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Global quenches in boundary CFT

General approach: [Calabrese & Cardy, PRL 2006]

Type of quenches where BCFT apllies
Initial translational invariant state |ψ0〉
Let evolve with a Hamiltonian H.

Look at large distances and late times.

τ

|ψ0〉 acts as a (conformal) boundary.

Type of questions
Mean magnetization profile, correlation

Evolution of the initial state, thermalization

Loschmidt echo, partition function

Entanglement entropy
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Local quench

Type of quench studied

Domain wall initial state

CHAPTER 4. FIELD THEORY FORMULATION OF THE ARCTIC CIRCLE

put in the form
Á(k) = ≠ cos k .

In other words, the Hamiltonian is the one of the XX chain, after the Jordan-Wigner transfor-
mation. We have normalized Á(k) such that the maximal group velocity v(k) = d

dkÁ(k) is 1 (at
k = fi

2 ). We focus on the evolution of the fermions from a domain-wall initial state (DWIS), see
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Figure 4.7: The toy-model is a chain of free fermions hopping on the lattice x œ Z + 1
2 , evolving

from the domain-wall initial state (DWIS), which is completely filled on the left, and completely
empty on the right.

Fig. 5.5. The DWIS |�0Í is completely filled on the left (density equal to one), and completely
empty on the right (density equal to zero):

fl(x)|�0Í = c†xcx|�0Í = �(≠x)|�0Í . (4.29)

� is the Heaviside step function: �(≠x) = 1 if x < 0 and �(≠x) = 0 if x > 0. On top of this, |�0Í is
normalized: È�0 |�0Í = 1. This completely determines |�0Í, up to an irrelevant phase factor. The
main originality of the model, compared to previous work on the DWIS and the XX chain, is that
we focus on imaginary-time evolution. We want to compute correlators ÈO1(x1, y1) . . .On(x1, y1)Í

2

I. THE XX CHAIN, CONVENTIONS AND NOTATIONS

The system we are interested in is the following. We have free fermions on the infinite line a
�
Z + 1

2

�
, with a lattice

spacing a > 0. We have a translational invariant hopping Hamiltonian, whith a dispersion relation �(k):

Ĥ =

�

BZ

dk

2�
�(k) c†(k)c(k). (1.1)

The first Brillouin zone is
�
��

a , �
a

�
. In what follows, we will try to give the results in terms of a general dispersion

relation �(k). However, our main focus will be on the dispersion relation of the XX chain, �(k) = �vF cos k, with a
Fermi velocity vF > 0. The results will sometimes be simpler for this specific choice, so we will also give some more
specific results that are not valid for a general dispersion relation, but only for the XX chain.
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FIG. 1. The XX chain: free fermions with nearest-neighbour hopping on a line, with a Fermi velocity vF . The dispersion
relation is �(k) = �vF cos k. Note that sites are located at positions x � a
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In this note, we are only interested in the situation considered previously by other people, in particular Antal et al.
in [1], which corresponds to the evolution from the initial state |�0�, with

�̂(x) |�0� =
1

a
c†(x)c(x) |�0� =

1

a
�(�x) |�0� . (1.2)

Here � is the Heaviside step function, with �(�x) = 1 if x < 0 and �(�x) = 0 otherwise. This means that |�0� is a
state that is completely filled on the left, and completely empty on the right.

II. EUCLIDEAN TIME AND SLAB GEOMETRY: WHERE ARE THE DEGREES OF FREEDOM?

One could try to understand the system directly from a real-time point view, but the purpose of this note is to try
to understand what is going on in Euclidean (i.e. imaginary) time. Our motivation comes from the work of Calabrese
and Cardy [2], who have shown how to get universal results for the correlation functions and other quantities (such
as the entanglement entropy) after a quench from a careful analysis of the low-energy field theory in a slab geometry
with specific boundary conditions. In their picture, the boundary condition corresponds to the initial state. The main
di�erence between the present quench and the ones that were treated by Calabrese and Cardy is that, here, the initial
state |�0� does not correspond to a (locally perturbed) conformal boundary condition.
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FIG. 2. Slab geometry. We have a statistical system that lives in the slab, constrained by the boundary conditions on the
upper and lower boundaries. These boundary conditions correspond to the initial state |�0�. The question is: what are the
correlation functions inside the slab?

Figure 4.8: Imaginary time evolution of the initial state: one expects two frozen regions on the far
left ‹ = 1 and far right ‹ = 0 of the system, because particles should have a finite velocity. There
can be fluctuations only in the region around the origin, where some of the particles have hopped
from left to right.
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Let evolve with the critical Hamiltonian H.

