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1. Motivation

Periodic delta Bose gas with hyperoctahedral symmetry

Formal Schrodinger operator for n particles on the circle
(Gaudin ’71)

H=-a+ Y c(é(xjka)+5(xj+xk))+ S (Clé(xj)Jrcgé(ij))

1<<k<n 1<<n

o A is Laplacian in R™.
@ §(-) is Dirac delta comb: d(x +m) = 8(x) (m € Z)
o Configuration space: torus (R/Z)™



Laplacian on the hyperoctahedral Weyl alcove
Spectral problem for H equivalent to
—AY = EP
on hyperoctahedral Weyl alcove
A=xeRM|>x1>%x > >xn >0},
with Robin boundary conditions at the walls

=0 for j=1,....n—1

Xj—Xj+1 =0

(an - an+1 _ g)ll)
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From now on: our walls are always repulsive (g, g+ > 0).



Problem: verify orthogonality Bethe Ansatz eigenfunctions

— Idea: eigenfunctions of self-adjoint Laplacian
— Complication: possible degeneracies in spectrum of Laplacian

— Solution: employ g-boson lattice regularization 4+ continuum limit

Similar previous results for delta bosons on the circle

—Bethe Ansatz eigenfunctions: Lieb and Liniger 63

—Orthogonality completeness: Dorlas "93
(via quantum lattice NLS and ideas of Yang and

Yang)

—Completeness hyperoctahedral case: Emsiz '09

(by adapting Dorlas’ methods)



II. Finite g-boson system with boundary interactions

g-Oscillator (kutish *s1)

Annihilation operator {3, creation operator [3*, g-deformed
number operator t™ (t = q?) with relations:
tNp* =tp*tN, BtN =ttNp, Nt N =tMN =1

and



q-BOSOH System (Bogoliubov-Bullough ’92, Bogoliubov-Izergin-Kitanine *98)

m g-oscillators placed on a finite lattice Ny, :={0,1,2,... ,m}
(n, m) = (14,5)
o
o
° ° °
o o o )
° ° ° 9 °
0 1 2 3 4 5=m

Particle configuration encoded by partition A:



Hamiltonian

We consider open-end boundary conditions (no periodicity)

(Li-Wang ’12, vD-E ’14)

Fm =a BiBo+ arPiBm+ D BiBret+ Bl

0<l<m

BoundaryTerms HoppingTerms

—Notice: Bjp1 = (1—tN1)/(1—1) (viz. g-number operator)

—a4 are linear coupling parameters for the boundary interaction



Fock space representation
Let f: An,m — C with

/\n,m:{}\:U\L-“:?\n)‘m>7\1>)\2>

; ~ 2 A 2 0L
Action of the g-boson operators 31, 7, tNt (1=0,...,m) on
the n-particle wave function f:

(Bif)(A) :=f(BIA) ifn>0
(A€ An—1m) and Bif =0if n=0,

[y (A)IF(B1A) - if my(A) >0

0 otherwise

(Bif)(A) = {

(A S /\n+1,m)7
(EENF)(A) = tEm M)
(A€ Anm)-

Here ;A is obtained from A by adding a part of size | while ;A is obtained
by deleting such a part (assuming my(A) > 0), and

1tk
1t

[X] :

(q-integer).



n-Particle Hamiltonian

The action of the Hamiltonian on the n-particle wave functions reads:

(Hmf)A) = (@ [mo(A)] + as i (W) £
> mAKFA+e)+ D> ImyAIF(A—¢)

1<G<n 1<G<n
}\+ej€/\n7m }\feje/\mm

Hom is self-adjoint (because (B1)* = B7 and (tN1)* = tNt) with respect to
the inner product

(f7 g)n,m = Z f(}\)g(}\)én,m(}\)
AEAN, M

determined by the weight function
_ 1
Hog[gm[ml U\)]' ’

where [k]! := [k][k — 1] - - - [2][1] (g-deformed factorial).

Sn,m(A) :



Action of Hy, for n = 2:

X2

X1



III. Transfer operator

The transfer operator is obtained from Sklyanin’s Quantum Inverse
Scattering Formalism for systems with open-end boundary interactions

(Sklyanin ’88).

