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Directed last-passage times

Consider the last-passage times

G(m, n) = max
π:(1,1)↗(m,n)

∑
(i,j)∈π

w(i , j),

where w(i , j) are i.i.d. geometric random variables

P[w(i , j) = k] = (1− q)qk , k ≥ 0.



Directed last-passage times

We have the limit theorem

P
[
G(n, [λn])− an

bn1/3
≤ ξ
]
→ F2(ξ)

as n→∞, where
F2(ξ) = det(I − KAi )L2(ξ,∞)

is the Tracy-Widom distribution, KAi the Airy kernel.
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G(n, [λn])− an
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≤ ξ
]
→ F2(ξ)

as n→∞, where
F2(ξ) = det(I − KAi )L2(ξ,∞)

is the Tracy-Widom distribution, KAi the Airy kernel.

Fluctuation exponent 1/3.



Two-point distribution, space direction

Joint distribution of G(m1, n1) and G(m2, n2) when m1 < m2 and n1 > n2.

P
[
G(n + ν1n

2/3, n − ν1n
2/3)− an

bn1/3
≤ ξ1,

G(n + ν2n
2/3, n − ν2n

2/3)− an

bn1/3
≤ ξ2

]
converges to a Fredholm determinant involving the extended Airy kernel.

Fluctuation exponent 2/3.

We can think of
k → G(n + k, n − k), −n < k < n,

as a one-dimensional interface, discrete polynuclear growth, at time t=2n.



Two-point distribution, time direction

Two-time joint distribution

P [G(m1,m1) ≤ v1,G(m2,m2) ≤ v2]

We expect non-trivial fluctuations if

m1

m2 −m1
∼ c, c > 0.

Exponent 1

Slow de-correlation phenomenon

(P. L. Ferrari and I. Corwin, P.L. Ferrari, S. Péché)



More general problem

Consider the discrete ”surface”

(m, n)→ G(m, n)

for (m, n) ∈ Z2
+.

We would like to prove that, under the appropriate scalings, we have a limiting
random surface in the sense of convergence in finite-dimensional distributions.



Zero temperature Brownian semi-discrete directed polymer

Last-passage time

H(µ, n) = sup
0=τ0<τ1<···<τn=µ

n∑
i=1

Bi (τi )− Bi (τi−1).

Distributed as the largest eigenvalue of a GUE-matrix

P[H(µ, n) ≤ ξ] =
1

Zµ,n

∫
(−∞,ξ]n

∏
1≤j<k≤n

(xk − xj)
2

p∏
j=1

e−
x2
j

2µ dnx .

(Gravner,Tracy,Widom and Baryshnikov).



Zero temperature Brownian semi-discrete directed polymer
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Limit of G(m, n)
G([µT ], n)− q

1−q
[µT ]

√
q

1−q

√
T

→ H(µ, n)

in distribution as T →∞.
(Gravner,Tracy,Widom and Baryshnikov).



Main theorem

Theorem
Let 0 < t1 < t2, η1, η2, ν1, ν2 ∈ R be given. Set

α = (t1/(t2 − t1))1/3.

Introduce the scaling, i = 1, 2,

µi = tiM − νi (tiM)2/3, ni = tiM + νi (tiM)2/3, ξi = 2tiM + (ηi − ν2
i )(tiM)1/3.

i = 1, 2. With this scaling,

lim
M→∞

P[H(µ1, n1) ≤ ξ1,H(µ2, n2) ≤ ξ2] = Ftt(η1, η2;α, ν1, ν2).

There is an explicit, but rather complicated, formula for the two-time
distribution Ftt.

A different formula was derived non-rigorously by V. Dotsenko using the replica
method.



A Markov chain

Let
G(m) = (G(m, 1), . . . ,G(m, n))

and

wm(x) = (1− q)m
(
x + m − 1

x

)
qx1(x ≥ 0).

For x, y ∈Wn = {x ∈ Zn ; x1 ≤ x2 ≤ · · · ≤ xn} and m > ` ≥ 0,

P[G(m) = y |G(`) = x] = det
(

∆j−iwm−`(yj − xi )
)

1≤i,j≤n
.

In particular

P[G(m) = x] = det
(

∆j−iwm(xj)
)

1≤i,j≤n
.

(Inspired by similar results by J. Warren.)



