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Many-body	physics	using		
	

arrays	of	individual	Rydberg	atoms	
	

(and	op=cal	dipoles…)		
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Spin	models:	one	of	the	“simplest”	many-body	problem		

Use	control	over	ar=ficial	quantum	maJer		
(circuits,	ions,	atoms,	photons…)	

Interac=ng	spin	½	par=cles	on	a	laMce:	

Ĥ ⇠ JijSi · Sj
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Magne=sm	 Transport	of	excita=ons	

Perovskite	
Y2Ti207	

Open	ques=ons:			Dynamics	(hard	for	N>40,	long	range…)		
	 	 	 	 	Topology,	disorder,	dissipa_on…			



5	μm	

Averaged	fluorescence	

L~ 100 µm 

Hyperboloid	 Möbius	strip	

Torus		 Eiffel	tower	

Cone	C84		fullerene-like	

Barredo,	Nature	2018	
Also:	Weiss	2018;	Ahn,	Opt.	Exp	(2016)	

Also	in	3d…!	

Our	plaPorm:	arrays	of	interac=ng	Rydberg	atoms	

Barredo,	de	Léséleuc,	Science	(2016)	
Also	Lukin	(Harvard),	Ahn	(Korea)…		

Individual	atoms	in	assembled	
arrays	of	tweezers	(~70	at.)	

Averaged	fluorescence	

Single-shot	



Our	plaPorm:	arrays	of	interac=ng	Rydberg	atoms	

R = 10 µm ) Vint/h ⇠ 1� 10 MHz

⇒	=mescales	<	μsec		

⇒	Large	dipole-dipole	interac=ons	

Life_me	>	100	μs	
Transi_on	dipole:	 d ⇠ n2ea0
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5	μm	

Barredo,	de	Léséleuc,	Science	(2016)	
Also	Lukin	(Harvard),	Ahn	(Korea)…		

Individual	atoms	in	assembled	
arrays	of	tweezers	(~70	at.)	

Single-shot	

Lukin,	Zoller	2000	
Saffman,	RMP	2010	

Browaeys,	JPhysB	2016	

Rydberg	atoms	
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Rydberg	atoms	and	their	interac=ons	

See	I.	Lesanovsky	This	talk!	
XY	model	 Ising-like	model	



Outline	

1.	Topological	maLer	with	resonant	dip.-dip.	Interac_ons	
	the	“coherent”	

2.	Resonant	dipole	interac_on	and	quantum	op_cs	
	the	dissipa=ve	

arXiv:1810.13286	

H.-P.	Büchler	
S.	Weber,	N.	Lang	
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Spin	“exchange”:	XY	model	

Resonant	dipole-dipole	interac=on	between	Rydberg	atoms	

Mapping	on		
spin	½	system	
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Observa=on	of	spin	exchange	between	2	atoms	

|"#iPrepare									using	microwaves	+	addressing	beam	

C3/R
3

Spin	exchange	 Par_cle	hopping	

J
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R	=	30	μm	

Frequency:		 2C3

R3

Interac_on	_me	(μs)	

Barredo	PRL	(2015)	
de	Léséleuc,	PRL	(2017) 



The	Su-Schrieffer-Heeger	model	

VOLUME 42, NUMBER 25 PHYSICAL REVIEW LETTERS 18 JUNs 1979

Solitons in Polyaeetylene
W. P. Su, J. R. Schrieffer, and A. J. Heeger

DePartment of $%ysicsU, niversity of Pennsylvania, PhiladelPhia, Pennsylvania 19104
(Received 15 March 1979)

%e present a theoretical study of soliton formation in long-chain polyenes, including the
energy of formation, length, mass, and activation energy for motion. The results provide
an explanation of the mobile neutral defect observed in undoped (CH)„. Since the soliton
formation energy is less than that needed to create band excitation, solitons play a funda-
mental role in the charge-transfer doping mechanism.

(a)
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F1G. l. {a) Trans configuration of (CH)„. a=1.2 L.
(b) x-band structure of perfectly dimerized (CH}„.

Polyacetylene, (CH)„is the simplest linear
conjugated polymer. The thermodynamically
stable trans configuration is sketched in Fig. 1(a)
illustrating the a bonding (sp' hybrids) and the v
bonding (p, ) in the x-y plane. This dimerized
pattern (A) of alternating "single" and "double"
bonds forms one of two degenerate structures;
the other structure (B) is given by interchanging
the "single" and "double" bonds. As a conse-
quence of these degenerate ground states one ex-
pects excitations to exist in the form of a topo-
logical soliton, or moving domain wall, separat-
ing A and 8 domains.
Early calculations' 3 indicate that a (charge)

neutral soliton in a long-chain polyene would have
a single unpaired spin localized in the wall. In
that work, ' the wall width was assumed to be of
order one bond length, leading to a large activa-
tion energy for motion and localization of the
wall. Electron spin resonance studies" of (CH)„
have revealed a narrow line (g= 2.002 63) result-
ing from a dilute concentration of neutral defects
(of order a few hundred ppm in the trans isomer).
The narrow width (~= 1.650e at room tempera-
ture) and Lorentzian line shape are indicative of
motional narrowing and imply that the resonance
results from a highly mobile unpaired electron
species, even down to 10'K. Goldberg et al. '
suggested that this spin resonance line might
arise from bond-alternation domain walls quenched
into the undoped polymer during the egs-trans
isomerization.
Recent interest in this semiconducting polymer

has been stimulated by the successful demonstra-
tion of doping with associated control of electri-
cal properties over a wide range. ' " Analysis
of the anomalously small Curie-law contribution
to the magnetic susceptibility, "the details of the
infrared absorption, "and the magnitude and
temperature dependence of the thermopower" in
lightly doped samples led to the suggestion that
doping may proceed through formation of charged
domain walls.
To gain a detailed understanding of solitons in

(CH)„we have studied a model in which the v
electrons are treated in a tight-binding approxi-
mation" and the v electrons are assumed to
move adiabatically with the nuclei. We present
in this paper initial results on the energy of
formation, length, mass, and activation energy
of the neutral and ionized domain walls. The re-
sults are discussed briefly in the context of ex-
perimental observations.
Let u„be a configuration coordinate for dis-

placement of the nth CH group along the molecu-
lar symmetry axis (z), ,where u„= 0 for the un-

1698 Oc 1979 The American Physical Society

•  Introduced	to	explain	conduc_vity	in	polymers	

•  Goal:	build	an	ar_ficial	SSH	system	to	explore	role						
•  Symmetries	
•  Interac_ons	
•  …	