Look at large distances and late times.
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Example of the XX chain

H = vf
∑
x

c†x cx+1 + c†x+1cx . (1)

The Hamiltonian is diagonal in k-space, with a single band and a dispersion relation ε(k),

H =

∫ π

−π

dk

2π
ε(k) c†(k)c(k) . (2)
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Arctic curves
What does the uniform measure look like? II

Non-planar case: “arctic-circle” type phenomena occur 
(Cohn-Larsen-Propp ’98)

giovedì 28 giugno 2012

Allegra Quantum quenches, arctic circles and field theory March 8, 2016 4 / 9



Arctic circle phenomenon

4

limit (and in the bulk of the diamond, see below) are
described by a Gaussian free field [33, 34], i. e. by the
Hamiltonian in Eq. (1) without disorder (f = 0, ξ = 0)
at τ = 1 − T/Tc = 0. In the presence of inhomogeneous
random bond variables �r,r� one expects instead that in
the continuum limit (and in the bulk of the diamond, see
below), the fluctuations of h are described by the CO
model (1) with the substitution θ → h × 2π/4 [17, 18].
This factor 2π/4 is required because one can check that
the energy associated to the height configurations (16) is
invariant under a global shift h → h + 4.
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FIG. 2. Dimer covering of an Aztec diamond of size 4, A4.
On each bond there is a random variable �r,r� which deter-
mines the weights assigned to each dimer covering (16). As
explained in the text, the blue points are useful to define the
height field, which are the integer numbers in the squares and
form the dual lattice AD

4 .

The temperature Td of the dimer model does not co-
incide with the temperature of the CO model in Eq. (1).
To compute the dimensionless temperature τ = 1−T/Tc,
we use the STS which allows to measure this parameter
from the connected CF (8). Indeed we compute

W 2
T =

1

L2

�

r

�h2
r� − �hr��hr� � 2(1 − τ) log L , (17)

which provides a precise estimate of the parameter τ .
We have also checked that our numerical estimate is in
good agreement with the analytic results, not only for
this parameter but also for other thermodynamical ob-
servables like the entropy or the internal energy, obtained
in Ref. [17].

We want to compute numerically the amplitude of the
log2(r) term in Eq. (4). Extracting this amplitude pre-
cisely from the two-point correlation function is however
difficult, since the subleading corrections are of order
O(log r). The calculation is more accurate in Fourier

space [22, 35], defining ĥq = L−2
�

r hre
iq·r. The CF

C(q) of these Fourier components is expected, from Eq.
(4), to behave for small q as

C(q) = �ĥq��ĥ−q� �
8

π
A(τ)

log (1/q)

q2
+ O(q2) , (18)

where q = |q|. In Fig. 3, we show a plot of q2C(q) as
a function of q in linear-logarithmic scales for τ ≈ 0.33
(Td = 0.25). These data have been obtained for a sys-
tem size L = 384 and by averaging over 105 indepen-
dent realizations of the random bonds �r,r� ’s. These data

 2
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10-2 10-1 100

q2  C
(q

)

log q

Numerics
one loop
two loop

Aff
Best fit

FIG. 3. Plot of q2C(q) as a function of log q. The red symbols
correspond to our numerical data obtained for a lattice of size
L = 384. The slope of the straight line indexed by ’one loop’
and ’two loop’ is given respectively by the one loop A(τ ) =
2τ 2 and the two loop estimate in Eq. (5), while the slope of
the straight line indexed by Aff is the one corresponding to
Ref. [12].

support the expected behavior in Eq. (18) for small q,
q <∼ 1: they are indeed well described by a straight line,
q2C(q) = −8A(τ)/π log q + b0. Note that the downwards
bending of the numerical data observed in Fig. 3 for
the smallest q’s is a finite size effect. In this figure we
also show four different straight lines corresponding to
four such different couples (A(τ), b0). The line indexed
by ’Best fit’ corresponds to the best fit of these data by
a straight line: the value of A(τ) obtained in this way
allows us to compute A(τ) for different values of τ , as
shown on Fig. 1. In the three other cases, the slope of
this straight line is evaluated from the one-loop and two-
loop (5) results respectively, while the straight line in-
dexed by ’Aff ’ corresponds to the slope computed in [11]
from the result in Ref. [12], with Aff(τ) = 2τ2(1 − τ)2.
In all cases the constant b0 is a fitting parameter. One
clearly sees that the two loop result is a significant im-
provement over the one loop result and describes very
well our numerical data. In addition, we also see that
Aff clearly underestimates our numerical data.

