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Introduction

Heat engine in the 19th century:
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Heat engine in the 21th century:
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1) Phenomenological Nonequilibrium Thermodynamics

Zeroth law: System dynamics with an equilibrium
1 Jaw: dGE =W 4+ O
. Slow transformation
ST S—ds-2>0 a5~
| T 1T
Entropy production

(dissipation)



2) Stochastic Thermodynamics

Esposito and Van den Broeck, Phys. Rev. E 82, 011143 (2010)
Esposito, Phys. Rev. E 85, 041125 (2012)

Dynamics

Markovian master equation:

dip; = Z Wiipj = Z (Wijpj — Wjips)
J J

Energy and

1,7
Matter currents

©J Different reservoirs 7(*) ,LL(U)

Local detailed balance:

(v) v
Wi~ _ exp (- (€i — €¢5) = ") (ni — ny)
ey T (V)



Average Thermodynamics

Energy Particle number Shannon entropy
E=) epi » N=) mp; , S=)Y [~klnpi]p;

1st law: Energy balance

_ 1 . 2 (1) . Mechanical work
th Wm+Wc+;Q szzdtezpz

Particle balance
di N = Z I ](\Z) | Chemical work N
1% WC — Z IU‘(V)I](\Z)

2nd law: Entropy balance e I T, ,UVI

' o e (-G
B=dS-) Fm20 Q0 =10 )

| v
N —
Ent L ducti \ Entropy change
ntropy production - - :

pyP in the reservoirs Slow driving with 1 reservoir: X =~ 0

5=k S (Wp; = WWp,)in—3 L > |
— w Wy, s
Vi, ji Pi equilibrium thermo

2 =0 iff W'p; =W p; (detailed balance) TdS = deE — Wi — pde N



Fluctuating Thermodynamics

Energy ‘ t Th (i, dnh = (F2(T> - F1(T)> — /1,/7,(712 — 77,1>

N
Energy balance: €;,(A) — €5,(Xo) = wi [T|A] + we [DIA] 4+ ) (Aey, [T]A] — pAny, [T]A])
Particle balance: n;, —n;, = Z An,, [T|A] ¢ [T'|A

=

P, A
Entropy balance: o [I'|A] = [_ | =Inp;,(0) —Inp,, (¢ Z Buqy [T\

In
AT
Time-reversed driving hd

Time-reversed trajectory As [T'|A\] nota phys1ca1 observable

t

Integral fluctuation theorem: <e—0> — 1 > Y — <0‘> > ()




Involution

i P(o : S
for enlt)reotaﬂe(i:(;{lction In = 2 -7 t oIl == [T\
PP P(-o) Seifert, PRL 95 040602 (2005)
Fluctuation theorem for physical observable?
\ W 4
res sys Driving + 1 reservoir + start at equilibrium: Work FT (Crooks FT)

- - - No driving + multiple reservoirs + longtime limit ¢ — oo : Current FT

- - - Driving + multiple reservoirs + start at equilibrium vs reservoir v = 1:

- Work FT Current FT

e N R e AN
Plw, (A6} {An)) 8 \
In — mo A= vl 1w = B1 (wm — AR + > (AL Ac, + ApAn,)
P(—wp,,{—A¢e, }, {—An,}) =2
Bulnes Cuetara, Esposito, Imparato, PRE 89, 052119 (2014) L B1 — B, ‘: Byt — B

Most general formulation: Rao & Esposito, NJP 20, 023007 (2018)



[sothermal example: driven junction

Bulnes Cuetara, Esposito, Imparato, PRE 89, 052119 (2014)

A W 4
Setup: - - - Initial condition: equilibrium vs a reference reservoir
n

Mechanical work: W, Chemical work: W, = nAu

PF(wm_I_wc) o PF(wmawc)
PB(_wm — wc) B PB(_wma —We
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3) Hamiltonian formulation

Hiot(t) = Hx(t) + Hr + HxRr(t)
X e_ﬁHR
. Assumption 1: pxr(0) = ,OX(O)pg pg =

Ex(t) = trxr{|Hx(t) + Hxr(t)|pxr(t)}

I*law: d;Ex(t) = W(t) + Q(t) {

2" law: 3(t) = ASx(t) — BQ(t) =D

=D

W(t) =dExy(t)
Q(t) = —trr {Hrdipr(t)}

pxr(t)||px (t)Pg]

prlpg] + Ix.r(t) > 0

10

[Esposito, Lindenberg, & Van den Broeck, NJP 12, 013013 (2010)]



4) Born-Markov-Secular QME

Hi o (2 HX@+ HR—I—Z@

slow weak

Closed description for the dynamics of the system

dipx (t) = —i[Hx (1), px (t)] + Ls(t)px (1) = Lx (t)px (1),

= 503 el) (Acwlp0141(w) - 5 (AL Au(w),p(0)})

w k4
= Y A, w@ = [ det{Bub)BO)
Local detailed balance N N o—BHx (1)
Ve (—w) = e P~y (w) La(t)ps (£) =0, pj(t) = 0