Joint distribution

We get the formula

P[G(m1, n1) ≤ v1,G(m2, n2) ≤ v2]

=

v1∑
u=−∞

∑
x∈Wn2
xn1

=u

∑
y∈Wn2
yn2
≤v2

det
(

∆j−iwm1 (xj)
)

1≤i,j≤n2

det
(

∆j−iwm2−m1 (yj − xi )
)

1≤i,j≤n2

,
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Into this formula we can insert

∆kwm(x) =
(1− q)m

2πi

∫
γr

(1− z)kdz

(1− qz)mzx+k+1
,

where 0 < r < 1.



Joint distribution

After a non-trivial computation we obtain

P[G(m1, n1) ≤ v1,G(m2, n2) ≤ v2]

=

v1∑
u=−∞

(1− q)m2n2 (−1)n2(n2−1)/2

(2πi)2n2n1!2(∆n)!2

∫
γ
n1
s1

dn1z

∫
γ∆n
s2

d∆nz

∫
γ
n1
r1

dn1w

∫
γ∆n
r2

d∆nw

× det
(
z i−1
j

)
1≤i,j≤n2

det
(
w i−1

j

)
1≤i,j≤n2

det

(
1

wj − zi

)
1≤i,j≤n1

det

(
1

zj − wi

)
n1<i,j≤n2

×
n2∏

j=n1+1

1− zj
1− wj

(
1−

n1∏
j=1

zj
wj

)
n2∏
j=1

wu−v2−∆n
j

zu+n1
j (1− zj)∆n(1− qzj)m1 (1− wj)n1 (1− qwj)∆m

,

Here ∆n = n2 − n1, ∆m = m2 −m1, 0 < s1 < r1 < 1, 0 < r2 < s2 < 1.



Two identities

An important ingredient in the above derivation are two symmetrization
identities:∑
σ∈Sn

sgn (σ)
n∏

j=1

(
1− wσ(j)

wσ(j)

)j
1

(1− wσ(1))(1− wσ(1)wσ(2)) · · · (1− wσ(1) · · ·wσ(n))

= (−1)
n(n−1)

2

n∏
j=1

1

wn
j

det
(
w i−1

j

)
1≤i,j≤n

,

(Tracy-Widom ASEP identity) and

∑
σ1,σ2∈Sn

sgn (σ1σ2)
n∏

j=1

(
wσ2(j)(1− zσ1(j))

zσ1(j)(1− wσ2(j))

)j

× 1(
1− zσ1(1)

wσ2(1)

)(
1− zσ1(1)zσ1(2)

wσ2(1)wσ2(2)

)
· · ·
(

1− zσ1(1)···zσ1(n)

wσ2(1)···wσ2(n)

)
=

n∏
j=1

wn+1
j (1− zj)

n

znj (1− wj)n
det

(
1

wj − zi

)
1≤i,j≤n

.



Limit to the Brownian directed polymer

Taking the appropriate limit to the Brownian directed polymer we obtain

∂

∂ξ1
P [H(µ1, n1) ≤ ξ1,H(µ2, n2) ≤ ξ2] =

∂

∂h

∣∣∣∣
h=0

Q(h),

where we recall that

H(µ, n) = sup
0=τ0<τ1<···<τn=µ

n∑
i=1

Bi (τi )− Bi (τi−1).
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∂

∂h

∣∣∣∣
h=0

Q(h),

where

Q(h) =
(−1)

n2(n2−1)
2

(2πi)2n2n1!∆n!

×
∫

Γ
n1
d1

dn1z

∫
Γ∆n
d2

d∆nz

∫
Γ
n1
d3

dn1w

∫
Γ∆n
d4

d∆nw det
(
z i−1
j

)
1≤i,j≤n2

det
(
w i−1

j

)
1≤i,j≤n2

×
n1∏
j=1

e
1
2
µ1z

2
j −ξ1zj+

1
2

∆µw2
j −∆ξwj

z∆n
j wn1

j

(
1

zj − wj
− h

) n2∏
j=n1+1

e
1
2
µ1z

2
j −ξ1zj+

1
2

∆µw2
j −∆ξwj

z∆n−1
j wn1+1

j (wj − zj)
.

d1 < d3 < 0 , d4 < d2 < 0 and ∆ξ = ξ2 − ξ1 , ∆µ = µ2 − µ1.
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j wn1
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(
1

zj − wj
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1
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d1 < d3 < 0 , d4 < d2 < 0 and ∆ξ = ξ2 − ξ1 , ∆µ = µ2 − µ1.

In order to understand the asymptotics of Q(h) we need to rewrite it further so
that we can do an appropriate expansion.



Limit to the Brownian directed polymer

Q(h) =
1

(2πi)4n2n1!(∆n)!