•  Now,	considered	as	simplest	example	of	topological	model	
Asboth,	arXiv:1509.02295,	Cooper,	arXiv:1803.00249	

e- 



Asboth,	arXiv:1509.02295	
Cooper,	arXiv:1803.00249	

The	Su-Schrieffer-Heeger	model	for	a	finite	chain:	edge	states	

“Bulk”	“Bulk”	 edge	

A
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tem can be theoretically predicted by considering the
linear complex band structure associated with the non-
Hermitian Hamiltonian of Eq. (4), which is given by:

ϵ(k) = ±κ1
√

1 + ν2 + 2νcos(k)− η2, (6)

where η = g/κ1 represents a normalized gain/loss. This
equation reveals three distinct phases, presented in Figs.
4 (a)-(c). If the SSH system is pumped or operated in
the range of 0 < η < ν − 1 (denoted as phase I), only
the edge state is expected to lase. In this domain, un-
der steady-state conditions, the structure is single-moded
and the intensity profile across the array varies exponen-
tially with the site number (inset of Fig. 4 (a)). As
the gain in the topological system increases, i.e. when
ν−1 < η < ν+1, the SSH structure enters phase II, where
some of the bulk modes start to acquire complex eigen-
values (after entering the PT -symmetry broken phase),
resulting in a multimode operation (inset of Fig. 4 (b)).
Note that in phase II the intensity profile across the ar-
ray is asymmetrically one-sided, biased towards the edge
mode. Finally, for even higher values of gain/loss con-
trast, i.e. η > ν + 1, the array crosses another threshold
and moves into phase III, as also corroborated by ana-
lyzing Eqs. (3). At this point, all of the bulk modes of
the active lattice break their PT -symmetry, and as such,
they start to lase - all competing for the gain. Unlike
what happens in the first two phases, after crossing into
phase III, the edge state is now obscured by bulk modes.
This in turn results into a more uniform intensity profile,
as shown in the inset of Fig. 4 (c). In other words, in this
range, the pumped sublattice is uniformly lasing, while
its lossy counterpart remains dark. This can be explained
by the fact that the carrier-induced detuning between ad-
jacent resonators, which is by nature a nonlinear effect,
significantly suppresses the coupling between neighboring
units. The theoretically expected spectra corresponding
to these three phases can be found in the Supplementary.
Our simulations also suggest that the boundary between
phase I and II can be nonlinearly modified because of the
linewidth enhancement factor αH , something that is also
revealed in our experiments. This is analyzed in greater
detail in the Supplementary.
Interestingly, the onset of these three phases is also

manifested in the complex Berry phase associated with
this SSH laser array [30]. Figure 4 (d) shows the Berry
phase associated with the upper band Φ+ as a function
of the normalized gain η when ν = 2. This figure reveals
that the geometric phase undergoes phase transitions at
exactly the same boundaries (ν ± 1), as also previously
suggested by Eq. (6).
To verify these predictions we conducted a series of

experiments with a 16 microring resonator SSH array,
each having a radius of 5µm. To enforce single-transverse
mode operation at 1.59µm, the width of the resonators
was set to 500nm. In order to reduce the lasing threshold,
the microrings were surrounded by a low-index dielectric,
entailing a higher confinement. As previously indicated,
each ring was individually interrogated (intensity-wise
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FIG. 4. Complex band structure of the PT-symmetric SSH
model, where (a), (b) and (c) correspond to the three phases
I, II and III, respectively. The insets show the simulated
intensity distributions corresponding to these three distinct
regimes. Panel (d) presents the complex Berry phase Φ+ as
a function of the normalized gain coefficient η.

FIG. 5. The left panels depict the measured intensity dis-
tributions in the 16-element SSH array at every site. The
middle panels show raw data from the extraction ports, while
the right panels the corresponding power spectra. Each of
the successive rows (a), (b), and (c) are progressively associ-
ated with phase I, II, and III observations. The inset in (a)
provides the exponential intensity distribution of the lasing
edge-state in a log-linear scale.

and spectrally) through an extraction bus waveguide, fea-
turing a pair of grating out-couplers (Fig. 1 (c)). To
introduce PT -symmetry, the microresonators were alter-
nately pumped at 1.06µm by using a titanium amplitude
mask. Figure 5 shows the measured ring intensity and
spectra using an InGaAs camera. In particular, (a), (b),
and (c) present the data corresponding to phase I, II,
and III. At a pump intensity of I = 26kW/cm2 only the
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Invented by Alessandro Volta and Félix Savary in the early
19th century, circuits consisting of resistor, inductor and ca-
pacitor (RLC) components are omnipresent in modern technol-
ogy. The behavior of an RLC circuit is governed by its circuit
Laplacian, which is analogous to the Hamiltonian describing
the energetics of a physical system. We show that topological
semimetal band structures can be realized as admittance bands
in a periodic RLC circuit, where we employ the grounding to
adjust the spectral position of the bands similar to the chem-
ical potential in a material. Topological boundary resonances
(TBRs) appear in the impedance read-out of a topolectrical cir-
cuit, providing a robust signal for the presence of topological ad-
mittance bands. For experimental illustration, we build the Su-
Schrieffer-Heeger circuit, where our impedance measurement
detects a TBR related to the midgap state. Due to the versatil-
ity of electronic circuits, our topological semimetal construction
can be generalized to band structures with arbitrary lattice sym-
metry. Topolectrical circuits establish a bridge between electri-
cal engineering and topological states of matter, where the ac-
cessibility, scalability, and operability of electronics synergizes
with the intricate boundary properties of topological phases.

Topological semimetals1 constitute the latest development of
an evolution dating back more than thirty years, when topolog-
ical phases began to cast their shadows before as midgap states
in polyacetylene2 and the quantized edge modes of integer quan-
tum Hall systems3 were discovered. Driven by the flourishing field
of topological insulators4,5, the viewpoint of topology has recently
branched out to various classes of physical systems, ranging from
electrons in solids to photonic networks in metamaterials, ultra-cold
atoms in optical lattices, microwave resonators, electrical circuits,
and phonons in mechanical setups (see e.g. Refs. 6–11). Note
that such topological states of matter do not necessarily rely on any
quantum mechanical framework. In mathematical terms, it is not
the quantum, i.e. non-commutative, nature of the Hilbert space, but
rather the non-trivial connectivity of phase space under cyclic evo-
lution of parameters12 that indicates a topological phase.

The fingerprint of a topological insulator motif, independent of
the physical setting in which it is realized, is given by a single edge
mode response protected by topology, along with an unresponsive
bulk. While there are various promising approaches to realize them
within classical arrays, topological device design is often limited
due to insufficient edge mode density. As opposed to fermionic sys-
tems where the chemical potential is a useful parameter to access
any particular range of the band structure at low energies, bosonic
or classical degrees of freedom for a topological band structure also
pose the problem how to systematically address the spectral regime
of interest, such as the band gap domain of a topological insula-
tor. Furthermore, in an era where classical experimental setups for
topological phases still need to improve in terms of uniformity of
array elements, it is often challenging to resolve single edge mode
responses to identify the onset of a topological insulator phase.