Let us now discuss the numerical results for A(τ) plot-
ted as a function of τ in Fig. 1. As compared to Ref. [18],
here we can discuss a much broader range of values of τ
which extends deep into the glass phase. First we observe
that our two loop result is in very good agreement with
our numerics up to τ ≈ 0.5. In contrast, the curve Aff(τ)
is significantly smaller than our numerical values and can
be ruled out. For smaller temperature, τ >∼ 0.5 the dis-
crepancy between our two loop result and the numerical
value increases, as expected. In Fig. 1 we have also

Free boson theory
Height mapping formulation

Highly excited boundaries → Non conformal boundaries

Free fermion

2 HENRY COHN, NOAM ELKIES, AND JAMES PROPP

Figure 1. A random domino tiling of an Aztec diamond of order 64.

However, if one looks at random domino tilings of tileable finite regions in gen-
eral, one finds that local behavior far from the boundary need not be governed by
maximal entropy statistics, but can look very different. Moreover, the local behav-
ior seen in one part of the region is in general different from local behaviors seen
elsewhere.

One especially tractable proving ground for the study of this statistical hetero-
geneity has been the family of finite regions known as Aztec diamonds, introduced
and studied in [EKLP]. Figure 1 shows an Aztec diamond of order 64 tiled randomly
by dominos. In general, the Aztec diamond of order n can be defined as the union
of those lattice squares whose interiors lie inside the region {(x, y) : x+ y ≤ n + 1}.

It was shown in [JPS] (and will be proved in subsection 6.4 by different methods)
that, asymptotically, the circle inscribed in the Aztec diamond of order n serves
as a boundary between domains of qualitatively different behavior. We call this
circle the arctic circle, because, as one can see from Figure 1, the dominos outside
the arctic circle are frozen into a brickwork pattern. To state the theorem more
precisely, we impose a checkerboard coloring on the Aztec diamond of order n, so

n

Critical region → arctic circle (Jokusch, Propp
Shor ’98)

The disordered phase is a disk

The boundary of the circle is not conformal

S[φ] = g
2

∫
dxdy

(
∇φ
)2 still correct ?

Can this critical system still be described by a QFT ?
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Arctic circle phenomenon
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model (1) with the substitution θ → h × 2π/4 [17, 18].
This factor 2π/4 is required because one can check that
the energy associated to the height configurations (16) is
invariant under a global shift h → h + 4.
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FIG. 2. Dimer covering of an Aztec diamond of size 4, A4.
On each bond there is a random variable �r,r� which deter-
mines the weights assigned to each dimer covering (16). As
explained in the text, the blue points are useful to define the
height field, which are the integer numbers in the squares and
form the dual lattice AD
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The temperature Td of the dimer model does not co-
incide with the temperature of the CO model in Eq. (1).
To compute the dimensionless temperature τ = 1−T/Tc,
we use the STS which allows to measure this parameter
from the connected CF (8). Indeed we compute

W 2
T =

1

L2

�

r

�h2
r� − �hr��hr� � 2(1 − τ) log L , (17)

which provides a precise estimate of the parameter τ .
We have also checked that our numerical estimate is in
good agreement with the analytic results, not only for
this parameter but also for other thermodynamical ob-
servables like the entropy or the internal energy, obtained
in Ref. [17].

We want to compute numerically the amplitude of the
log2(r) term in Eq. (4). Extracting this amplitude pre-
cisely from the two-point correlation function is however
difficult, since the subleading corrections are of order
O(log r). The calculation is more accurate in Fourier

space [22, 35], defining ĥq = L−2
�

r hre
iq·r. The CF

C(q) of these Fourier components is expected, from Eq.
(4), to behave for small q as

C(q) = �ĥq��ĥ−q� �
8

π
A(τ)

log (1/q)

q2
+ O(q2) , (18)

where q = |q|. In Fig. 3, we show a plot of q2C(q) as
a function of q in linear-logarithmic scales for τ ≈ 0.33
(Td = 0.25). These data have been obtained for a sys-
tem size L = 384 and by averaging over 105 indepen-
dent realizations of the random bonds �r,r� ’s. These data
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FIG. 3. Plot of q2C(q) as a function of log q. The red symbols
correspond to our numerical data obtained for a lattice of size
L = 384. The slope of the straight line indexed by ’one loop’
and ’two loop’ is given respectively by the one loop A(τ ) =
2τ 2 and the two loop estimate in Eq. (5), while the slope of
the straight line indexed by Aff is the one corresponding to
Ref. [12].

