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Inform
ation plays a central role in quantum

 (but not in classical!) 
physics. 



C
lassical apparatus m

easures the state of a classical system
 

R
eversibility of evolution !

 one can (in principle) undo  
that m

easurem
ent…

 

…
so that both the apparatus and the system

 return to initial states. 

This is true also w
hen a copy of the outcom

e is m
ade and kept: 

A
nd it rem

ains true in m
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ents of classical m
ixtures:  

M
easurem

ent by a quantum
 apparatus of a quantum

 system
  

…
both the apparatus and the system

 return to initial states.$
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his is no longer true w

hen copy of the outcom
e is kept…

 

…
since the state of the system

 is now
 m

ixed: 
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Sum
m

ary and conclusions:


• Therm
odynam

ics is organized logically around the equilibrium
 states – states in w

hich 
nothing happens.  
• Yet, in states of individual classical system

s “som
ething alw

ays happens” – New
tonian 

dynam
ics precludes equilibrium

. 
• Ensem

bles w
ere introduced to reconcile New

tonian dynam
ics w

ith therm
odynam

ics. 
• In quantum

 physics states of individual system
s w

hich do not evolve can exist – 
entanglem

ent m
akes this possible. 

• Ensem
bles w

ere also needed to m
otivate probabilities (needed for statistical m

echanics!). 
• W

e can how
ever get quantum

 states that em
body equilibrium

 / deduce quantum
 

probabilities w
/o ensem

bles, using sym
m

etries of entanglem
ent. 

• Our w
orld is quantum

. Therefore, 
, w

e can practice statistical physics 
w

ith individual system
s (that em

bedded in / entangled w
ith their environm

ents). 
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W
ithout ensem

bles there is no possibility of equilibrium
 in New

tonian physics!!! 
#



Sta%s%cal)ensem
bles


• In m
athem

atical physics, especially as introduced into statistical m
echanics and 

therm
odynam

ics by J. W
illard G

ibbs in 1902, an ensem
ble (also statistical 

ensem
ble) is an idealization consisting of a large num

ber of virtual copies 
(som

etim
es infinitely m

any) of a system
, considered all at once, each of w

hich 
represents a possible state that the real system

 m
ight be in. In

 o
th

e
r
 

w
o
r
d
s, a

 sta
tistic

a
l e

n
se

m
b
le

 is a
 p

r
o
b
a
b
ility

 
d
istr

ib
u
tio

n
 fo

r
 th

e
 sta

te
 o

f th
e
 sy

ste
m

. [1] 
• A

 therm
odynam

ic ensem
ble is a specific variety of statistical ensem

ble that, 
am

ong other properties, is in equilibrium
, and is used to derive the properties 

of therm
odynam

ic system
s from

 the law
s of classical or quantum

 
m

echanics.  
#

[1]G
ibbs,&Josiah&W

illard&(1902).&Elem
entary&Principles&in&Sta@

s@
cal&M

echanics.&N
ew

&York:&Charles&Scribner's&Sons.#
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W
ithout ensem

bles there is no possibility of equilibrium
 in classical New

tonian m
echanics!!! 



M
icrocanonical#Equilibrium

#via#Entanglem
ent#

Entangled#“even”#state#of#the#system
#S
#and#the#environm

ent#E#(the#system
#S alone#in#m

icrocanonical#equilibrium
):##

The#state#of#the#system
#alone#is#N

O
T#evolving#dynam

ically#–#it#is#invariant#under#EVERY#unitary…
##

…
because#evolu9on#under#any#unitary#can#be#undone#by#ac9ng#on#the#environm

ent#``#i.e.,#w
/o#ac9ng#on#the#system

#–#w
ith:##

Proof:#It#is#enough#to#specify#the#set#of#orthogonal#states#that#define#the#evolu9on#of#the#environm
ent.#In#other#w

ords,##
decom

posi9on#on#RHS#of:#

should#be#also#Schm
idt.#That#is,#the#set#of#states:#

should#be#an#orthogonal#basis#in#the#Hilbert#space#of#the#environm
ent.#This#is#true,#as#can#be#verified.#Q

ED.##
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Frequentist view
 of probability (relative frequencies in an ensem

ble) 
• …

it is assum
ed that as the length of a series of trials increases, the fraction of experim

ents in 
w

hich a given event occurs w
ill approach a fixed value …

 the lim
iting relative frequency. 

• This interpretation is often contrasted w
ith B

ayesian probability…
the term

 'frequentist' w
as first 

used by M
. G

. K
endall *, to contrast w

ith B
ayesians, w

hom
 he called "non-frequentists".  

