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Outline	  

•  Symmetry	  of	  genera<ng	  func<ons	  
•  Fluctua<on	  theorems	  and	  open	  quantum	  
systems	  

•  Proper<es	  
•  Applica<ons	  
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𝑃↓𝑎 𝜌(0)𝑃↓𝑎 /𝑇𝑟[𝑃↓𝑎 𝜌(0)] 	  𝑈(𝑡) 𝑃↓𝑎 𝜌(0)𝑃↓𝑎 /𝑇𝑟[𝑃↓𝑎 𝜌(0)] 𝑈↑† 
(𝑡)	  

𝑃↓𝑏↑′ 𝑈(𝑡)𝑃↓𝑎 𝜌(0)𝑃↓𝑎 𝑈↑† (𝑡)𝑃↓𝑏↑′ /𝑇𝑟[𝑃↓𝑏↑′ 𝑈(𝑡)𝑃↓𝑎 𝜌(0)𝑃↓𝑎 𝑈↑† (𝑡)𝑃↓𝑏↑′ ] 	  

Two-‐<me	  Projec<ve	  Measurement	  

3	  M.	  Esposito,	  U.	  Harbola	  and	  S.	  Mukamel,	  RMP	  81,	  1665–1702	  (2009). 

System	   𝜌(0)	  

𝑃↓𝑎 	   𝑃↓𝑏↑′ 	  

State

1.  Projec<ve	  measurement	  𝐴=∑𝑎
𝑃↓𝑎 	  

2.  Non-‐equilibrium	  protocol	  
3.  Projec<ve	  meaurement	  𝐵=∑𝑏

𝑃↓𝑏↑′ 	  

𝑝(𝑏,𝑎,𝑡)=𝑇𝑟[𝑃↓𝑏↑′ 𝑈(𝑡)𝑃↓𝑎 𝜌(0)𝑃↓𝑎 𝑈↑† (𝑡)𝑃↓𝑏↑′ ]	  
Probability  distribu'on

𝐺(𝜒↓𝑏 , 𝜒↓𝑎 ,𝑡,𝛽)=𝑇𝑟[𝑒↑𝑖𝜒↓𝑏 𝐻↓𝑡  𝑈(𝑡)𝑒↑𝑖𝜒↓𝑎 𝐻↓0  𝜌↓𝛽 𝑈↑† (𝑡)]	  

Genera'ng  func'on

0	   𝑡	  

𝐺(𝜒↓𝑏 , 𝜒↓𝑎 ,𝑡)=𝑇𝑟[𝑒↑𝑖𝜒↓𝑏 𝐵 𝑈(𝑡)𝑒↑𝑖𝜒↓𝑎 /2 𝐴 𝜌(0)𝑒↑𝑖𝜒↓𝑎 /2 𝐴 𝑈↑† (𝑡)]	  
Genera'ng  func'on

•  Measurement	  of	  the	  system	  
energy:	  work	  fluctua<ons	  
𝐴= 𝐻↓0 	  
𝐵= 𝐻↓𝑡 	  

•  Ini<ally	  thermal	  distribu<on	  
𝜌(0)= 𝜌↓𝛽 = 𝑒↑−𝛽𝐻↓0  /𝑍↓0 (𝛽) 	  𝐺(𝜒↓𝑏 , 𝜒↓𝑎 ,𝑡,𝛽)= ⟨𝑒↑𝑖𝜒↓𝑏 𝐻↓𝑡 (𝑡) 𝑒↑𝑖𝜒↓𝑎 𝐻↓0  ⟩↓𝛽 	  

Genera'ng  func'on



⟨𝑒↑𝑖𝜒𝑤 ⟩↓𝛽−𝑖𝜒 = 𝑍↓0 (𝛽)/𝑍↓0 (𝛽−𝑖𝜒) ⟨𝑒↑𝑖𝜒𝐻↓𝑡 (𝑡) ⟩↓𝛽↑ 	  𝐺(𝜒,−𝜒,𝑡,𝛽−𝑖𝜒)= 𝐺(𝜒,0,𝑡,𝛽)/𝑍↓0 (𝛽−𝑖𝜒)/𝑍↓0 (𝛽)  	  