support the expected behavior in Eq. (18) for small q,
q <∼ 1: they are indeed well described by a straight line,
q2C(q) = −8A(τ)/π log q + b0. Note that the downwards
bending of the numerical data observed in Fig. 3 for
the smallest q’s is a finite size effect. In this figure we
also show four different straight lines corresponding to
four such different couples (A(τ), b0). The line indexed
by ’Best fit’ corresponds to the best fit of these data by
a straight line: the value of A(τ) obtained in this way
allows us to compute A(τ) for different values of τ , as
shown on Fig. 1. In the three other cases, the slope of
this straight line is evaluated from the one-loop and two-
loop (5) results respectively, while the straight line in-
dexed by ’Aff ’ corresponds to the slope computed in [11]
from the result in Ref. [12], with Aff(τ) = 2τ2(1 − τ)2.
In all cases the constant b0 is a fitting parameter. One
clearly sees that the two loop result is a significant im-
provement over the one loop result and describes very
well our numerical data. In addition, we also see that
Aff clearly underestimates our numerical data.

Let us now discuss the numerical results for A(τ) plot-
ted as a function of τ in Fig. 1. As compared to Ref. [18],
here we can discuss a much broader range of values of τ
which extends deep into the glass phase. First we observe
that our two loop result is in very good agreement with
our numerics up to τ ≈ 0.5. In contrast, the curve Aff(τ)
is significantly smaller than our numerical values and can
be ruled out. For smaller temperature, τ >∼ 0.5 the dis-
crepancy between our two loop result and the numerical
value increases, as expected. In Fig. 1 we have also
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Height mapping formulation

Highly excited boundaries → Non conformal boundaries

Free fermion

2 HENRY COHN, NOAM ELKIES, AND JAMES PROPP

Figure 1. A random domino tiling of an Aztec diamond of order 64.

However, if one looks at random domino tilings of tileable finite regions in gen-
eral, one finds that local behavior far from the boundary need not be governed by
maximal entropy statistics, but can look very different. Moreover, the local behav-
ior seen in one part of the region is in general different from local behaviors seen
elsewhere.

One especially tractable proving ground for the study of this statistical hetero-
geneity has been the family of finite regions known as Aztec diamonds, introduced
and studied in [EKLP]. Figure 1 shows an Aztec diamond of order 64 tiled randomly
by dominos. In general, the Aztec diamond of order n can be defined as the union
of those lattice squares whose interiors lie inside the region {(x, y) : x+ y ≤ n + 1}.

It was shown in [JPS] (and will be proved in subsection 6.4 by different methods)
that, asymptotically, the circle inscribed in the Aztec diamond of order n serves
as a boundary between domains of qualitatively different behavior. We call this
circle the arctic circle, because, as one can see from Figure 1, the dominos outside
the arctic circle are frozen into a brickwork pattern. To state the theorem more
precisely, we impose a checkerboard coloring on the Aztec diamond of order n, so

n

Critical region → arctic circle (Jokusch, Propp
Shor ’98)

The disordered phase is a disk

The boundary of the circle is not conformal

S[φ] = g
2

∫
dxdy

(
∇φ
)2 still correct ?

Can this critical system still be described by a QFT ?
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Arctic circle phenomenon in the dimer model
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(ii)
2d statistical problem → 1d quantum chain in imaginary time

Transfer matrix T → Quantum hamiltonian H = − log T =
∫ dk

2π ε(k)c†(k)c(k)

Generic for U(1) fermions (XX chain, honeycomb dimers, 6 vertex model)

Particular initial and final state |ψ0〉 → Domain wall state

Strategy
Step I → Compute fermion correlators exactly on the lattice

Step II → Extract the scaling behavior (x/N and y/N fixed, N →∞)

Step III → Make a correspondance to correlators in a field theory
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Asymptotic analysis: General framework

Exact formula for fermion correlators

〈
c†(k, y)c(k ′, y ′)

〉
=

e iN(ε̃(k)−ε̃(k′)) e−(yε(k)−y′ε(k′))

2i sin
(

k−k′
2 − i0+

)
where ε(k) is the dispersion relation and ε̃(k) is its Hilbert transform

ε̃(k) = p.v.
∫ π
−π

dq
2π ε(q) cot

(
k−q

2

)

Local (x , y) → (x ′, y ′) correlators in scaling regime (x/N and y/N fixed,N → ∞)

〈
c†(x , y)c(x ′, y ′)

〉
=

e−
1
2 [σ(x,y)+σ(x′,y′)]