We propose the topological semimetal paradigm in classical
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FIG. 1. Definition of the principal building blocks for the grounded
circuit Laplacian J = D�C+W (Eq. 2) of an illustrative RLC cir-
cuit with nodes {a, b, c}. W and D are diagonal matrices containing
the total conductances from each node towards the ground and to-
wards the rest of the circuit, respectively. C is the adjacency matrix
of the circuit graph, with edges weighted by their conductances.

RLC circuits, which predicts highly pronounced resonances in a
generic impedance read-out whenever there are topological bound-
ary modes that scale extensively, such as the Fermi arcs of topo-
logical semimetals13. Due to their extensive degeneracy, such topo-
logical boundary resonances (TBRs) remain robust even in the face
of significant nonuniformity of circuit elements, promising high-
precision identification in a realistic measurement. We outline a de-
tailed design of such topolectrical circuits, including a Weyl circuit
network exhibiting TBRs of Fermi arc type, where the AC driving
frequency combined with the grounding design takes over the role
of the chemical potential in a fermionic system. As an initial proof-
of-principle experimental study, we report impedance and voltage
profile measurements of the Su-Schrieffer-Heeger circuit chain. As
a theoretical byproduct in this work, we further introduce the mathe-
matical framework for characterizing topological properties of elec-
trical circuit graphs in general. While our semimetal paradigm can
be applied to any classical array setup such as mechanical systems
or optical cavities, the topolectrical circuits we introduce combine
all desired conceptual and experimental preferences to realize topo-
logical semimetal analogs in a classical model, without demanding
specialized equipment.

Any electrical circuit network can be represented by a graph
whose nodes and edges correspond to the circuit junctions and con-
necting wires/elements. The circuit behavior is fundamentally de-
scribed by Kirchhoff’s law

Ia =

X

i

Cai(Va � Vi) + waVa, (1)

where Ia and Va are the input current and electrical potential at each
node a. By current conservation, Ia equals the total current flowing
out of node a towards all other nodes i linked by nonzero conduc-
tance Cai, plus the current flowing into the ground through a route
with impedance w�1

a . The impedance and conductances are real for
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Imaging cold atoms at the topological interface. We have next
loaded atoms into the topological edge state. For this, using
the Bragg pulses atoms are transferred to an initial state
fiðzÞ ¼ 1ffiffi

2
p faðzÞ ei2kz þ e% ije% i2kz

" #
with j¼p/2. The atomic

wavepacket is centred at z¼ 0, after which the lattice beams are
activated. As the Bragg pulse increases the kinetic energy by more
than two orders of magnitude, while the interaction energy
remains largely unaffected, it turns out (see Methods) that
interactions can be ignored for the subsequent time evolution.

Figure 4a (top) shows a series of atomic absorption images
recorded after a variable holding time in the lattice along with a
simulation (bottom). We observe that the atomic cloud remains
trapped at the expected position of the atomic edge state. On the
other hand, for a relative phase of j¼ %p/2 no such trapping in
the edge state is observed (Fig. 4b, top). This is in agreement with
expectations, as when the initially prepared atomic wavepacket is p

out of phase there is no overlap with the topological edge state.
Instead, the wavepacket is split up into two spatially diverging
paths. For larger times, the onset of an oscillation is visible, which
during the experimentally accessible interaction times near 2 ms is
only partially resolved. A fit yields a period of T¼ 3.16(32)ms, see
Methods. Such an oscillatory motion is also seen in the simulations
(Fig. 4b, bottom). From theory we expect that for j¼p/2 the
loading efficiency into the topological state is 95%, while for
j¼ % p/2 the wavepacket is mainly described by a coherent
superposition of the two eigenstates of the first doublet with n¼ 1,
which beat with an oscillation period of T¼p/o0. Our
experimental oscillation data allow us to determine the size of
the splitting o0/2p to 158(16) Hz, which is in good agreement with
the expected value of 163 Hz, and gives a direct measurement for
the size of the gap between the topologically protected edge state
and the two energetically closest other system eigenstates. The
observed lifetime near 2 ms is attributed to photon scattering from
the Raman beams, an effect also assigned to be dominantly
responsible for an observed residual expansion of the edge state
visible in Fig. 4a (top). A further contribution to the observed
residual expansion is a remaining mismatch of the initially
prepared atomic wavepacket with the topological edge state,
causing an admixture of eigenstates with larger values of n and
correspondingly increased mode volume. This effect was
accounted for in the model simulations shown in Fig. 4 (bottom),
see Methods.

Phase dependency and loading efficiency. Figure 5a shows a
series of absorption images recorded after a fixed time tint¼ 1.7
ms for different values of the relative phase between momentum
components of the initially prepared atomic wavepacket. Near a
relative phase of j¼p/2 we again observe a compact atomic
cloud, while for j¼ %p/2 the cloud is split up into two
components. A smooth variation between these extremes is
visible for intermediate phase values. The corresponding variation
of the total root mean squared (r.m.s.) width of the atomic cloud
along the z axis versus the phase j is shown in Fig. 5b.

We have next modified the overlap of the initial state and the
topological state by preparing clouds with smaller initial size and
correspondingly larger momentum spread by using different final
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with an

atomic cloud centred at position z0. The band populations were determined
by accelerating the lattice away from the crossing to a relative wavevector
of 0.5:k so that a mapping onto the free atomic eigenstates occurs, and
then applying time-of-flight imaging24. Each point corresponds to the
average of three corresponding data sets, and the shown error bars are the
s.d. of the mean.
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Figure 4 | Temporal evolution of atomic clouds. Series of absorption images (top) for a relative phase of the initially prepared atomic wavepacket of
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density is encoded in colour code. For j¼ p/2 we observe a trapping of atoms in the topological edge state, while for j¼ % p/2 the cloud splits up. Each image
is the average over four realizations. The bottom plots are numerical simulations taking into account the experimental resolution of 4.8mm (see Methods).
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vibrometer (LDV). Using this tabletop setup, we validate
the in situ topological band transition in the system by
detecting the emergence of an experimentally measured
boundary mode. We further demonstrate the existence of a
topologically protected mode at the interface of two
topologically distinct granular chains. Last, we theoreti-
cally calculate the frequency of the topologically protected
mode using symmetries in its shape and show that it has an
excellent agreement with numerics and experiments.
Experiment and numerical setup.—The experimental