• ....w
e m

ay broadly distinguish tw
o m

ain attitudes. O
ne takes probability as 'a degree of rational 

belief', or som
e sim

ilar idea...the second defines probability in term
s of frequencies of 

occurrence of events, or by relative proportions in 'populations' or 'collectives’ 
• …

. It m
ight be thought that the differences betw

een the frequentists and the non-frequentists …
 

are largely due to the differences of the dom
ains w

hich they purport to cover. …
I assert that 

this is not so ... T
he essential distinction betw

een the frequentists and the non-frequentists 
is, I think, that the form

er, in an effort to avoid anything savouring of m
atters of opinion, 

seek to define probability in term
s of the objective properties of a population, real or 

hypothetical, w
hereas the latter do not. [S

U
B

JE
C

T
IV

E
 vs O

B
JE

C
T

IV
E

] 

*Kendall,#M
aurice#George#(1949).#"O

n#the#Reconcilia9on#of#Theories#of#Probability".#B
iom

etrika.#Biom
etrika#Trust.#36#(1/2):#101–116#

IN QUANTUM THEORY ONE CAN DERIVE OBJECTIVE PROBABILITY W
/O  

APPEAL TO RELATIVE FREQUENCIES – W
/O APPEAL TO ENSEMBLES  



Born’s)rule:)

• 

Born’s#rule#is#one#of#the#“textbook#axiom
s”#of#quantum

#theory.#
• 

It#relates#the#probability#of#an#outcom
e#of#a#m

easurem
ent#to#

the#state#vector.##
• 

Probability#of#finding#an#outcom
e#########given############################,#

quantum
#state#vector#of#the#system

.#
• 

Born’s#rule#is#essen9al#in#connec9ng#m
athem

a9cs#of#quantum
#

theory#w
ith#physics#–#w

ith#the#experim
ents.##

• 
W
ithout#it#w

e#w
ould#just#have#“quantum

#m
athem

a9cs”,#not#
quantum

#physics.(

€
 

p
k

=
ψ

k
2

€
 

k€
 

Ψ
=

ψ
k

k
∑

k
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EN
VARIAN

CE)
)(Entanglem

ent=Assisted)Invariance)


C
onsider a com

posite quantum
 object consisting of system

 S and 
environm

ent  E  W
hen the com

bined state         is transform
ed by:

but can be “untransform
ed” by acting solely on E, that is, if  

there exists:

then        is EN
VA

R
IA

N
T w

ith respect to      . 

 

Envariance is a property of         and the joint state           of tw
o 

system
s, S & E  

D
EFIN

ITIO
N

:



EN
TAN

G
LED

))STATE)AS)AN
)EXAM

PLE)O
F)

EN
VARIAN

CE:


Schm
idt decom

position:

 A
bove Schm

idt states                are orthonorm
al and       com

plex.

€
 

α
k

  

€
 

s
k
, ε

k

Lem
m

a: U
nitary transform

ations w
ith Schm

idt eigenstates:

leave         envariant.
Proof: 

LOCALLY, SCHM
IDT PHASES DO NOT M

ATTER: DECOHERENCE!!! 

DECOHERENCE AS A LOCAL 
ENTANGLEM

ENT-ASSISTED  
SYM

M
ETRY: DECOHERENCE 

IS DUE TO ENVARIANCE!



Envariance)of)entangled)states:)
the)case)of)equal)coeffi

cients)

In this case A

N
Y

 orthonorm
al basis is Schm

idt. In particular, in the
H

ilbert subspace spanned by any tw
o {             } one can define a

H
adam

ard basis;

€
 

±
=
(s

k
±
s
l )/

2
  

€
 

s
k
, s

l

This can be used to generate ‘new
 kind’of envariant transform

ations:
A

 SW
A
P
:

C
an be ‘undone’ by the C

O
U
N
TER

SW
A
P
:

LEM
M

A
: Sw

aps of states are envariant w
hen Schm

idt 
coefficients have sam

e absolute value.



Probability)of)envariantly)sw
appable)states


B
y the Phase Envariance Theorem

 the set of pairs               
provides a com

plete description of S. B
ut all        are equal.

  

€
 

α
k , s

k

W
ith additional assum

ption about probabilities (e.g., perfect correlation as 
on the previous transparency), one can prove 

THEOREM: Probabilities of envariantly swappable states are equal. 
(a) “Pedantic assum

ption”; w
hen states get sw

apped, so do probabilities;
(b) W

hen the state of the system
 does not change under any unitary in 

a part of its H
ilbert space, probabilities of any set of basis states are equal.

(c) Because there is one-to-one correlation betw
een

Therefore, by norm
alization:

  

€
 

p
k

=
1N

  ∀
k



M
icrocanonical#Equilibrium

#via#Entanglem
ent#

Entangled#“even”#state#of#the#system
#and#the#environm

ent#(the#system
#alone#in#m

icrocanonical#equilibrium
):##

The#state#of#the#system
#alone#is#N

O
T#evolving#dynam

ically#–#it#is#invariant#under#EVERY#unitary…
##

…
because#evolu9on#under#any#unitary#can#be#undone#by#ac9ng#on#the#environm

ent#``#i.e.,#w
/o#ac9ng#on#the#system

#–#w
ith:##

Proof:#It#is#enough#to#specify#the#set#of#orthogonal#states#that#define#the#evolu9on#of#the#environm
ent.#In#other#w

ords,##
decom

posi9on#on#RHS#of:#

should#be#also#Schm
idt.#That#is,#the#set#of#states:#

should#be#an#orthogonal#basis#in#the#Hilbert#space#of#the#environm
ent.#This#is#true,#as#can#be#verified.#Q