Validity: 7¢p, = A8 < Tpeg ~ v < 7y = hd

11

[Redfield 65, Agarwal 69, Lindblad 76, Gorini-Frigerio-Verri-Kossakowki-Sudarshan 78]



Closed description for the thermodynamics of the system
Energy: Ex () = —trx{Hx (t)px(t)}

Entropy: Sy (t) = —try {/OX (t) Inpx (t)}

I law: deEx(t) = W(t) + Q(¢t)

W (t) = trx {px (t)d; Hx (t)}

Qt) = trx {Hx (t)dipx (8)} = trx {Hx (t)Lx () px (£)}
2" law: %(t) = diSx (t) — BQ(t)

= —tr{[Lx (t)px ()] [ln px (t) — Inp5 (£)]} > 0
[Spohn 77, Spohn-Lebowitz 78, Alicki 79]

Reviews:[Kosloff, Entropy 15, 2100 (2013)] [Gelbwaser &co, Adv.At.Mol.Opt.Phys. 64, 329 (2015)]

Non-degenerate states: Stochastic thermodynamics

With :
"D te states: -
Auctuations — cecnerate states [Bulnes-Cuetara, Esposito & Schaller, Entropy 18, 447 (2016)12

_Fast periodic driving (Floquet):[Bulnes-Cuetara, Engel & Esposito, NJP 18, 447 (2016)]
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, 013013 (2010)]

[Esposito, Lindenberg, & Van den Broeck, NJP 12
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Thermal

reservoir

i+2 T

i+l T

€i—1 +

5) A Landau-Zener approach

Landau-Zener prob. for a diabatic transition:

R; = exp {—7T5Z-2/(2hé7;)}

valid after

ti% = \/h/é max[l, /62 /(hé;)]

1

: |

1 —1 ) 1+1 1+ 2

<—> . . L]
Validity: Ae:. > +/hé:.
Atiy >t o o

14

[Barra & Esposito, PRE 93, 062118 (2016)]



Effective dynamics

Master equation O/
I M; p; / M7 (1 - p,) %
= (1= M7 )p; + M1 = p;
pZ—|—1 ( v )p’& _I_ t ( pZ) (1= Ri)(1— fi)pi (1= Ri)fi(1—pi)
+ L —_

MY =(1-R)fi M- =1-R)1-F) % O%O
Local detailed balance (1— M)A —p,) Rifﬁ ~ ) (1— M )pi R"(l_l_ T
bV — Bl - _

(1= f)(1—ps) fipi
p(t) - -

Exact vs stochastic dynamics o :

15

[Barra & Esposito, PRE 93, 062118 (2016)]



Thermodynamics

A
o Pl AEy, = Erpy — By = Wiy + Qo
1 Ni=pi E;=¢ep; Qiyt=(ci—pn)(pi+t1 —pi)
N Weo = W 4 W Wzri = (€i+1 — €i)Dit1
ll Wi = u(piy1 — i)

iil ; i—:—l Z'—:—Q
2law  ASip = Sip1 — S =X + Qg /T

S; = —kppiInp; —kp(1 —p;)In(1 —p;)

Mz' Pi

Sig = kp(M;"(1—p;) — M; p;) In — kpD(pit1lpi) >0

16

[Barra & Esposito, PRE 93, 062118 (2016)]



Work fluctuations

Jarzynski and Crooks fluctuation relation

System initially P (wm) — ex { 5( Qeq) }
at equilibrium P ( _m ) — OXP
P (W m) Full system: two point measurement approach
0.5! VS
0.4

System: stochastic trajectory approach

Sit1 T

2 4
AQ

17

[Barra & Esposito, PRE 93, 062118 (2016)]



6) Repeated interactions

Exact identities

R
n
. X =ASs+ASy — Is.y(t) — Q>0
—> | U4 U, Upa | = A\/SX
ng | [a@]|  [eg Abx = Aby +Abs =W+
— - firmie
Wy = lim dt'trx {px (t)dy (Hs(t) + Vsu (1))}

W = WX + WSW <

- Waw = trx{Vsu (0)px (0) = Vsu (') px (')}

18

[Strasberg, Schaller, Brandes & Esposito, PRX 7, 021003 (2017)]



1¥ law AEs =W +0Q — AFEy

o [P 2Maw Bg = ASs 4+ ASy — BQ > Is.p (1) >0

ps(0) = ps(7) SS
Steady state: — — >
eady state AFe — ASe — 0 Y = (W —AFy) >0

resource

work reservoir %% Y - AF U — AEU

T=T L AF,>0 W>0

, W T
Heat machine AEU T’
. 2 Y AEU
information reservoir g% — 0 » AFy = —TASy

[Strasberg, Schaller, Brandes & Esposito, PRX 7, 021003 (2017)] 19
[Deffner & Jarzynski, PRX 3, 041003 (2013)]



“Classical” vs “Quantum” Resource

~W < —AFy = Fy(0) — Fy (1)

max min

Hy :;En]nﬂm /

~ Assume a quantum state 2QM minimizing Fi (7)

Build the corresponding classical state Pc] =— Z <n | PQM |n> |n> <n|

n

- E(pam) = E(pa)  S(pam) < S(pa) === F(pa) < F(pqum)

Classical resource wins!