setup consists of a chain of short cylinders placed inside
3D-printed enclosures stacked vertically (Fig. 1). Each
enclosure along with its cylinder can be independently
rotated about its central axis to change the stacking angles
of the particles.Wemaintainperiodically varying two contact
angles α0 and α, such that the system resembles a dimer
configuration. To demonstrate the topological transition, we
fix α0 to 20° and vary only α from 5° to 40°. The chain is
composed of 27 cylinders, and all cylinders are made of
fused quartz (Young’s modulus Y ¼ 72 GPa, Poisson’s ratio
μ ¼ 0.17, and density ρ ¼ 2187 kg=m3) with identical
diameter and a length of 18 mm. A piezoactuator excites
the bottom of the chain to send a frequency sweep signal
from 3 to 30 kHz. A freeweight (25N) is placed on the top of
the chain to provide initial static compression to restrict the
system dynamics to the linear regime. We track the velocity
of each cylinder using an LDV mounted on a guide rail.
Note that we have judicially designed the enclosure to
facilitate the passage of the laser beam emanating from
the LDV in various angles (top inset in Fig. 1).
We use a discrete element method to model the system

dynamics [31]. We represent the cylinders by lumped
masses and the contacts by springs following the Hertz
contact law. The force between the ith and (iþ 1)th

cylinders can be written as Fi ¼ βðαiÞ½δi þ ui − uiþ1&3=2,
where βðαiÞ is the stiffness coefficient for the contact angle
of αi; δi is the initial static compression due to the free
weight; ui and uiþ1 denote the dynamic displacements of
the ith and (iþ 1)th cylinders in the longitudinal direction,
respectively (see Supplemental Material for details [32]).
If jui − uiþ1j ≪ δi, as is the case here, we can linearize the
contact law. Hence, the contact between the ith and (iþ 1)
th cylinders can be assigned to a linear stiffness coefficient,
KðαiÞ ¼ 3

2 βðαiÞδ
1=2
i . This means that a dimer configuration

with alternating α0 and α angles can be represented by a
lumped mass model with linear stiffness coefficients Kðα0Þ
and KðαÞ, varying along the chain (bottom inset in Fig. 1).
For an infinitely long dimer chain, it is straightforward to

establish a linear dispersion relation and calculate the edges of
Bloch bands [34]. For a finite lattice, however, we expect to
observe boundary effects. To this end,weperform the relevant
eigenvalue analysis. For an N particle chain, we use
u ¼ ½u1; u2; u3;…; uN & ¼ U expðjωtÞ, where U and ω
represent amplitude of displacement vector and angular
frequency, respectively, t is the time, and j is an imaginary
unit. Thus, by neglecting dissipation in the system, we obtain
ΛU ¼ ω2mU, wherem is the particle mass and Λ is aN × N
tridiagonal matrix consisting of stiffness coefficients Kðα0Þ
and KðαÞ. This finite system also accounts for the boundary
condition of the finite system. Specifically, we fix the
boundaries by choosing stiffness values Ka ¼ 2.78 × 107

N/m and Kw ¼ 1.62 × 107 N/m at the beginning (actuator
side) and the end of the chain, respectively, to match the
experimental data [32]. Using this finite setup, we evaluate
eigenfrequencies and eigenmodes of the system in compari-
son with analytical and experimental data.
Results and discussions: Topological band transition in

infinite lattices.—We first investigate the topological char-
acteristics of the infinite dimer lattices. Figure 2 shows three
dimer configurations that represent a topological band
transition within our system. Theoretically obtained Bloch
dispersion curves are plotted below, showing acoustic
(lower) and optical (upper) branches [32]. A frequency band
gap spans from ð1=2πÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Kðα0Þ=m

p
to ð1=2πÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2KðαÞ=m

p
,

and the upper band edge of the optical band is at
ð1=2πÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½Kðα0Þ þ KðαÞ&=m

p
. We notice that if α increases,

the frequency band gap first closes at α ¼ α0 and then opens
again. In this process, Bloch eigenmodes on the edges of
the band gap are also flipped [see the change between [1, 1]
and ½1;−1& in Figs. 2(a) and 2(c)]. This indicates a typical
topological band transition in our system as a function of the
angle α. The system shifts between distinct dimer configu-
rations that cannot be transformed to each other without
closing the band gap. The mathematical quantification of
this notion can be made by calculating the so-called Zak
phase for each band; see Supplemental Material [32] for
detailed calculations.
One notices that the Zak phase of a band directly relates

to the symmetry types of Bloch eigenmodes at its lower

FIG. 1. Schematic of the experimental setup. The top inset
illustrates a cut section of the 3D-printed enclosure. The bottom
inset shows the contact angles in the dimer chain and the
representative spring-mass system.
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Symmetry-Protected Topological
Orders in Interacting Bosonic Systems
Xie Chen,1,2 Zheng-Cheng Gu,3 Zheng-Xin Liu,4,2 Xiao-Gang Wen5,2,4*

Symmetry-protected topological (SPT) phases are bulk-gapped quantum phases with symmetries,
which have gapless or degenerate boundary states as long as the symmetries are not broken.
The SPT phases in free fermion systems, such as topological insulators, can be classified; however,
it is not known what SPT phases exist in general interacting systems. We present a systematic
way to construct SPT phases in interacting bosonic systems. Just as group theory allows us to
construct 230 crystal structures in three-dimensional space, we use group cohomology theory
to systematically construct different interacting bosonic SPT phases in any dimension and with
any symmetry, leading to the discovery of bosonic topological insulators and superconductors.

For many years, the defining characteristic
of a phase of matter was thought to be its
symmetry, with different phases necessarily

having different symmetries (1). However, through
the study of high-temperature superconductors
and the fractional quantum Hall (FQH) effect,
it was discovered that there can be distinct quan-
tum phases—topologically ordered phases—that
cannot be distinguished by symmetry (2). A deep
connection between quantum phases and quantum
entanglement (3–5) indicates that topological or-
ders are characterized by patterns of long-range
entanglement (5). Recently, it was discovered that
even short-range entangled states with the same
symmetry can belong to different phases. These
symmetric short-range entangled states are said
to contain a new kind of order called symmetry-
protected topological (SPT) order, (6) which is
characterized by symmetry-protected gapless or
degenerate edge states despite the bulk gap. Just
like symmetry-breaking orders are described by
group theory, we show here that SPT orders are
described by group cohomology theory. This dis-
covery expands our original understanding of pos-
sible phases in many-body systems.

A central issue is to understand what SPT
phases exist. The first system known to have
SPT order was the spin-1 chain with antiferro-
magnetic Heisenberg interactions (the so-called
Haldane chains) (7, 8). This model has been gen-
eralized, leading to a complete classification of
SPT orders in one-dimensional (1D) bosonic/
fermionic systems (9–12). Topological insula-
tors (13–17) with gapless edge modes protected
by time-reversal symmetry and particle-number

conservation provided the first example of an
SPT order in higher dimensions. The noninter-
acting nature of fermions in these systems allows
a classification of this kind of SPT order (18, 19),
whereas no SPT order exists in noninteracting
bosonic systems.