Monodromy matrix
Starting from the Lax matrix (Bogoliubov-Izergin-Kitanine '98)

Li(u) = (ul (1—t)[3{‘> (1=0,...,m)

Br u

satisfying the Quantum Yang-Baxter Equation
R(u/v)Li(u)1Li(v)e = Li(v)iLi(w)2R(u/v)

associated with the R-matrix

s(g'w) 0 0 0
—1 —1
R(u) = 8 Scig(u)) qs(qs_(lL;) 8 s(u) ;== u—u"t,
0 0 0 s(q 1w



and standard diagonal solutions (cherednik 'sa)

) _ [(e(w;a) 0 ) _ (flusay) 0
K,(u, Cl,) - ( 0 f(u; (1)) ) K+(u~ 0-+) - ( 0 e(u; C1+)> ’
with e(w; a) := au—u~! and f(u; a) :=e(q tut;a), of the
associated left— and right reflection equations

R(u/v)K_(u; a-)iR(quv)K_(v;a_):

—K_ (v a_ ) R(quv)K_ (1w @) R(u/v)
and

R(uw/V)Ky (w; ay)2R(quv)Ky (v;ay)s
=K (v; a4 )2R(quv)K (u; ay)oR(w/v)),



one constructs the monodromy matrix

U (15 a-) ==Um (WK (y;a- U (g u ™)

_ (Amwa) wa-)
~(entua)) nmwan):

Cm(u;a_

B
Dl

where



Transfer operator

The associated transfer operator

Tm(waq,a ) :=tr (K+(u71; ay) Um(u;a))

=flu " a ) Am(uas) +e(u ' ay) D (u;a)
satisfies the commutativity
[('Tm(ua ay, a_),Tm(V; a+, (1_)] =0

and
[‘Im(ua a+, (17), Hml =0



Explicit action in Fock space

For A€ Aqmand p € Ay m UAR_1m, let w2 Aif py <A for all j
and the skew diagram A/ is a horizontal strip:

>0 if 1€ Anm,
MEA S 2> Sy A 24T S
0 ifue A1 m.

Secondly, for A, pu € Ay m, let p~_ A if there exists a v e Ay m UAL_1m
such that v <A and v <, and let u~, A if there exists a
V€ Anm UAni1,m such that A <vand u <v.

The action of the transfer operator on f: Ay i — C reads:

(proof by induction in m, cf. also Korff ’13 for the action of the periodic transfer operator)

(Twlusar, a )H)(A) =

g ™t " ap —tu?) Z A)\“:l (u?:t, a_)f(p)
P'-E/\nm
p~_A
g e - Y DYt a)f(w),
HEAN, m
H~ A



with

A;T‘JLz;ta]::zfm(afzfl) Z (p)\/v(t)lpu/v(t]z\x\ﬂu\fmw
VEAN,Mm
v=A, v=pn
+z7 ™ (tz — a) > Oy (D, (DA FIRI—21v]
VEARL 1,m
VA, v

D;\l:\ﬂ)(z:t,a)::zm(zflia] > Py a (D)@, (D)2 HRI=21V]
YEAR+1,m
AZv,u=xv

+zM(a —tz) Z q,v/)\(t)(pv/p(t)zmw\mfzwl,
VEANR,Mm
A=V, n=xv

Or/u(t) = 11 (11—t (M)
o<im
my (A)=mqy(n)+1

By () = 11 (1—tmi(r)y,

ogi<m
my (A)=mq(p)—1



IV. Algebraic Bethe Ansatz

The eigenfunctions of the transfer operator are constructed by means of
Sklyanin’s Algebraic Bethe Ansatz for systems with open-end boundary

interactions (Sklyanin ’88).

Vacuum state Let Agm := {0} and let [0)) : Ay, — C be the
constant function with value 1.