∫
Γ
n1
d1

dn1z

∫
Γ∆n
d2

d∆nz

∫
Γ
n1
d3

dn1w

∫
Γ∆n
d4

d∆nw

∫
γ
n2
τ1

dn2ζ

∫
γ
n2
τ2

dn2ω

× det

(
1

ζ ij

)
1≤i,j≤n2

det

(
1

ωn2+1−i

)
1≤i,j≤n2

×
n1∏
j=1

zn1
j w∆n

j e
1
2
µ1z

2
j −ξ1zj+

1
2

∆µw2
j −∆ξwj

e
1
2
µ1ζ

2
j −ξ1ζj+

1
2

∆µω2
j −∆ξωj (ζj − zj)(ωj − wj)

(
1

zj − wj
− h

)

×
n2∏

j=n1+1

zn1+1
j w∆n−1

j e
1
2
µ1z

2
j −ξ1zj+

1
2

∆µw2
j −∆ξwj

e
1
2
µ1ζ

2
j −ξ1ζj+

1
2

∆µω2
j −∆ξωj (wj − zj)(ζj − zj)(ωj − wj)

,

where

d1 < d3 < −max(τ1, τ2) < 0 , d4 < d2 < −max(τ1, τ2) < 0.



Analogous simpler computation

Let

Df (x) = f ′(x) , D−1f (x) =

∫ x

−∞
f (y) dy .
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We have the following formula of Warren

P[H(
1

2
, n) ≤ η] =

∫
y1≤···≤yn≤η

det
(

(Dk−jφ1/2)(yk)
)

1≤j,k≤n
dny , (1)
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Here Γ−2 : Imw = −2.



Analogous simpler computation

We have the following formula of Warren
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)
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where

φ1/2(t) =
1√
π
e−t2

=
1

πi

∫
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ew
2−2twdw .

Here Γ−2 : Imw = −2.
This is an alternative form for the largest eigenvalue distribution of an n × n
GUE matrix.



Analogous simpler computation

We have the following formula of Warren
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)

1≤j,k≤n
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We have that

Dk−jφ1/2(yk) =
(−2)k−j

πi

∫
Γ−2

w k−jew
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Insert this formula into Warren’s formula.

P[H(
1

2
, n) ≤ η]

=
1

(πi)n

∫
Γn−2

(
n∏

k=1

ew
2
kw k

k

)
det

(
1

w j
k

)(∫
y1≤···≤yn≤η

n∏
k=1

e−2ykwkdny

)
dnw .



Analogous simpler computation

We have that

Dk−jφ1/2(yk) =
(−2)k−j

πi

∫
Γ−2

w k−jew
2−2ykwdw .

Insert this formula into Warren’s formula.

P[H(
1

2
, n) ≤ η]

=
1

(2πi)n

∫
Γn−2

(
n∏

k=1

ew
2
kw k

k

)
det

(
1

w j
k

)(∫
y1≤···≤yn≤η

n∏
k=1

e−2ykwkdny

)
dnw

=
(−1)n

(πi)n

∫
Γn−2

n∏
k=1

ew
2
k−2ηwkw k

k
1

w1(w1 + w2) . . . (w1 + · · ·+ wn)
det

(
1

w j
k

)
.



Analogous simpler computation

P[H(
1

2
, n) ≤ η]

=
(−1)n

(2πi)n

∫
Γn−2

n∏
k=1

ew
2
k−2ηwkw k

k
1

w1(w1 + w2) . . . (w1 + · · ·+ wn)
det

(
1

w j
k

)
dnw .

Symmetrize by permuting w1, . . . ,wn and use the identity

∑
σ∈Sn

sgn (σ)
n∏

k=1

w k
σ(k)

1

wσ(1)(wσ(1) + wσ(2)) . . . (wσ(1) + · · ·+ wσ(n))
= det(w j−1

k ).



Analogous simpler computation

Thus

P[H(
1

2
, n) ≤ η] =

(−1)n

(2πi)nn!

∫
Γn−2

n∏
k=1

ew
2
k−2ηwk det

(
w j−1

k

)
det

(
1

w j
k

)
dnw .



Analogous simpler computation

Thus

P[H(
1

2
, n) ≤ η] =

(−1)n

(2πi)nn!

∫
Γn−2

n∏
k=1

ew
2
k−2ηwk det

(
w j−1

k

)
det

(
1

w j
k

)
dnw .