However, understanding SPT orders in non-
interacting systems is not sufficient, because par-
ticles in real materials do interact. In this paper,
we present a systematic construction of SPT phases
for interacting bosonic systems in any dimen-
sion and with any symmetry. Our construction
leads to the discovery of many SPT phases in 2
and higher dimensions (see Table 1). For sim-
plicity, we are going to first present in detail the
case of the 1D Haldane chain and demonstrate
the emergence of its SPT order using the group
cohomology theory for time reversal symmetry.
The group cohomology approach allows us to
generalize the construction to higher dimensions
and to all other symmetries.

The fixed-point ground-state wave function of
the Haldane chain (6) takes a simple dimer form
(Fig. 1), where each site contains two spin 1/2’s
connected into singlet pairs j↑ri ↓liþ1〉 − j↓ri↑liþ1〉
between neighboring sites (20). Time-reversal

symmetry acts asM(T ) = isyK on each spin 1/2,
where K is complex conjugation and sy is the y
component of the spin operator. The wave func-
tion is invariant under the symmetry action. For
each spin 1/2, M(T )2 = −I, whereas on each site
with two spins, [M(T ) ⊗ M(T )]2 = I. So the
states on each site form a representation of ZT

2 ,
the symmetry group generated by time reversal
symmetry.

The wave function on a closed chain is the
gapped ground state of the Hamiltonian H ¼
∑is r

i ⋅ sl
iþ1, with antiferromagnetic Heisenberg

interactions between each pair of spin 1/2’s on
neighboring sites where s l

i and s r
i are spin op-

erators for the left and right spin 1/2 on each
site, respectively. The Hamiltonian is invariant
under time-reversal symmetry; the ground state
does not break any symmetry of the system, yet
the system is far from a trivial phase, which be-
comes evident when we put the system on an open
chain. When the chain is open, the dangling
spin 1/2 at each end forms a nontrivial projec-
tive representation of ZT

2 with M(T)2 = −I,
which does not allow a 1D representation (21).
Therefore, the degeneracy of the edge state is
robust under any perturbation as long as time-
reversal symmetry is preserved.

The ground-state structure giving rise to SPT
order in the Haldane chain can be generalized to
an arbitrary symmetry group after we relabel the
spin states with group elements and express sym-
metry actions using group cocycles. The time-
reversal symmetry group contains two elements:
ZT
2 ¼ fE,Tg with T ◦ T = E. For the left spin 1/2

on each site, label j↑〉=j↓〉 as jE 〉=jT 〉 , and for the
right one, label j↑〉=j↓〉 as jE〉= − jT 〉. The total
wave function becomes

jF〉 ¼ ∏
i
(jTr

i T
l
iþ1〉 þ jEr

i E
l
iþ1〉)

¼ ∏
i
∑
gi
jgri ¼ gi, gliþ1 ¼ gi〉 ð1Þ

wheregi ∈ ZT
2 . Time-reversal symmetry then acts

on the right/left spins on each site as M (T )jE〉 ¼
−jT 〉 and M (T )jT 〉 ¼ jE〉, which takes the form
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Table 1. SPT phases in d spatial dimensions protected by some simple symmetries (represented by the
symmetry groups). Z1 means that our construction only gives rise to the trivial phase. Zmn means that the
constructed nontrivial SPT phases plus the trivial phase are labeled by m elements in Zn. Z means that
the constructed nontrivial SPT phases are labeled by nonzero integers, whereas the trivial one is labeled
by 0. ZT2 represents time-reversal symmetry, U (1) represents boson number–conservation symmetry, SO(3)
represents rotation symmetry, Zn represents cyclic symmetry of order n, and D2 represents the Klein
four-group symmetry. The first row corresponds to bosonic topological insulators and the second row to
bosonic topological superconductors.

Symmetry d = 0 d = 1 d = 2 d = 3
U(1) ⋊ ZT2 Z Z2 Z2 Z22
ZT2 Z1 Z2 Z1 Z2
U(1) Z Z1 Z Z1
SO(3) Z1 Z2 Z Z1
SO(3) % ZT2 Z1 Z22 Z2 Z32
Zn Zn Z1 Zn Z1
ZT2 % D2 ¼ D2h Z22 Z42 Z62 Z92
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also shows that the amount of light scattered in the z
direction at resonance does not increase linearly with the
number of atoms as one would expect for noninteracting
atoms, but actually increases more slowly. Figure 4(a)
indicates that this is also the case off resonance, where we
plot nzðN;ΔÞ=nzðN ¼ 1;ΔÞ for different atom numbers
and detunings. For noninteracting atoms this ratio is equal
to the number of atoms N (and is thus independent of the
detuning Δ), as we verified by collecting the scattered light
after letting the atomic cloud expand in free space for a
sufficiently long time [29]. By contrast, here we observe
that the amount of scattered light is strongly suppressed on
resonance as the number of atoms increases, and that we
gradually recover the behavior of noninteracting atoms as
we detune the laser away from resonance.
All the observations reported above can be reproduced

by a single functional form:

nzðN;ΔÞ ¼ C
N

ΓcðNÞ2 þ 4½Δ − δωcðNÞ&2
; ð2Þ

where C includes the detection efficiency of the imaging
system. This is illustrated in Fig. 4(b): we find that the
quantity RðN;ΔÞ=RðN ¼ 1;ΔÞ, where RðN;ΔÞ ¼
nzðN;ΔÞ½Γ2

c þ 4ðΔ − δωcÞ2& and Γc and δωc are, respec-
tively, the phenomenological fits of FWHM and the shift
(see Fig. 3), collapses on a single curve whatever the
detuning. For N ≲ 300, this curve is linear with N with a
slope of 1, in agreement with Eq. (2). It emphasizes that in
this regime, the scattered intensity is suppressed by a factor
ðΓ=ΓcÞ2 at resonance, as expected from the qualitative
discussion earlier. We note that this scaling cannot be
explained by a model where the suppression would come
from an incoherent superposition of the intensities scattered

by each atom with resonant frequencies inhomogeneously
distributed over a distribution of width FWHM: that would
lead to a suppression that would scale as Γ=Γc near
resonance, instead of the ðΓ=ΓcÞ2 scaling observed here.
For N > 300, the departure from the linear law indicates
that C depends on the number of atoms in this regime, and
that the simple Lorentzian form (2) becomes inaccurate, as
also found in the simulation (see below).
We have performed numerical simulations of the col-

lective dynamic response of the atomic sample to near-
resonant pulsed light in the low excitation limit. In this
model, each atom, located at position rj (j ¼ 1;…; N) and
with dipole dj, is driven by the incident laser field and by
the fields scattered by all the N − 1 other atoms, i.e., each
dipole is coupled to theN − 1 other dipoles via the resonant
interaction of Eq. (1). This classical electrodynamics
simulation incorporates all the interactions between an
ensemble of nonsaturated discrete dipoles. This approach
has been used to study dielectric media comprising two-
level or spatially averaged isotropic electric dipoles
[10,14,16,18,30,31] as well as magnetodielectric circuit
resonator systems [32]. Here, we also incorporate the
Zeeman level structure of the atoms [13] and the shifts
associated to the presence of the magnetic field. To
calculate the dipoles dj in our experimental configuration,

Γ

(a)

δω
 / 

Γ

(b)

FIG. 3 (color online). (a) FWHM and (b) line shift δω with
respect to the atomic frequency for N ¼ 1 atom, in units of Γ.
Filled symbols: data extracted from the Lorentzian fits shown in
Fig. 2, versus the number of atoms. Dashed lines: phenomeno-
logical fits of the FWHM and shift by, respectively,
Γc=Γ ¼ 1.49ð6Þ × N0.08ð1Þ, and δωc=Γ ¼ 47ð9Þ × 10−5N. The
error bars are from the fits of Fig. 2. Green solid line: results
of the simulation (see text).