Bethe Ansatz wave function By acting iteratively with the
Bethe Ansatz creation operator B, (u; a_) on the vacuum state
|0), one arrives at the n-particle Bethe Ansatz wave function:

\y(vl,...,vn) =Bmvisa_) - Bm(vn; a_)\®>



Theorem (Bethe Ansatz Eigenfunction)

The n-particle Bethe Ansatz wave function W, .\
equation

) solves the eigenvalue

n

with eigenvalue

En,m(uﬂ’la-»w‘)n)::
—1.,2 s(quv-)s(quv.*lj
qufl y2m—2 s(q 2“' ]e(u; ae(w;a_) ) J1
s(u?) 1<i<n s[l,wj)s(uvj )

—1, —2
Lu2m2 s(g— u—*°) —i

s(u—2) el

jape(ua) ]

1<j<n

s(qu71Vj )s(quilvj 1)
s(u*lv]- )s(uflvrl) >7

provided the spectral variables vy, ...,V satisfy the following algebraic
system of Bethe Ansatz equations:

V.

amia _ _€viase(vizal) I s(qvjvid)s(qvvic ')
T T ey el o) A1 Savmstavm )
K#j

forj=1,2,...,n.




V. Branching rule

From the explicit action of the Bethe Ansatz creation operator in Fock
space, we compute a branching rule for the n-particle Bethe Ansatz wave
function.

For A € Ay and n € Ay UAn_1,m, let 1 <A if there exists a

vV € Apm UAn_1,m such that © <v <A,

Theorem (Branching Rule)

The wvalue of the n-particle Bethe Ansatz wave function W, . ) at
A € Anm 15 determined by the following branching rule:

‘P(vl,.“,vn)()\) = Z B(A?L(vi;taa*)qj(vl,.u,vn,ﬂ(u)v

HEAnfl,m
<A
with .
(n) . _ (z7T"—a) Al —2]v]
B)\/u(z,t,a).f7(17t)(2717t2)VGAZ Or/v Doy (t)z

n,m

w=v=A
o (a—tz) Z (py\/v(t)wv/u(t)l‘)\‘+‘“‘72lv‘-

— —1 _
(1—1t)(z tz) veAT im
n=v=A




n-particle wave function

By iterating the branching rule, one ends up with a closed expression
for the n-particle Bethe Ansatz wave function in terms one-particle
wave functions.

Corollary (n-Particle Bethe Ansatz Wave Function)
One has that at A € Ay m

liJ(vl,...,vn)O\) =
Z q’vl(u(l)) H BS()j]/u(j—l](va;t7a—)'

Ay =1, 1<j<n
u(l)gu(Z)gmgu(n):A




One-Particle Bethe Ansatz Wave Function
By computing the action of the Bethe Ansatz creation operator on
the vacuum state, we see that for 1 € Ny, :

W) = s (v¥) —a_s;_1(v?) with si(z) =

(where s_;(z) = 0 by convention).

Value at the origin
The value of the n-particle Bethe Ansatz wave function becomes
particularly simple at the origin:



VI. Orthogonality and completeness

Bethe Ansatz equations

Rewrite Bethe Ansatz equations by substituting v; = et&i/2

e2i(m+l)£j _
(1—a+e“~i> (l—a,e“i) 1_[ (1_tei(aj+ék)) (1_tei(éjfak))
i _ & _ (&5 +Ek) _ HEj—E&x) _ )
e'si —ay e —a_ 1<k<neJkt etleiTok) —t
k#j
j=1,...,n

We seek solutions with &; real, so v; lies on the unit circle!



Spectral points
The solutions of the Bethe Ansatz equations are characterized via the

minima of strictly convex Morse functions (Yang-Yang '69).

For any A € Ay m, the (unique) global minimum E,;n’m) € R™ of the

strictly convex Morse function V;\n’m] :R™ — R given by

&j
V)(\n,m)(é) = Z ([m+ 1)&1-2 —2n(p; +A5) & + Jo (va L (u) +va7(u))du)

1<j<n
E,]- +&Ex Ej*ﬁk
J ve(u)du + J Vi (u)du) ,
0 0

+ (
1<j<k<n

with p; =n+1—j and

¢ 2 i0
(1—a?) du ) 1— ae
al0):= =il T -1 1),
vel®) J01*2acos(u)+a2 riog c® _q (-l<a<l)

provides a solution of our Bethe Ansatz equations.