ED.##



Special)case)w
ith)unequal)coeffi

cients

C

onsider system
 S w

ith tw
o states  

€
 

0
{

,2
}

€
 

0
{

,1
,2

}
 The environm

ent E has three states                and   

€
 

+
=
0(

 +
 1

) /
2

A
n auxilliary environm

ent E’ interacts w
ith E so that:

  

€
 

ψ
SE

E'0
=

23
0

+
 +

 
13
2
2

# $ % 
& ' ( 0

⇒
23
0
0
0

+
1
1

(
)  
2 +

 
13
2
2
2

=

€
 

=
0
0
0

+
0
1
1

+
2
2
2

(
) /

3

States                                have equal coefficients. Therefore,
Each of them

 has probability of 1/3. C
onsequently:

             p(0) = p(0,0)+p(0,1) = 2/3,    and    p(2) = 1/3.
         …

.. B
O

R
N

’s R
U

L
E

!!!

  

€
 

0
0
, 0

1
, 2

2

no need to assum
e 

additivity! (p(0)=1-p(2))!



Probabili%es)from
)Envariance


The case of com
m

ensurate probabilities:

A
ttach the auxiliary “counter” environm

ent C:

TH
EO

R
EM

 3: The case w
ith com

m
ensurate probabilities can be 

reduced to the case w
ith equal probabilities. B

O
R

N
’s R

U
L

E
 fo

llo
w

s: 

  

€
 

p
j =

1M
,     p

k
=

p
jk

jk =1

m
k

∑
=
m

k

M
=
α
k
2

G
eneral case -- by continuity. Q

ED
.



EN
VARIAN

CE*)==)SU
M
M
ARY


1. 
N

ew
 sym

m
etry - EN

VA
R

IA
N

C
E - of joint states of quantum

      system
s. It is related to causality.

2. 
In quantum

 physics perfect know
ledge of the w

hole m
ay im

ply 
      com

plete ignorance of a part.

3.   B
O

R
N

’s R
U

L
E

 follow
s as a consequence of envariance – objective sym

m
etry 

of entangled quantum
 states yields objective probabilities.

4. 
R

elative frequency interpretation of probabilities naturally follow
s.  

5.
Envariance supplies a new

 foundation for environm
ent - induced

      superselection, decoherence, quantum
 statistical physics, etc., by 

      justifying the form
 and interpretation of reduced density m

atrices.

*W
HZ, PRL 90, 120404;  RMP 75, 715 (2003); PRA 71, 052105 (2005); PRL 106, 250402 (2011), Physics Today Oct. (2014). 



Microcanonical equilibrium
 state of a single system

 – envariant definition  

The m
icrocanonical equilibrium

 of a system
 S

 w
ith Ham

iltonian H
S  is an  

energetically degenerate quantum
 state envariant under all unitaries. 



Canonical equilibrium
 state of a single system

 from
 envariance 



Boltzm
ann-Gibbs form

ula for therm
al equilibrium

 state 

! 
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Sum
m

ary and conclusions:


• Therm
odynam

ics is organized logically around the equilibrium
 states – states in w

hich 
nothing happens.  
• Yet, in states of individual classical system

s “som
ething alw

ays happens” – New
tonian 

dynam
ics precludes equilibrium

. 
• Ensem

bles w
ere introduced to reconcile New

tonian dynam
ics w

ith therm
odynam

ics. 
• In quantum

 physics states of individual system
s w

hich do not evolve can exist – 
entanglem

ent m
akes this possible. 

• Ensem
bles w

ere also needed to m
otivate probabilities (needed for statistical m

echanics!). 
• W

e can how
ever get quantum

 states that em
body equilibrium

 / deduce quantum
 

probabilities w
/o ensem

bles, using sym
m

etries of entanglem
ent. 

• Our w
orld is quantum

. Therefore, 
, w

e can practice statistical physics 
w

ith individual system
s (that em

bedded in / entangled w
ith their environm

ents). 
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W
ithout ensem

bles there is no possibility of equilibrium
 in New

tonian physics!!! 
#S.#Deffner#&

#W
HZ#(2016),#Founda9ons#of#sta9s9cal#m

echanics#from
#sym

m
etries#of#entanglem

ent,#N
.#J.#Phys.##Volum

e#18,#063013#
W
HZ#(2018),#“Elim

ina9ng#Ensem
bles#from

#Equilibrium
#Sta9s9cal#Physics:#M

axw
ell's#Dem

on,#Szilard's#Engine,#and#Therm
odynam

ics##
via#Entanglem

ent”,#Physics#Reports,#in#press,#arxiv:1806.03532#
#