∆
∆)

(b)

∆
∆)

(a)

FIG. 4 (color online). (a) Scattered light detected in the z
direction, versus the number of atoms, for different detunings of
the laser: Δ ¼ 0 (red circles), 'Γ (up or down open triangles),
and Δ ¼ '2.5Γ (up or down filled triangles). The intensity for
each atom number is normalized to the single atom case at the
same detuning. Red line: result of the simulation (see text)
with widths of the cloud σρ and σz. Black diamond: model with
widths 2σρ and 2σz. (b) Ratio RðN;ΔÞ=RðN ¼ 1;ΔÞ versus the
number of atoms (see text). Dashed line in (a) and (b): case of
noninteracting atoms.
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from the noninteracting Beer-Lambert value as the density
increases. Shifts diverging as 1=R3

ij between closely spaced
dipoles result in a broadening and weakening of the overall
cross section line shape, reducing the resonant extinction
(increasing transmission). It might, therefore, seem that
interactions make the extinction worse. However, if we
introduce spatial ordering to the atoms by confining them to
a fixed regular (triangular) array, with one atom per site, we
see in Fig. 2 that the transmission can be significantly lower
than both the noninteracting and randomly distributed
cases. Such an array could be realized in, e.g., an optical
lattice in the Mott-insulator phase [48,49] or spatial light
modulator dipole trap array [50]. For a particular magic
lattice spacing (a ¼ 0.87λ0), the extinction (1 − T) is
greater than 99%, corresponding to almost an order of
magnitude increase in cross section (σ ≃ 7σ0). Limits on
the scattering cross section were discussed in [51]. The
efficient cancellation of the electric fields downstream of
the lattice can be seen in the inset of Fig. 2, which is
contrasted with the poorer extinction and significant
scattering out of the beam in the random monolayer (inset,
Fig. 1). The transmission minimum also corresponds to a
reflection maximum observable in the inset of Fig. 2, as
well as by calculating the power reflected back through the
focusing lens at z ¼ −zL (reflection R ≫ 98%). By slightly
changing the lattice spacing (a ¼ 0.87λ0 → 1.05λ0),
the transmission increases from < 1% to ≃90%.
Consequently, the monolayer can be switched between
distinct transmission and reflection states, in the same
spatial mode, which is the ideal starting point for a gate or
all-optical transistor.

We now address why there is a magic spacing that
produces optimal extinction. In Fig. 3, we plot the trans-
mission as a function of detuning at the points labeled A, B,
and C in Fig. 2. The behavior of the interacting line shapes
(blue solid lines) is determined by the eigenmodes of Eq. (1).
Each eigenmode contributes a shift Δl and linewidth γl
proportional to the real and imaginary parts of its eigenvalue,
respectively [15,37]. The transmission behavior in Fig. 2
corresponds to the value of the transmission at Δ ¼ 0,
indicated by the vertical dashed lines in Fig. 3. In Fig. 3(a)
the line shape is dominated by two nearly degenerate modes
with half-widths γl ¼ 0.37γ0 centered at Δl ≃ 0. Extinction
cross section scales inversely with linewidth, so subradiance
(γ < γ0) results in an enhanced extinction. This combined
with the maximal extinction at Δ ¼ 0, results in the trans-
mission minimum at a ¼ 0.87λ0 (point A in Fig. 2). By
changing the detuning of the driving field, however, we can
select a range of spacings over which large extinction is still
possible [ϵ > 98% for 0.67 < a=λ0 < 0.92; see the inset in
Fig. 3(a)]. Figures 3(b) and 3(c) correspond to the local
transmission maxima at points B and C in Fig. 2. While the
peak extinction inFig. 3(b) is still around 80%, it is shifted off
resonance, so the extinction at Δ ¼ 0 is small. In Fig. 3(c),
the line shape is centered on Δ ¼ 0, although it is now
superradiant (γ ≃ 2γ0), and so the peak extinction is reduced.
Large peak extinctions on resonance (Δ ¼ 0) are also

possible in square (ϵ > 98% at a ¼ 0.79λ0; Fig. 4) and

FIG. 2. Resonant optical transmission of a Gaussian beam
through a triangular 2D array of N ¼ 102 interacting dipoles
(blue solid line). Unlike the random monolayer in Fig. 1, the
transmission goes below and above T ind (black dotted line). A, B,
and C correspond to the lattice spacings used in Fig. 3. (Inset) At
a ¼ 0.87λ0 (N2D ≃ 1.5λ−20 ), the dipole and driving fields almost
perfectly cancel downstream of the lattice, resulting in less than
1% transmission over the collection lens. The same parameters
for the beam, lens, and inset are used as in Fig. 1.

FIG. 3. Transmission as a function of detuning through an
N ¼ 102 triangular lattice of interacting dipoles. The lattice
spacings in (a)–(c) correspond to those labeled A, B, and C in
Fig. 2 (inset: a=λ0 ¼ 0.67; 0.92). The solid lines plot the full
interacting transmission for the same beam and lenses as Fig. 1.
The dotted lines show T ind (i.e., assuming no interactions). The
vertical dashed lines at Δ ¼ 0 have dash lengths ΔT ¼ 0.05.
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Optimized geometries for future generation optical lattice clocks

Fig. 1: (Color online) Scheme of a 2D optical lattice filled
with clock atoms interacting via dipole-dipole energy exchange
Ωij and a collectively modified spontaneous emission Γij at
two different lattice constants shown in blue and yellow. In a
mean-field treatment with translation invariance the sum over
all interaction terms yields two effective couplings Ωeff and Γeff

only, which govern the approximate system dynamics.