Now,

det

(
1

w j
k

)
= (−1)n det

(
1

2πi

∫
γ1

e2ηz−z2

z − wk

dz

z j

)
,

where γ1 : |z | = 1. Insert this into the previous formula and use the
Cauchy-Binet (Andrieff) identity.



Analogous simpler computation

We get the determinantal formula

P[H(
1

2
, n) ≤ η] = det

(
1

(2πi)2

∫
Γ−2

dw

∫
γ1

dz
ew

2−z2+2η(z−w)

z − w

w k−1

z j

)
.



Analogous simpler computation
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2
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1
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dz
ew

2−z2+2η(z−w)

z − w

w k−1

z j

)
.

Move Γ−2 to Γ2 (motivated by asymptotic analysis).



Analogous simpler computation

We get the determinantal formula

P[H(
1

2
, n) ≤ η] = det

(
1

(2πi)2

∫
Γ−2

dw

∫
γ1

dz
ew

2−z2+2η(z−w)

z − w

w k−1

z j

)
.

Move Γ−2 to Γ2 (motivated by asymptotic analysis).
Since we cross the pole at w = z , this gives

P[H(
1

2
, n) ≤ η] = det

(
δjk +

1

(2πi)2

∫
Γ2

dw

∫
γ1

dz
ew

2−z2+2η(z−w)

z − w

w k−1

z j

)
.

Can be expanded in a Fredholm expansion. We can then take the limit of
individual terms in the expansion.



The two-time distribution

Recall
lim

M→∞
P[H(µ1, n1) ≤ ξ1,H(µ2, n2) ≤ ξ2] = Ftt(η1, η2;α).

where
µi = tiM = ni = tiM, ξi = 2tiM + ηi (tiM)1/3,

i = 1, 2, and
α = (t1/(t2 − t1))1/3.



The two-time distribution

We have the formula

Ftt(η
∗
1 , η2;α)

= F2(η2)−
∞∑

r,s,t=0

1

(r !)2s!t!

×
∞∫
η∗1

dη1

∫
(−∞,0]r

d rx

∫
(−∞,0]s

d sx ′
∫

[0,∞)r

d ry

∫
[0,∞)t

d ty ′W
(1)
r,s,r,t(x, x

′, y, y′)

−
∞∑
r=1

∞∑
s,t=0

1

r !(r − 1)!s!t!

×
∞∫
η∗1

dη1

∫
(−∞,0]r

d rx

∫
(−∞,0]s

d sx ′
∫

[0,∞)r−1

d r−1y

∫
[0,∞)t

d ty ′W
(2)
r,s,r−1,t(x, x

′, y, y′),



The two-time distribution

Block determinant

W
(1)
r1,s,r2,t

(x, x′, y, y′) =

∣∣∣∣∣∣∣∣∣∣
ψ(x, x) ψ(x, x′) ψ(x, 0) ψ(x, y) ψ(x, y′)
φ(x′, x) φ(x′, x′) φ(x′, 0) φ(x′, y) φ(x′, y′)
ψ(0, x) ψ(0, x′) ψ(0, 0) ψ(0, y) ψ(0, y′)
φ(y, x) φ(y, x′) φ(y, 0) φ(y, y) φ(y, y′)
ψ(y′, x) ψ(y′, x′) ψ(y′, 0) ψ(y′, y) ψ(y′, y′)

∣∣∣∣∣∣∣∣∣∣
x ∈ Rr1 , x′ ∈ Rs , y ∈ Rr2 , y′ ∈ Rt and 0 ∈ R.

W
(2)
r1,s,r2,t

is very similar (ψ in middle row replaced by φ).



The two-time distribution

The functions φ and ψ are defined by

φ(x , y) = φ1(x , y) + 1(y ≥ 0)φ2(x , y)− 1(x < 0)φ3(x , y),

and
ψ(x , y) = −ψ1(x , y)− 1(y > 0)φ2(x , y) + 1(x ≤ 0)φ3(x , y),

where

φ1(x , y) = −α
∫ ∞

0

KAi (η1 − τ, η1 − y)KAi (∆η + ατ,∆η + αx) dτ,

ψ1(x , y) = α

∫ ∞
0

KAi (η1 + τ, η1 − y)KAi (∆η − ατ,∆η + αx) dτ,

φ2(x , y) = αKAi (∆η + αx ,∆η + αy),

φ3(x , y) = KAi (η1 − x , η1 − y).

and

∆η = η2

( t2

∆t

)1/3

− η1

( t1

∆t

)1/3

.



Thank you!


