source term has Poincaré
series representation

S(ry= ), p(7) B(Z) = { (o -7—11> }

vyeEB(Z)\SL(2,7Z)

Make ansatz for solution:

f(r) = Z o(YT) €— Solve for “Seed” Function

veEB(Z)\SL(2,7)




SOLUTION BY POINCARE SERIES:

[ Ahlén, Kleinschmidt]

3

~veEB(Z)\SL(2,7)

p(VT)

- >

~veB(Z)\SL(2,Z)

o(YT)

Key Pt:

* Generically easier problem!

* We can go back, 1.e. reconstruct f(7) from seed!




A

(A — 6)03,1,1(7') — 1?727'('_5<1() E5(7') — 167T_5C4C6 EQ(T)Eg(T) -+ %
v
C31,1(7) = > o(yT)
YEB(Z)\SL(2,Z)
172 _

(A —6)o(T) = TW_5§107'25 — 167 °CuCEa(T)T5 + %7'5
Used Poincaré series rep. for non-Holo Es:

. B 1 TS B s
Eq(7) = 2. Z o d Z {Im(fw')}

(¢,d)7#(0,0)

veB(Z)\SL(2,7)




172

(A—6)o(7) = —m 5C1072 — 167T_5C4C6E2( ) + =75

D

Decompose in Fourier and solve mode by mode

CQ(TQ) - POZ(TQ)

o
en(r2) = go-s(inf)rie*mnl

Divisors Sum

:st

d|n




(A~ B)o(r) = T2m 1078 — 167 CaCoBalr) 7S

Decompose in Fourier and solve mode by mode

o(T) =Y cn(r2)e®™ "™

neZ Divisors Sum

CQ(TQ) - POZ(TQ)

:st

d|n

enlrs) = S _s(fge

Ok, so what does this tell us about Cz1.1?




FROM SEED TO FUNCTION:
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veB(Z)\SL(2,7Z) 9

f(m) = > o(77) o(T

f(

Focus on Zero-Mode (1.e. “Topologically trivial sector” =« =0)

Really thinking of different topological sectors as difterent
Instantons sectors!

Topologically trivial sector should contain

Perturbation theory + IIbar sector



FROM SEED TO FUNCTION:

f(1) = Z o(yT) o(T) = Z Cn(T2)e*™ T

YEB(Z)\SL(2,Z) i =V
f(r) = Z a, (’7‘2)6327T7m“71
nez

Focus on Zero-Mode (1.e. “Topologically trivial sector” =« =0)

it —1
_ E : E : E : 2mwimgq)/ —2mm 3 p) To
aO(TQ) — C()(TQ) + 79 esTimq C/e (14t )Cm (62(1 t2)> dt

c>0meZ q€(Z/cZ) X R

Non-Zero-Modes more complicated (Kloosterman Sums)
but can still be reconstructed



Key Pt: we can reconstruct all Fourier coethicients from

seed function!

Can we obtain the “Weak” coupling 72 — 00 expansion
for MGF and 10W-energy coefficient functions?

7 world-sheet torus

T ax10-dilaton, 1.e. 1/g;

DIFFERENT nature of NP corrections!
Abuse of notation: I will refer to NP physics as
Instantons/anti-Instantons in both cases



Key Pt: we can reconstruct all Fourier coethicients from

seed function!

Can we obtain the “Weak” coupling 72 — 00 expansion
for MGF and 10W-energy coefficient functions?

Focus on 0-mode, 1.e. “topologically” trivial sector,

1.e. Independent from 0 ~ ReT = 714

We studied the weak coupling expansion for the zero
Fourier mode obtained from the general seed

cn(1) = 0a(|nl)(4r|n|)orge 2T



WEAK COUPLING EXPANSION:
Using

—1
_ 2wimgq/c _27”"’62 2 To
o) = co(m) 4 Y3 30 emmae [ o <1+t>cm(cz(l+t2))dt

c>0meZ q€(Z/cZ) X R

We have to compute expansion for 72 — o0 of:

_ b _97m, it
Ty ¥ e (B [
ey R (L+¢2)"

C™T
c>0m>0 qge(Z\cZ)* 2

Note that 72 only appears in the combination m /7

So after some manipulations we are asking about the
asymptotic expansion of

S e(m+h)i)~?  ast=1/m 0

m >0




ZAGIER’S TRICK:

m >0

> e((m+h)t) ~ 7

ast=1/m75 — 0

If the function @ has expansion around t~0:

p(t) ~

Z b, "

n >0




ZAGIER’S TRICK:

> e((m+h)t) ~ 7

m >0

ast=1/m75 — 0
0<h<l

If the function @ has expansion around t~0:

1
Z o((m + h)t) ~ 790 -+ Z by, ((—n, h)t"

m >0 n>0




ZAGIER’S TRICK:

m>0

> o((m+h)t) ~ 7

ast =1/ — 0
0<h<1

If the function @ has expansion around t~0:

p(t) ~

n>0

“Riemann’ Term

Ly = /OOO p(t)dt




ZAGIER’S TRICK:

Z@((m—kh)t)w? ast=1/m — 0

m>0 0<h<1

If the function @ has expansion around t~0:

“Riemann’ Term

Ly = /OOO p(t)dt

“Fuler” Term (change sums)

C(=m, By =78 (m § h)®

m >0

Hurwitz zeta and 0<h<l]



WEAK COUPLING EXPANSION:

Apply this method to Cs,1,1 @
.