Symmetric configurations. – For symmetric geome-
tries with each atom initially in the same state and subject
to the same effective interactions, the equations of motion
for all particles become identical and read

⟨σ̇x⟩ = Ωeff⟨σy⟩⟨σz⟩ − 1
2

(
γ − Γeff⟨σz⟩

)
⟨σx⟩, (5a)

⟨σ̇y⟩ = −Ωeff⟨σx⟩⟨σz⟩ − 1
2

(
γ − Γeff⟨σz⟩

)
⟨σy⟩, (5b)

⟨σ̇z⟩ = −γ
(
1 + ⟨σz⟩

)
− 1

2
Γeff

(
⟨σx⟩2 + ⟨σy⟩2

)
. (5c)

Hence, instead of solving a huge set of coupled nonlinear
equations, we need to determine the effective couplings,
i.e.

Ωeff =
N∑

j=2

Ω1j , Γeff =
N∑

j=2

Γ1j , (6)

Of course, such a rigorous symmetry condition is fulfilled
for very few atomic distributions only. In these cases, how-
ever, the essence of the interactions within the entire lat-
tice is captured solely by two real numbers, the effective
coupling Ωeff and the collective decay rate Γeff . In a clock
setup one seeks to minimize the energy shifts Ωeff and find
configurations with a maximally negative Γeff , minimizing
decay and allowing for an as long as possible interrogation
time (see fig. 1).

Finite systems. – Firstly, for finite symmetric config-
urations the effective quantities can be calculated easily.
The most obvious symmetric structures are regular poly-
gons. This might not be the most practical example but
nicely displays the underlying physics [35]. In fig. 2 we
compare the parameters for a square, a ten-sided and a
100000-sided polygon. The square shows a behavior quite
similar to the underlying functions F (ξ) and G(ξ), while
the two larger polygons exhibit strong size-dependent vari-
ations, particularly at integral values of d/λ0 emerging
from the accumulation of many 1/ξ contributions. Note
that even with a relatively large atom spacing, coopera-
tive collective effects are sizable and vary strongly with
distance.

0 1 2 3
d/λ0

-1

0

1
Ωeff/γ

0 1 2 3
d/λ0

Γeff/γ

Fig. 2: (Color online) Distance dependence of the effective
dipole coupling Ωeff and Γeff for a square (red), a ten-sided
(blue) and a 100000-sided (green) regular polygon. The fewer
the particles, the closer the functions resemble the underlying
couplings Ωij and Γij . The divergences at integral d/λ0 result
from the 1/ξ terms in F (ξ) and G(ξ).

Infinite systems. – In practice, extended regular sys-
tems, i.e. large periodic lattices, are experimentally more
relevant. Figure 3 depicts the effective couplings for an in-
finite chain, a square lattice and a hexagonal lattice. For
comparison, we have overlaid the results for smaller atom
numbers to demonstrate finite-size effects, where even un-
physical values of Γeff < −1 can appear. We observe
stronger variations and again divergences at integral val-
ues of d/λ0. These manifest themselves in a much more
pronounced way at huge atom numbers and, therefore,
underpin the importance of properly treating long-range
interactions.

Note that for the two-dimensional square lattice
and the hexagonal lattice, Γeff exhibits a broad minimum
for the effective decay close to Γeff = −1 for d < λ0,
where the atomic decay is strongly inhibited. This favors
such two-dimensional setups for lattice clocks as subra-
diant decay will dominate the system dynamics allowing
for much longer Ramsey delay times and thus offering a
higher overall precision [22]. Similarly we can identify lat-
tice constants with a zero effective shift and, therefore,
increased clock accuracy. Extending these calculations to
three-dimensional lattices, we find that the necessary atom
numbers to obtain smooth converging behavior are beyond
our current numerical capabilities. For particle numbers
of about 1012 the resulting effective quantities still fluc-
tuate strongly, predicting potential problems for such 3D
clock setups. A demonstration of this effect can be found
in the supplementary material in [34].

Tailoring atomic excitations. – So far we have as-
sumed a phase-symmetric excitation of all atoms by the
first Ramsey pulse. In a practical excitation scheme this
corresponds to illumination at right angle. In general,
however, the effective couplings Ωeff and Γeff will change,
when we allow for a local phase shift imprinted on the
atoms. In a π/2 Ramsey sequence [36] the excitation phase
appears on the excited state directly, i.e.,

|Ψ⟩ =
N⊗

j=1

1√
2

(
|g⟩ + ei∆φ(j−1)|e⟩

)
. (7)
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where the coefficients have constant magnitudes and their
phases evolve with the same frequency (this is a periodic
steady state). Because of the laser detuning, jc1j2 is much
larger than jc2j2, jc3j2, jc4j2, which are comparable to each
other. Thus hE1i, hE2i ! 0 and the atoms are unlikely to
emit. But when atom 1 happens to emit, the wave function
becomes

jc i ¼ c3jggiþ c4jgei
jc3j2 þ jc4j2

: (5)

Now, hE2i is large and atom 2 is likely to emit, which leads
to photon bunching [Fig. 1(c)].

Then we consider the case of large N. We first review
mean-field theory, since it is important for what follows
[25,44]. Mean-field theory is a classical approximation
to the quantum model: correlations between atoms are
ignored, and the density matrix factorizes by atom,
! ¼ NN

j¼1 !! , where !! evolves according to

_!! ee ¼ $" Im !!eg $ " !!ee; (6)

_!! eg ¼ ið#$ V !!eeÞ !!eg $
"

2
!!eg þ i"

!
!!ee $

1

2

"
: (7)

These are the optical Bloch equations for a two-level atom,
except that the effective laser detuning is #eff ¼
#$ V !!ee. There are one or two stable fixed points, de-
pending on the parameters [Fig. 3(a)]. Classically, the
system should go to a stable fixed point and stay there,
since there are no other attracting solutions.

Now we consider the original quantum model for large
N. Figure 4(a) shows a quantum trajectory for N ¼ 16 and
plots the average Rydberg population of all the atoms, hEi,
where E ' P

iEi=N. hEi appears to switch in time between
two values. In fact, these two values correspond to the two
stable fixed points of mean-field theory for the chosen
parameters. Thus, we find that the quantum model jumps
between the two stable states of the classical model.
When the parameters are such that mean-field theory is
monostable, hEi remains around one value and there are no
jumps. Hence, the photons are bunched when mean-field
theory is bistable, but are uncorrelated otherwise. This

correspondence is evident in Fig. 3(b) and 3(c), with better
agreement for larger N.
We call the two states in Fig. 4(a) the dark and bright

states, since the one with lower hEi has a lower emission
rate. In the dark state, the wave function approaches a
steady state, jc iss, in between the sporadic emissions.
This is due to the balance of laser excitation and nonunitary
decay from the nondetection of photons, similar to the
case of two atoms. In the bright state, the large Rydberg
population brings the system effectively on resonance
(#eff ! 0). The bright state sustains itself because an
atom is quickly reexcited after emitting a photon.
Suppose the system is in the dark state. The steady-state

wave function jc iss is an entangled state of all the atoms
with most population in jgg . . .gi. Although hEi is small,
when an atom happens to emit a photon, hEi increases due
to the entangled form of jc iss. In fact, if more atoms
emit within a short amount of time, hEi increases further
[Fig. 5(a)]. When enough atoms have emitted such that hEi
is high, the system is in the bright state and sustains itself