Symmetries	  of	  the	  work	  sta<s<cs	  

4	  J.	  Cerrillo,	  M.	  Buser	  and	  T.	  Brandes,	  PRB	  94,	  214308	  (2016).	  

Jarzynski  equality

𝐺(𝜒↓𝑏 , 𝜒↓𝑎 ,𝑡,𝛽)=𝑇𝑟[𝑒↑𝑖𝜒↓𝑏 𝐻↓𝑡  𝑈(𝑡)𝑒↑𝑖𝜒↓𝑎 𝐻↓0  𝑒↑−𝛽𝐻↓0  /𝑍↓0 (𝛽) 𝑈↑† 
(𝑡)]=	   ⟨𝑒↑𝑖𝜒↓𝑏 𝐻↓𝑡 (𝑡) 𝑒↑𝑖𝜒↓𝑎 𝐻↓0  ⟩↓𝛽 	  

Genera'ng  func'on

𝐺(𝑖𝛽,−𝑖𝛽,𝑡,𝛽)=𝑇𝑟[𝑒↑−𝛽𝐻↓𝑡  𝑈(𝑡)𝑒↑𝛽𝐻↓0  𝑒↑−𝛽𝐻↓0  /𝑍↓0 (𝛽) 𝑈↑† (𝑡)]	  ⟨𝑒↑−𝛽𝑤 ⟩↓𝛽 = 𝑍↓𝑡 (𝛽)/𝑍↓0 (𝛽) 	  

1. 𝜒↓𝑏 =𝑖𝛽	  	  	  	  	  and	  	  	  	  	  	  𝜒↓𝑎 =−𝑖𝛽	  

Fluctua'on  theorem

𝐺(𝜒,−𝜒,𝑡,𝛽)=𝑇𝑟[𝑒↑𝑖𝜒𝐻↓𝑡  𝑈(𝑡)𝑒↑−𝑖𝜒𝐻↓0  𝑒↑−𝛽𝐻↓0  /𝑍↓0 (𝛽) 𝑈↑† (𝑡)]	  ⟨𝑒↑𝑖𝜒𝑤 ⟩↓𝛽 = 𝑍↓𝑡 (𝛽)/𝑍↓0 (𝛽) ⟨𝑒↑𝑖(−𝜒+𝑖𝛽)𝑤 ⟩↓𝛽↑𝑡𝑟 	  

2. 𝜒↓𝑏 =− 𝜒↓𝑎 =𝜒	  and	  <me	  reversed	  𝜒=−𝜒+𝑖𝛽	  	  

Proposal

𝐺(𝜒,−𝜒,𝑡,𝛽−𝑖𝜒)=𝑇𝑟[𝑒↑𝑖𝜒𝐻↓𝑡  𝑈(𝑡)𝑒↑−𝑖𝜒𝐻↓0  𝑒↑−(𝛽−𝑖𝜒) 𝐻↓0  /𝑍↓0 (𝛽−𝑖𝜒) 𝑈↑† (𝑡)]	  𝐺(𝜒,−𝜒,𝑡,𝛽−𝑖𝜒)= 𝐺(𝜒,0,𝑡,𝛽)/𝐺(0,𝜒,0,𝛽) 	  

3. 𝜒↓𝑏 =− 𝜒↓𝑎 =𝜒	  	  	  	  	  and	  𝛽=𝛽−𝑖𝜒	  



Trapped	  ions	  
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Ca+	  

Internal  states

| 𝑔⟩	  

| 𝑒⟩	  

Mo'onal  states

0
1

𝑛	  

2
3

⁞	  

𝜈	  

Mo<onal	  states	  as	  an	  isolated	  quantum	  
system	  
	  
ü  Employing	  trapped	  cold	  ions	  to	  verify	  

the	  quantum	  Jarzynski	  equality.	  	  
G.	  Huber,	  F.	  Schmidt-‐Kaler,	  S.	  Deffner	  and	  
E.	  Lutz,	  PRL	  101,	  070403	  (2008).	  	  
	  