20

[Strasberg, Schaller, Brandes & Esposito, PRX 7, 021003 (2017)]



Poisson interaction QME

g wy g
w(r) =ye 7
—» (U U1 | =D 7! 7’ 7!
i t Tan
tn Tasa time

Hgy (t Z(S (t — tn)Vsy

Closed description for the dynamics of the system

Tsps(t) = try{Ups(t) @ ppU'}

Effect of a kick: [J = ¢—*Vsv
Jupu = trs{Ups(t) ® puU'}

dips(t) = —i[Hs(t), ps(t)] + Lsps(t) + Laewps (1)

Luewps(t) =7(Ts — 1)ps(t)

[Strasberg, Schaller, Brandes & Esposito, PRX 7, 021003 (2017)]

21



Closed description for the thermodynamics of the system
tlaw  dyEg(t) = We(t) + Waw(t) + Q(t) — di Ey (t)

Ws = trs{ps(t)d Hs(t)}

Wew = vtrsu{[Hs(t) + Hu|[Ups(t)puUT = ps(t)pu]}
= ytrs{Hs(t)(Ts — 1)ps(t)} + yvtrv{Hu(Jv — 1)pu}

Q(t) = trg{Hs(t)Lsps(t)}

di By (t) = ytru{Hy(Jv — 1)pu }

2™ law Es(t) — dtSS(t) + dtSU(t) — BQ >0

# —tr{[Lops(W)][In ps(t) — n p3 ()]} — tr{[Luewps (t)][In ps(t) — In pew]}
thermodynamics cannot always be deduced from dynamics alone !!!

22

[Strasberg, Schaller, Brandes & Esposito, PRX 7, 021003 (2017)]



Repeated interaction QME

S °  No reservoir

—> Un+1 Un Un—l — ° IOU ~ e_BHU

Sequential interactions: H sy (¢ Z O(t — not)O(ndt + ot — t)

2=

Frequent Poisson interactions  Hgy (2 Z o(t —tn)

w(t) =ve " 1/y=€¢—0

23

[Strasberg, Schaller, Brandes & Esposito, PRX 7, 021003 (2017)]



Closed description for the dynamics of the system v =>"4, @ B,
k

dops @) = ~iTHs 0,50 + BBy (Anps(D — 3 Ak, ps(0))
k.l

= Lsps(t)

Closed description for the thermodynamics of the system
law  dyFo(t) = Waw(t) + d, Epr (¢
tBs(t) = Wew(t) + deEu(t) = heat

¢

2w Yg(t) = dils.y(t) = diSs(t) + B'diEy(t) — vD(Jupu|pv) > 0

Is it like a normal reservoir? No Lge PV £ 0 due to switching work

[Barra, Scientific Reports 5, 14873 (2015)]
[Strasberg, Schaller, Brandes & Esposito, PRX 7, 021003 (2017)]



Units entropy changes
Approach 1: PU (t) = Jupu

diSu (t) = y(—trg{(Jvpv) n(Jupv)} + tru{pv In pu })

Approach 2: / Fraction of units which interacted diNy = ’yN

T N—nt

PU

Different by dy SU (t) — d: Sy (t) = ’}/D(jU PU HIOU) “mixing” contribution

Y _ Uy U
Thermal units py = pGr deSu(t) = B'diEu(t) — vD(Jupg lpp)

dtSU (t) = 5/thU (t) ideal reservoir

25

[Strasberg, Schaller, Brandes & Esposito, PRX 7, 021003 (2017)]



7) Strong coupling

Strong coupling using Nonequilibrium Green’s functions (not for fluctuations!):

Esposito, Ochoa & Galperin, PRL 114, 080602 (2015)]
Esposito, Ochoa & Galperin, PRB 92, 235440 (2015)]
Haughian, Esposito & Schmidt, PRB 97, 085435 (2018)]

Classical strong coupling using time scale separation (including fluctuations):
[Strasberg & Esposito, Phys. Rev. E 95, 062101 (2017)]
Quantum version is an open problem!!!

Only works in some cases: polaron transformation and QME (including fluctuations):

[Krause, Brandes, Esposito & Schaller, JCP 142, 134106 (2015)]
[Schaller, Krause, Brandes & Esposito, NJP 15, 033032 (2013)]

26



8) Conclusions

Stochastic thermodynamics is the canonical formulation of nonequilibrium thermodynamics
Exact Hamiltonian identity: Entropy production as system-reservoir correlations
For practical use and EP rate > 0, we use it to build thermodynamics on top of system’s kinetics

- Born-Markov-Secular QME: Weak coupling, dense reservoir
(with or without Floquet)

- Landau-Zener QME: Weak coupling, sparse reservoir
- Repeated interactions: Importance of the switching work
Thermo can’t always be deduced from dynamics

Fluctuations not explored yet

Strong coupling, quite clear now for classical systems, but not yet for quantum systems!

Thank you 2
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