FIG. 3 (color online). (a) Fixed points of mean-field model as function of detuning for " ¼ 1:5" and V ¼ 10". Stable (unstable)

fixed points are denoted by solid (dashed) lines. (b) Mean-field bistable region (black) for V ¼ 10". (c) Photon correlation gð2Þij for 16

atoms with same parameters as (b), using color scheme on right.
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FIG. 4 (color online). Quantum trajectory of 16 atoms showing
average Rydberg population over time with " ¼ 1:5", V ¼
10", # ¼ 3:4". (a) Quantum jumps between two metastable
collective states. Red arrows point at the stable fixed points of
mean-field theory. (b) and (c) are zoomed-in views, and red lines
mark photon emissions. (b) Rapid succession of emissions
around t ¼ 232=" causes a jump up. (c) Absence of emissions
around t ¼ 313=" causes a jump down.
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FIG. 1. (Color online) Driven ensemble of two-level atoms. The
atoms are confined in a one-dimensional optical lattice with lattice
constant a. An external laser field with amplitude E0 and momentum
kL perpendicular to the lattice couples the states |g⟩ and |e⟩ with
detuning ! and Rabi frequency ". The wavelength of the atomic
transition λ is much larger than a and, as a consequence, the decay
acquires a nonlocal character with the appearance of superradiant and
subradiant modes, that decay at an enhanced or reduced rate ($ + R12

and $ − R12 in the two-atom case depicted).

distance between adjacent sites a is much smaller than the
transition wavelength λ.

The density matrix ρ of the atomic ensemble evolves under
the Lindblad master equation [27,28]

ρ̇ = − i

!
[H,ρ] + D(ρ). (1)

The first term on the right-hand side describes a coherent time
evolution governed by the many-body Hamiltonian

H = !
∑

α

[−!b†αbα + "(b†α + bα)] + !
∑

α ̸=β

Vαβb†αbβ , (2)

with bα ≡ |g⟩α⟨e| being the transition operator between the
two internal states of the αth atom. The detuning between the
frequency of the laser field ωL and the atomic transition ωa
is denoted by ! = ωL − ωa. The Rabi frequency is given by
" = pE0/2!, with E0 being the amplitude of the laser field
(perpendicular to the lattice; see Fig. 1) and p the atomic
transition dipole moment. The last term of the Hamiltonian
represents the interatomic interactions that result from the
exchange of virtual photons between the atoms. These are
characterized by the matrix elements

Vαβ = 3$

4

(
− cos καβ

καβ

+ sin καβ

κ2
αβ

+ cos καβ

κ3
αβ

)
,

where καβ ≡ 2πrαβ/λ with rαβ being the separation between
the αth and βth atoms. In traditional lattice setups, the
wavelength of the transition and the lattice constant are of
the same order; i.e., a/λ ! 1. Here, the value of Vαβ is in
general very small compared to the single-atom decay rate
$; i.e., the coherent dipole-dipole interaction induced by
the photon emission can be neglected as it is much weaker
than the dissipation. However, in the regime we consider
here (a/λ ≪ 1) the interaction between atoms separated by
a few sites is much stronger than the dissipation and can be
approximated by a 1/r3 potential, with r being the distance
between the atoms.

The second term on the right side of Eq. (1) is the dissipator,
which describes incoherent transitions in the ensemble due to

FIG. 2. (Color online) (a) Numerically exact stationary solution
of the excitation density ns as a function of "/$ and !/$ for a
system with N = 6 atoms. (b) Excitation density ns for different N

obtained from the MCWF simulations with ! = 0 and a/λ = 0.08.
For comparison, we also show the corresponding numerically exact
solutions for N = 6 given by the solid line.

the coupling to the radiation field:

D(ρ) =
∑

α,β

Rαβ

[
bαρb

†
β − 1

2
{b†αbβ ,ρ}

]
, (3)

with the matrix elements

Rαβ = 3$

2

(
sin καβ

καβ

+ cos καβ

κ2
αβ

− sin καβ

κ3
αβ

)
.

The nonlocal character of the dissipation becomes more
apparent when the dissipator is brought into diagonal form,
such that it becomes

D(ρ) =
N∑

m=1

γm

[
JmρJ †

m − 1
2
{J †

mJm,ρ}
]
.

Here, we have introduced the collective jump operators Jm =∑
α Xαmbα , given by superpositions of the local (lowering)

operators bα with the matrix X containing the eigenvectors
of R. For a/λ ! 1 the matrix R is nearly diagonal so that
γm → $ and each collective jump operator Jm corresponds
to a single local lowering operator bm with m = 1, . . . ,N .
The jump operators become nonlocal when a/λ ≪ 1 and R
accumulates weight on the super- and subdiagonals. In this
regime, each of the decay processes associated with the jump
operators Jm has in general a different decay rate γm that can
be vastly distinct from $ [27,28].

III. DYNAMICAL PHASE TRANSITION IN THE
EXCITATION DENSITY

Let us now investigate the steady state ρs of Eq. (1)
that emerges as a result of the coherent driving and the
nonlocal character of the dissipation. First, we calculate ρs
by numerically solving −(i/!) [H,ρs] + D(ρs) = 0. However,
due to the exponentially large dimension of the problem, this
method is only applicable for relatively small systems (up to
N = 6 atoms).

We start by exploring the excitation density in the stationary
state ns =

∑
α Tr(b†αbα ρs)/N as a function of !/$ and "/$.

The numerically exact solution for N = 6 depicted in Fig. 2(a)
already provides a first insight into what is expected for
larger systems: The phase diagram can be divided into two
regions—one with low and one with high excitation density.
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+	Use	scaJered	light	as	a	probe	



Open	ques=ons	

Rydberg:	role	of	exp.	imperfec_ons	and	dephasing	(“bad”	dissipa_on)	
	 	 	Limits	prepara_on	of	MB	ground	state	

	 	 	Limits	dura_on	of	interac_on	driven	dynamics	
	 	 	 	+	role	of	complex	atomic	structure	

	
	⇒	Model	of	dissipa_on??	Use	dissipa_on	to	prepare	MB	states??		

	
Op=cal	dipoles	(“good”	dissipa_on):		

	 	 	Strength	of	interac_on-induced	non-linearity?	
	 	 	Mapping	atomic	correla_ons	onto	light	correla_ons?	

	 	 	Exp.:	structure	at	sub-λ	scale	=	hard		
	 	 	 	 	 	⇒	use	low-lying	Rydberg	states??	