ü  Experimental	  test	  of	  the	  quantum	  

Jarzynski	  equality	  with	  a	  trapped-‐ion	  
system.	  	  

S.	  An,	  …	  K.	  Kim,	  Nature	  Physics	  11,	  193	  
(2015).	  
	  
Mo<onal	  states	  as	  an	  open	  quantum	  
system?	  
	  
	  



Env.	  
𝛽↓𝐿 	  

Env.	  
𝛽↓𝑅 	  

General	  open	  quantum	  systems	  

6	  J.	  Cerrillo,	  M.	  Buser	  and	  T.	  Brandes,	  PRB	  94,	  214308	  (2016).	  

System	  
𝛽	  

Strong	  coupling	  to	  non-‐Markovian	  baths	  

Jarzynski	  equality	  for	  ini<al	  global	  equilibrium	  ( 𝛽↓𝑅 = 𝛽↓𝐿 =𝛽)	  and	  driving	  only	  on	  
the	  system	  

M.	  Campisi,	  P.	  Talkner	  and	  P.	  Hänggi,	  PRL	  102,	  210401	  (2009).	  	  

Steady	  state	  fluctua<on	  theorem	  for	  Markovian	  thermal	  environments	  (Non-‐
equilibrium	  N-‐spin-‐boson	  model)	  and	  weaker	  form	  for	  non-‐Markovian	  

L.	  Nicolin	  and	  D.	  Segal,	  PRB	  84,	  161414(R)	  (2011).	  
L.	  Nicolin	  and	  D.	  Segal,	  JCP	  135,	  164106	  (2011).	  

Transient	  fluctua<on	  theorem	  for	  arbitrary	  driving	  (and	  arbitrary	  
environmental	  state)	  



Sideband	  cooling	  
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Ca+	  

Internal  states

| 𝑔⟩	  

| 𝑒⟩	  

Mo'onal  states

0
1

𝑛	  

2
3

⁞	  

𝜈	  

| 𝑒⟩	  

| 𝑔⟩	   |𝑛⟩ 	  
|𝑛−1⟩ 	  

|𝑛+1⟩ 	  

Carrier

Carrier

Carrier

Cooling  rate Phonon  number

𝜈	  

𝑅∝𝜂↑2 Ω↑2 	   ⟨𝑛⟩∝Ω↑2 	  

	  C.	  Monroe,	  D.	  M.	  Meekhof,	  B.	  E.	  King,	  S.	  R.	  Jefferts,	  W.	  M.	  Itano,	  and	  D.	  J.	  Wineland,	  PRL	  75,	  4011	  (1995). 

Environment	  of	  the	  mo<onal	  states	  
involves	  the	  „internal	  states“	  and	  it	  is	  in	  

a	  non-‐equilibrium	  state	  



Proper<es	  

•  Relates	  two	  non-‐equilibrium	  distribu<ons	  
–  sta<s<cs	  of	  energy	  transfer	  at	  an	  ini<al	  temperature	   ⟨𝑒↑𝑖𝜒𝑤 ⟩↓𝛽−𝑖𝜒 	  to	  
–  final	  energy	  distribu<on	  with	  a	  different	  temperature	   ⟨𝑒↑𝑖𝜒𝐻↓𝑡 (𝑡) ⟩↓𝛽↑ .	  