Theorem (Diagonalization and Orthogonality)

The n-particle Bethe Ansatz wave functions W (m:m) (&g\n’m) ), A € An,m, which satisfy the
eigenvalue equations

Tin (@, @ )W) (g0 )) — () (g g (1T yy () (g (o)
with

e(mm) (y, 8) = q ™t "X

1t 1ys 1—tu2e'&i)(1— tu2e t&j
<u72(m+2)( t 411 )(17a+u2)[17u7u2) I (1—tu eia-)( tu ii&- )
(T—u?) 1<j<n (1—u2e"i)(1—u2e )

w2(m+2) @ —ttu)

2 iEjy o —iE;
oG —aru )1 —a_u?) Cotw e ot e )

1Ggn (1—u=2et®) (1 —u—2e"5)
and
U’Cm‘y(n’m](‘i;\n’m)]:E(“)[&;\"’m))‘y(“’m](.{;\n’m)]
with
EMI(g):= ) 2cos(f)),

1<j<n

constitute an orthogonal basis for ez(An,m, dn,m):
(\y(n,m](E‘;ﬂxm)]yxy(n,m)(égn’m))) =0 ff A#£pn
mn,m

A, L€ An,m)




Proof Theorem follows from three observations:

— Tm(uw;ay, a_) is self-adjoint in EQ(An,m, dn,m)-
—The Bethe Ansatz spectrum is nondegenerate:
Erm g M™) £ B g g(M™) i A £
(as Laurent polynomials in ).

— The Bethe Ansatz eigenfunctions are nontrivial:

wlrm) (g =g,



VII. Hyperoctahedral Hall-Littlewood polynomials

Macdonald’s formula

Macdonald’s BC,,-type Hall-Littlewood polynomials are given
by: (Macdonald ’89)

. ) — € €n. AV €1A €EnA
P)\(le...,ln,t,a,a)— § C(Zo-i,...,Zo-z,t,(l,a)Zo-i 1"'2’0'1 i)
oESH
ee{l1,—1}"
with
Clz1,...,zn;t,a,a) =
. -1
H (zj —a)(z; —a) H <ZjZk—t> (zjzk —t)
2_1 iz — 1 -t

1<j<n Zj 1<j<kgn \HFK zjizy. —1

Pa(z1,...,zn;t, @, d) is a symmetric Laurent polynomial in zq,...,zn.



Coordinate representation of the n-particle wave function

By comparing our branching formula with a recent branching rule for
Macdonald’s hyperoctahedral Hall-Littlewood polynomials at @ =0

(Wheeler—P.Zinn-Justin ’15):

— 2e 2€n. 2€1A 2en A
- Z C(Vo_ll,.,,7‘\)o_n“7t’ (1,,0)\)611 1-..v0_nn n
0ESH
ee{l,—1}™

(A€ Anm)-

cf. Tsilevich ’05, vD 06, Korff "13 for periodic g-boson Bethe Ansatz wave

functions in terms of Hall-Littlewood polynomials.



Affine Pieri formula and discrete orthogonality

For A, it € Anm, let (z1,...,z,) and (y1,...,Yyn) be equal to (e'é1,..., ettn)
at & = E,g\n’m) and & = E,Ef’m), respectively. Then:

P,(z1,...,zn;t,a_,0) Z <Zj+Z;1) -

1<<n

(af [mo (V] + a4 [mm(V)]>Pv(Zl, .zn;t,as,0)
+ Z [mv]- (V)}Pviej (Zla"’rzn;taa770)
1<jsn

vEe;EAR,m

(v € Anm), and

Z Pv(zla s Znst a—70)Pv(U1, -y Yn; t, a*ao)én,m(v) =0 iffA 7é H.

VEAR, m

Important Feature: Orthogonality of the Bethe Ansatz for the Laplacian on

the Weyl alcove follows from this orthogonality through a continuum limit!



System of affine Pieri formulas

From the explicit action of the transfer operator, we arrive at a system of
affine Pieri formulas for Macdonald’s BC,, Hall-Littlewood polynomials
with @ =0 and v € Ay

Pv(Zly-' ZTUt a—7O)Enm)(uaZ1a .,Zn):
g™t " (a, A’? u®t,a )P,(z1,...,2zn;t,a_,0)
HE/\n m
p~_v
+q ™t Z DUV (u?st,a )Pul(z,. .., znst, @, 0)
HEANR m
Y
at (z1,...,20) = (€¥1,..., e ) with & = ™ (A € Apm).



Thank You!



