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Examples of environment?



the first and main assumption

No initial correlations

⇢T (0) = ⇢S ⌦ ⇢E
time

generally correlations are created

⇢T (t) ⇢S(t) = TrE(⇢T (t))



the goal of OQS theory

Dynamics
⇢S(t)⇢S(0)

master equation
dynamical map



dynamical map

t-parametrised family of quantum 
channels (CPTP linear maps)
t � 0 ⇤0 = 1ln

⇢S(t) = ⇤t⇢S(0)



master equation - dynamical map
the connection

⇤̇t = Lt⇤t , ⇤0 = 1ln

d⇢S(t)

dt
= Lt⇢S(t)

⇢S(t) = ⇤t⇢S(0)

⇤t = Texp

✓Z t

0
L⌧ d⌧

◆solution the generator



the most important OQS theorem
Gorini-Kossakowski-Sudarshan-Lindblad 
(GKSL theorem)
d⇢S(t)

dt
= Lt⇢S(t)

d⇢S(t)

dt
= L⇢S(t)

⇤t = Texp

✓Z t

0
L⌧ d⌧

◆
⇤t = e�Lt



the most important OQS theorem

Gorini-Kossakowski-Sudarshan-Lindblad 
(GKSL theorem)

jump (or Lindblad) operators

L(⇢) = �i[H, ⇢] +
X

k

�k

✓
Vk⇢V

†
k � 1

2
{V †

k Vk, ⇢}
◆

decay rates �k � 0



MARKOVIAN OPEN 
QUANTUM SYSTEMS



What if 
d⇢S(t)

dt
= Lt⇢S(t)
time dependent



GKSL theorem still holds!

L(⇢) = �i[H, ⇢] +
X

k

�k(t)

✓
Vk⇢V

†
k � 1

2
{V †

k Vk, ⇢}
◆

decay rates �k(t) � 0

MARKOVIAN



what happens to 
the dynamical map



dynamical map

⇤t = eLt ⇤t+s = ⇤t⇤s

semigroup

⇤t = ⇤t,s⇤s

CP

divisibility



GKSL theorem does not hold anymore!

L(⇢) = �i[H, ⇢] +
X

k

�k(t)
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◆

decay rates can be temporarily negative

NON-MARKOVIAN



dynamical map

⇤t = ⇤t,s⇤s

not CP

non-divisibility

the “intermediate map” is not CP



GKSL theorem does not hold anymore!
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NON-MARKOVIAN



dynamical map

⇤t = ⇤t,s⇤s

not CP

non-divisibility

the “intermediate map” is not CP



NON-MARKOVIAN 
DYNAMICS IN TERMS OF 

INFORMATION FLOW



MEMORY EFFECTS AS 
INFORMATION BACK-FLOW



S



Trace distance (BLP) measure
Distinguishability between 
two quantum states

D(⇢1, ⇢2) =
1

2
Tr|⇢1 � ⇢2|,

more information
more distinguishability

less information
less distinguishability

H.-P. Breuer, E.-M. Laine and J. Piilo, PRL 103, 210401 (2009)



Trace distance (BLP) measure
Distinguishability between two 
quantum states

D(⇢1, ⇢2) =
1

2
Tr|⇢1 � ⇢2|,

D(�⇢1,�⇢2)  D(⇢1, ⇢2) � CPTP map

information loss



D(⇢1, ⇢2) =
1

2
Tr|⇢1 � ⇢2|,

D(�⇢1,�⇢2)  D(⇢1, ⇢2) �

�(t, ⇢1,2(0)) =
d

dt
D(⇢1(t), ⇢2(t))

Rate of change of the trace distance

Trace distance (BLP) measure
Distinguishability between two 
quantum states

CPTP map



�(t, ⇢1,2(0)) =
d

dt
D(⇢1(t), ⇢2(t))

information flow

�(t, ⇢1,2(0))  0 Markovian
�(t, ⇢1,2(0)) > 0

Backflow of information

Trace distance (BLP) measure

Non-Markovian

N (�) = max

⇢1,2(0)

Z

�>0
dt�(t, ⇢1,2(0))



Mutual  
information

Fisher  
information

Fidelity

Channel  
capacities 

Entanglement 
with ancilla 

PRA 86, 044101 (2012)

PRA 86, 044101 (2012)PRL 105, 050403 (2010)

Scientific Reports 4 
5720 (2014)

PRA 84, 052118 (2011)

Divisibility

Trace distance
PRL 103, 210401 (2009)
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What do all these 
papers have in 
common?



VERY SIMPLE 
OPTICAL MODELS



PHOTONIC 
ENVIRONMENT



COLD GASES AS 
ENVIRONMENTS 
OF IMMERSED 
IMPURITIES



Bose-Hubbard Hamiltonian
1D gas of cold bosonic atoms trapped in an optical 

lattice and confined to the lowest Bloch band
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THE ENVIRONMENT

ĤBH = �J
X

hi,ji

(â†i âj + â†j âi) +
U

2

X

i

n̂i(n̂i � 1)

superfluid Mott-insulator Free fermions



THE ENVIRONMENT

Free fermions

superfluid Mott-insulator

LOCALISEDDELOCALISED

quantum phase transition



THE OPEN SYSTEM: Impurity

motional ground state

Ĥ =
!0

2
�̂z

two lowest internal states

|ei |gi



THE INITIAL STATE

probe

environment



THE SYSTEM-ENVIRONMENT INTERACTION

density-density interaction

Ĥint = Ue|eihe|⌦ â†0â0
local number operator

site 0

n̂0



THE OPEN SYSTEM DYNAMICS

Ĥ =
!0

2
�̂z + ĤBH + Ue|eihe|⌦ â†0â0

total closed system

system environment interaction

time convolutionless projection operator techniqueopen system
d⇢

dt
= � i!0

2
[�̂z, ⇢] + �(t)(�̂z⇢�̂z � ⇢)

impurity



MASTER EQUATION
for the impurity (open system)

d⇢

dt
= � i!0

2
[�̂z, ⇢] + �(t)(�̂z⇢�̂z � ⇢)

�(t) = U2
eRe

Z t

0
dt0hn̂0(t

0)n̂0(0)i
density-density  
fluctuations of the  
Bose gas�(t) � 0 Markovian dynamics

�(t) < 0 Non-Markovian dynamics



Markovian - Nonmarkovian crossover
Ns = 96

particle conserving t-DMRG
n̄ = 1

analytical results



Markovian - Nonmarkovian crossover

Ns = 80, 96, 128

agreement with 
analytical approach



Take home message
Bose lattices are non trivial controllable 
environment allowing us to induce both Markovian 
and non-Markovian dynamics  
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