2πi

[
e−i [ϕ(x,y)−ϕ(x′,y′)]

z(x , y)− z(x ′, y ′)
−

e i [ϕ
∗(x,y)−ϕ∗(x′,y′)]

z∗(x , y)− z∗(x ′, y ′)

]

Functions σ(x , y), ϕ(x , y) and z(x , y) depend on
the model

z(x , y) defines a map from the disk to an infinite
strip for all the models

CHAPTER 4. FIELD THEORY FORMULATION OF THE ARCTIC CIRCLE

y

x

0

+R

−R

0

(x, y)
(x, y) �→ z

x1 = Re z

x2 = Im z

0 π

z

Figure 4.10: The critically fluctuating region x2 + y2 < R2 is mapped to an infinite strip of width
π by z(x, y). The boundary of the circle is mapped into the two edges of the strip, the left edge
corresponds to x > 0 and the right edge to x < 0. The north and south poles are mapped at
infinity.

where we have defined

ϕ = ϕ(x, y) ≡ z(x, y)x + iy ε(z(x, y)) + R ε̃(z(x, y)) = z(x, y)x −
�
R2 − x2 − y2 ,

eσ = eσ(x,y) ≡ iy
d2ε

dk2 (z(x, y)) + R
d2ε̃

dk2 (z(x, y)) =
�
R2 − x2 − y2 .

Finally, one performs the integral in (4.54), which is now gaussian; it yields the asymptotic formulas




c†x(y)
.=

R→∞
e−iϕ(x,y)−iπ

4√
2π

e− 1
2 σ(x,y)c†(z) + eiϕ∗(x,y)+iπ

4√
2π

e− 1
2 σ(x,y)c†(−z∗)

cx(y)
.=

R→∞
eiϕ(x,y)+iπ

4√
2π

e− 1
2 σ(x,y)c(z) + e−iϕ∗(x,y)−iπ

4√
2π

e− 1
2 σ(x,y)c(−z∗) .

(4.56)

What exactly do we mean by c†(z), c(z) here, when z /∈ R? Again, these relations must be
understood in the sense of Eqs. (4.52)-(4.54): the correlator of fermions in the l.h.s of (4.56) are
equal to expressions that involve �Ψ0|c†(z)c(z�)|Ψ0� = 1/(2i sin z−z�

2 ), the analytic continuation of
(4.53).

4.3.3 Identifying the parameters in the Dirac action

Now let us come back to Eqs. (4.38)-(4.41) and to the discussion around them. The resemblance
with Eq. (4.56) is striking, and clearly suggests that the continuous field ψ† is, roughly speaking,

105
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Asymptotic analysis: General framework

Local propagators of Dirac field

If one set c(x , y) = 1/
√
2π[ψ(x , y) + ψ̄(x , y)]

Ψ† =
(
ψ† ψ

†)→ 〈
ψ†(x , y)ψ(x ′, y ′)

〉
= e−

1
2 [σ(x,y)+σ(x′,y′)] e

−i [ϕ(x,y)−ϕ(x′,y′)]

z(x , y)− z(x ′, y ′)

Dirac gauge field theory in 2d curved space

S[Ψ,Ψ] =
1
2π

∫ √
gd2X eµa

[
1
2

Ψγa
↔
DµΨ

]

d2X = d(Rez)d(Imz) → the theory lives on the strip

eµa tetrad such that gµν = eµa e
ν
b η

ab, where ηab Euclidian metric

Dirac matrices γa = eµa γµ such that {γa, γb} = 2ηab

The explicit form of the tetrad is eµa = eσδµa

Dµ = ∂µ + 2i(Av
µ + γ5Aa

µ) covariant derivative where Av
µ = −i∂µImϕ and Aa

µ = ∂µReϕ

The field theory is entirely fixed by z, ϕ and σ
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z(x , y)− z(x ′, y ′)

Dirac gauge field theory in 2d curved space

S[Ψ,Ψ] =
1
2π

∫ √
gd2X eµa

[
1
2

Ψγa
↔
DµΨ

]

d2X = d(Rez)d(Imz) → the theory lives on the strip

eµa tetrad such that gµν = eµa e
ν
b η

ab, where ηab Euclidian metric

Dirac matrices γa = eµa γµ such that {γa, γb} = 2ηab

The explicit form of the tetrad is eµa = eσδµa

Dµ = ∂µ + 2i(Av
µ + γ5Aa

µ) covariant derivative where Av
µ = −i∂µImϕ and Aa

µ = ∂µReϕ

The field theory is entirely fixed by z, ϕ and σ
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What are the consequences of this result ?

Study of periodic systems ? SSH model
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What about interactions ?
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