•  Rela<on	  holds	  for	  
–  strong	  coupling	  to	  non-‐Markovian	  environments	  
–  non-‐thermal	  states	  in	  the	  environment	   𝜌↓𝐸𝑛𝑣 	  

since	   ⟨𝑒↑𝑖𝜒𝐻↓𝑡 (𝑡) ⟩↓𝛽↑ =𝑇𝑟[𝑒↑𝑖𝜒𝐻↓𝑡  𝑈(𝑡)𝑒↑−𝛽𝐻↓0  /𝑍↓0 (𝛽) ⊗ 𝜌↓𝐸𝑛𝑣 𝑈↑† 
(𝑡)]	  

•  Jarzynski-‐like	  limit	  
⟨𝑒↑𝛽𝑤 ⟩↓𝛽 = 𝑍↓0 (2𝛽) ⟨𝑒↑𝛽𝐻↓𝑡 (𝑡) ⟩↓2𝛽↑ /𝑍↓0 (𝛽) 	  

(note	  sign	  change	  of	  𝛽,	  compare	  to	  Hamiltonian	  of	  mean	  force)	  

•  Fluctua<on-‐theorem-‐like	  limit	  
𝐶↓𝑇𝑃𝑀 (𝜒,𝛽,𝑡)= 𝐶↓𝑂𝑃𝑀 (𝜒,𝛽+𝑖𝜒,𝑡)− 𝐶↓𝑂𝑃𝑀 (𝜒,𝛽+𝑖𝜒,0)	  

Cumulant	  genera<ng	  func<ons,	  compare	  with	  𝐶(Δ𝜒)= 𝐶↑𝑡𝑟 (−Δ𝜒+𝑖Δ𝛽)	  
•  Non-‐linear	  response-‐like	  limit	  (propagator	  of	  energy	  distribu<on).	  

8	  

⟨𝑒↑𝑖𝜒𝑤 ⟩↓𝛽−𝑖𝜒 = 𝑍↓0 (𝛽)/𝑍↓0 (𝛽
−𝑖𝜒) ⟨𝑒↑𝑖𝜒𝐻↓𝑡 (𝑡) ⟩↓𝛽↑ 	  

J.	  Cerrillo,	  M.	  Buser	  and	  T.	  Brandes,	  PRB	  94,	  214308	  (2016).	  



Propagator	  of	  energy	  distribu<on	  

9	  

⟨𝑒↑𝑖𝜒𝑤 ⟩↓𝛽−𝑖𝜒 = 𝑍↓0 (𝛽)/𝑍↓0 (𝛽
−𝑖𝜒) ⟨𝑒↑𝑖𝜒𝐻↓𝑡 (𝑡) ⟩↓𝛽↑ 	  

𝑝(𝐸,𝑡)=∫𝑑𝐸′𝑃(𝐸−𝐸′,𝛽,𝑡)𝑝(𝐸′,0)	  

𝑃(𝜒,𝛽,𝑡)= ⟨𝑒↑𝑖𝜒𝑤 ⟩↓𝛽
−𝑖𝜒 	  

•  When	  is	  𝑝(𝐸,𝑡)	  compa<ble	  with	  a	  thermal	  distribu<on  𝛽?	  

⟨𝑒↑𝑖𝜒𝑤 ⟩↓𝛽−𝑖𝜒 = 𝑍↓0 (𝛽)/𝑍↓0 (𝛽−𝑖𝜒) 𝑍↓𝑡 ( 𝛽↓𝑡 −𝑖𝜒)/𝑍↓𝑡 ( 𝛽↓𝑡 ) 	  

Open	  bosonic	  mode	  of	  frequency	  Ω,	  𝑍(𝛽)= 1/1− 𝑒↑
−𝛽Ω  	  

lim┬𝑡→0  𝑑/𝑑𝑡  ⟨𝑒↑𝑖𝜒𝑤 ⟩↓𝛽−𝑖𝜒 = 𝑑𝛽/𝑑𝑡 [𝑍(𝛽−𝑖𝜒)
−𝑍(𝛽)]	  

𝑑/𝑑𝑡 𝜌(𝑡)=−𝑖Ω[𝑎↑† 𝑎,𝜌(𝑡)]+𝛾(𝑛 +1)[2𝑎𝜌(𝑡)𝑎↑† − 𝑎↑† 𝑎𝜌(𝑡)−𝜌(𝑡)𝑎↑† 𝑎]+𝛾𝑛 [2𝑎↑† 
𝜌(𝑡)𝑎−𝑎𝑎↑† 𝜌(𝑡)−𝜌(𝑡)𝑎𝑎↑† ]	  

Born	  Markov	  Secular	  master	  equa<on	  reproduces	  that	  limit	  

and	  a	  cooling	  rate	  𝑅=𝛾	  is	  well	  defined.	  
Note:	  In	  general	  slow	  thermaliza<on	  does	  not	  imply	  thermal	  evolu<on	  (large	  bias).	  	  