2 2G3 . G 1C7
0 ~T550257 T 945Y T 180 T 1642
(3G . 439
2y3 | 6 4y4 | D’Hoker, Green, Vanhove]
and fper4
2 B 4(q
aON—C§953+ C2C39 + 4C495 5~ 9 g

[Green, Miller, Vanhove]

In all these cases we find a truncating perturbative

expansions BUT we still expect NP physics!



CHESHIRE CAT RESURGENCE:

[Dunne, Unsal] - [Kozcaz, Suleymanpasic, Tanizakj, Unsal]

Consider deformation for seed of Csz 11

o(T) =) cn(r2)e”™ "

nez

C()(TQ) T POZ(TQ)

27T — LT (N |[T2
Cn(T2) = %U 3(|m]) 73 T (47Tm|)b

Only at the end consider b — 0



CHESHIRE CAT RESURGENCE:

. : ' — T2
Consider deformation for seed of Csz 11 /

Repeating Zagier’s trick the contribution to the zero-
mode sector now becomes

162" (n+6)'(n+2+b)I'(n+ 5+ b)

I(b) = Iert(b) + 945 ¢ (6 — 2b) sin(7b) Z(47ry)—n—5 D)

n>0
C((b+n+b)(2+n+b)(7T+n—0b)((10+n — b)
5 C(2n + 12)




CHESHIRE CAT RESURGENCE:

Consider deformation for seed of Csz 11

Repeating Zagier’s trick the contribution to the zero-
mode sector now becomes

162" (n+6)'(n+2+b)I'(n+ 5+ b)

1) = et (8) + g5 — 3p) (™) L (4m) ™ (n+4)

n->0
y C((b+n+b)(2+n+b)(7T+n—0b)((10+n — b)
¢(2n + 12)

When b- 0 it reduces to truncating perturbative

expansion



CHESHIRE CAT RESURGENCE:

Consider deformation for seed of Csz 11

Repeating Zagier’s trick the contribution to the zero-
mode sector now becomes

16" . 4 , s (m+6)(n+24+b)(n+5 .;\\
I(b) = Ipert(b) + T C( 7 ‘ sm(7rb) 0(47ry) (n+ 4)!
§(5+n+ A (2+n+b)((7+n— b)((10 + n — b)

, ((2n + 12)

Factonally divergent asymptotic Cheshire tail



CHESHIRE CAT RESURGENCE:

16m5—° s (m+6)L'(n+24+b)'(n+5+0b)
045 C(6 2b) Sm(”b) Z(My S L]

C(5+n+b)((2+n+b)((7+n b)§(10+n b
¢(2n + 12)

I(b) = Ipert(b) +

)(

Borel transtorming factorially divergent asymptotic
Cheshire tail seems hopeless however we can use
Dirichlet series:

(2 +n)((5+n)((7T+n)((10+n) _ Z _

((2n + 12) - (m)a_s(m)m—71—2 ,

m>0



CHESHIRE CAT RESURGENCE:

g (n+O)T(n+ 277
—n—>
(6 — ) Sm(”b)z(‘lﬂy s 1

n=>0 3
N _CB+n+b((2+n+b)¢(T+n—b)¢10+n—b)  J
A C(2n +12)

I(b) = Ipert(b) + b)

Borel transforming factorially divergent asymptotic
Cheshire tail seems hopeless however we can use
Dirichlet series: |

C(2+n)C(5+n)C(7+n)C(10 + 7 )
((2n +12) =D o-s(m)

\\\\\\

Tasy(b) = —(47ry 3 sin(7b) Z o_3(m)o Z(47rmy) "=2(6 + n)['(n + 2)

m>0 n>0



CHESHIRE CAT RESURGENCE:

Ty (b) = %(4@)—3 sin(mb) 3 o_s(m)o_s(m) 3 (4mmy) 26 + n)T'(n + 2)

m>0 n>0

Apply standard Borel Ecalle median resummation

(477 -3
TS oy (m)o_s(m) [sin(b) S+ F](dmy) — m(akisin(mb))e=™ (4 + drmy)

m>0

Lasy(b) =




CHESHIRE CAT RESURGENCE:

sy (b) = _(47ry *sin(nb) ), 0_3(m)o_s(m)Q) " (4nmy) " 2(6 + n)T(n + 2))
m>0 :‘:

dian resummation

Apply standard Borel Ecalle.