Non-‐linear	  response	  

•  Linear	  response:	  fluctua<on	  dissipa<on	  theorem	  
𝑅∝lim┬𝑡→∞ ∫ 𝑒↑𝑖𝜔𝜏 ⟨𝑛(𝑡+𝜏)𝑛(𝑡)⟩↓𝛽 𝑑𝜏.	  
•  The	  rate	  is	  also	  valid	  for	  high	  bias.	  
•  Otherwise	  we	  choose	  the	  defini<on	  
𝑅(𝛽↓0 ,𝑡)= 𝜕⟨𝑛 ⟩/𝜕⟨𝑛⟩ = 𝜕𝑛 /𝜕𝛽↓0 /𝜕𝑛/𝜕𝛽↓0  = ⟨𝑛 ↑2 (𝑡)⟩↓𝛽↓0  /⟨
𝑛↑2 (𝑡)⟩↓𝛽↓0   .	  

Since	   𝐶↓𝑇𝑃𝑀 (𝜒,𝛽,𝑡)= 𝐶↓𝑂𝑃𝑀 (𝜒,𝛽+𝑖𝜒,𝑡)− 𝐶↓𝑂𝑃𝑀 (𝜒,𝛽+𝑖𝜒,0)	  
•  The	  cooling	  rate	  of	  an	  ion	  is	  the	  coefficient	  of	  the	  linearized	  

differen<al	  equa<on	  associated	  to	  the	  energy	  current.	  
•  In	  general,	  the	  cooling	  speed	  will	  depend	  on	  the	  ini<al	  

temperature	  and	  <me,	  since	  evolu<on	  is	  not	  anymore	  within	  a	  
thermal	  manifold	  of	  states.	  

10	  
N.	  Scharnhorst,	  JC	  et	  al.,	  Mul<-‐mode	  double-‐bright	  EIT	  cooling,	  arXiv:1711.00738	  
N.	  Scharnhorst,	  JC	  et	  al.,	  Exp.	  and	  theo.	  aspects	  of	  double-‐bright	  EIT	  cooling,	  arXiv:1711.00732	  



Full	  master	  predic<on	  for	  cooling	  rate	  

11	  

Lamb-‐Dicke  theory:  52.2× 10↑3    s↑−1   
Measured:  38.2× 10↑3    s↑−1  

Time	  dependent	  axial	  single	  EIT	  cooling	  rate	  R(t,	  n0)	  at	  Δ=3Γ	  	  

Ini'al  occupa'on  number Cooling  'me

N.	  Scharnhorst,	  JC	  et	  al.,	  Mul<-‐mode	  double-‐bright	  EIT	  cooling,	  arXiv:1711.00738	  
N.	  Scharnhorst,	  JC	  et	  al.,	  Exp.	  and	  theo.	  aspects	  of	  double-‐bright	  EIT	  cooling,	  arXiv:1711.00732	  
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•  Work  sta's'cs  and  non-‐equilibrium  energy  distribu'on  are  related  by  
temperature  shiXs  regardless  of  the  nature  of  the  environment.

•  Only  requirement  is  a  thermal  state  of  the  system  of  interest.
•  It  produces  a  Jarzynski-‐like,  FT-‐like  and  non-‐linear-‐response  like  rela'ons.
•  Rigorous  defini'on  and  characteriza'on  of  rate  of  cooling  for  laser  control  

of  trapped  ions.
•  Outlook

–  More  measurements?  Non-‐commu'ng  (coherent)?  simultaneous  observables?
–  Characteriza'on  of  non-‐adiaba'c  protocols?
–  Genera'ng-‐func'on  based  inequali'es?

Thank  you  for  your  a`en'on!
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