Tosy(b) = 16(dmy)” Z o_ f;(m)a_,(m)[ 1n(7rb)8 [F] (47r y) — m(+isin(wb))e "™ (4 + drmy)]
m>0 .- e
oce T v 3
S.[F|(4rmy) = lim 6_4ﬂ,,zy,t(6 5t) Ey Usual lateral Borel resummation

6—0+ Jo (t—1)2 of asymptotic series



CHESHIRE CAT RESURGENCE:

Tosy (b) = —(47ry 3sin(mb) Y  o_g(m)o_s(m) ) (4rmy) " "2(6 + n)I(n + 2)

m>0 n=>0

Apply standard Borel Ecalle median resummation

16(4my)~
-

Z o_3(m)o_s(m) | sin(7b)S.[F](4rmy) - sin(mb))e™*"™¥ (4 +  '

m>0

Lasy(b) =

Very simple Stokes automorphis
Infinitely many Instantons/anti-Instantons BUT

untangled by Dirichlet series
[ Arutyunov,DD, Savin] - [DD, Kleinschmidt]



CHESHIRE CAT RESURGENCE:

Tosy(b) = —(47ry 3 sin(7b) Z o_z(m)o_s(m) Z(47rmy)_”—2(6 + n)'(n + 2)

m>0 n>0

Apply standard Borel Ecalle median resummation

6(4dmy)”

°" o_s(m)o_s(m) [sin(nb) S [F](4rmy) ' s Y4 4 drmy)]

m>0

Losy(b) =

T

Hypothesis: Transseries parameter exponentiates

T17b

—5d] Sin(ﬂ'b) e e

(Numerically and analytically confirmed in the context
of Lambert series and in known cases)



CHESHIRE CAT RESURGENCE:

16(4my) >

Z o_3(m)o_5(m)[sin(mb)S.[F](4rmy) — m(Lisin(wd))e " ™¥ (4 + drmy)]
m>0

Lasy(b) =

Hypothesis: Transseries parameter exponentiates

4 )

isin(wh) — e-

~ ) ol (m)(my)” 2m6—47rmy<1 I 7rfrlny>

m>0

Reproduce [piioker, Duke]

NP corrections (IIbar) entirely captured by asymptotic
(truncating) perturbative expansion

These are really D-instanton/anti-D-instanton pairs

for 1R e Biller Vinhovel



LAMBERT SERIES & ITERATED INTEGRALS

[DD, Kleinschmidt]

0O k o0 100 100
Lala) =Y kT = S oam)” ~ [ dne [ dnGu()
k=1 m=1 T T

L—1

Connection with theory of Iterated integrals and one loop
string amplitudes [Brown, Brodel, Schlotterer, Zerbini,..



LAMBERT SERIES & ITERATED INTEGRALS

[DD, Kleinschmidt]

0O k o0 100 100
Lala) =Y kT = S oam)” ~ [ dne [ dnGu()
k=1 m=1 T T

L—1

Asymptotic Expansion for ¢ = e“™ — 1
Ime= 0



LAMBERT SERIES & ITERATED INTEGRALS

[DD, Kleinschmidt]

00 o 00 00
Ls(q) = Z k=7 1 z " — Z o_s(m)q" = Z Lis(q")
m=1 n=1

k=1

Asymptotic Expansion for ¢ = el ) |
ImT — 0 Lls(qn) — LiS(GQW”Lnr)



LAMBERT SERIES & ITERATED INTEGRALS

[DD, Kleinschmidt]

Zk o 4 ZO'_S m:ZLiS(q”)
n=1 i

k=1

Asymptotic Expansion for ¢ = el ) |
ImT — 0 Lls(qn) — LiS(GQW”Lnr)

For parameter s=m odd integer: Cheshire resurgence

L, (1) = Pert(t)+ 7™ 120_ ™



LAMBERT SERIES & ITERATED INTEGRALS

[DD, Kleinschmidt]

Zk o 4 ZO'_S m:ZLiS(q”)
n=1 i

k=1

Asymptotic Expansion for ¢ = el ) |
ImT — 0 Lls(qn) — LiS(GQW”Lnr)

For parameter s=m odd integer: Cheshire resurgence

L. (7) = Pert T 120_ o

Truncating aylor-Laurent
Perturbative Expansion



LAMBERT SERIES & ITERATED INTEGRALS

[DD, Kleinschmidt]

Zk o 4 ZO'_S m:ZLiS(q”)
n=1 i

k=1

Asymptotic Expansion for ¢ = el ) |
ImT — 0 Lls(qn) — LiS(GQW”Lnr)

For parameter s=m odd integer: Cheshire resurgence

L, (1) = Pert(t)+ 7™ 120_ ™

NP terms just i (—1/7)

S-Dual transformation



CONCLUSIONS:

¢ Poincaré Series representation combined with modular Laplace

equations to understand Taylor-Laurent “perturbative”
expansion;

Al

¢ Very interesting numerology (Open/Closed strings, multiple-zeta
values and sv prescription) [Brown, Bradel, Schlotterer, Zerbini,...]

Al

¢ Use of Dirichlet series to disentangle single II1Bar contribution
from infinitely many

Al

% Cheshire cat resurgence to read NP IIBar sector from deformed
asymptotic tail (TS parameter exponentiation?)

Al

¢ NP corrections are crucial to reproduce correct modularity

property!

Perturbative expansion = period polynomials See Serge's talk

for CS

NP contributions = S-Dual transformation story(maybe)

Connections with iterated integrals [DD, Kleinschmidt]



THANKS!



