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It is well known that quantum gravity at                   can be treated as an EFT of interacting 
gravitons coupled to matter.


DeWitt, 1967.

         corrections to 
Newton potential:
O(~)

Donoghue et al 2002, Khriplovich et al 2002
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This EFT can be used to obtain well defined predictions for the long distance part of quantum 
gravity S-matrix,

e.g:


E ⌧ MPl

⇠ E2

M2
Pl

See also: cosmological 
correlation functions.



In particular, how do perturbative quantum effects associated with black hole horizons, 
Hawking radiation, appear in low energy scattering amplitudes involving black holes?


While this EFT can be used to study low energy processes involving elementary particles, 

it is not known how to use it to describe the S-matrix in the case where black holes appear 

as the “asymptotic states”.   


E.g
Soft Hawking photon theorem for electrically neutral BHs

Inelastic quantum BH scattering:

Hawking emission amplitude in the point EFT limit:

Emission rate to leading order in deflection:

Radiated power:

⌦ ⌦

(electromagnetic) (gravitational)

⌦ ⌦



The goal of this talk is to setup an EFT that is able to calculate Hawking radiation 

corrections to such processes.    The EFT that I will present will be valid for length/time 
scales      such that:�

i.e. we assume the BH’s are semiclassical.   Thus the EFT necessarily breaks down at time 
scales of order the BH lifetime  , where                       or                                 and non-
perturbative quantum gravity effects play an important role.

MBH ⇠ MPl rs = 2GNM ⇠ `Pl

⌧BH � � � GNM � 1/mPl,

⌧BH ⇠ G2
N
M3 =BH lifetime



Worldline EFT for BHs
In the range of scales defined above, we can still treat the BH as a 
(dynamical) point source, i.e. the BH is described by a worldline EFT 
coupled to gravity

DOFs:

vµ = ẋµ

eµa=1,2,3

xµ(�)

Symmetries:

xµ(�) =
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worldline CM coordinate

Diff. invariance

Local          rotations acting on 
(for BH only)

eµa=1,2,3(�) =
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local frame (SPIN)

xµ 7! xµ + ⇠µ(x)
<latexit sha1_base64="pbmtvdVLKicE/OV28CEw1pcZGAs=">AAACB3icbVDNS8MwHE3n15xfVY+CBIcwEUY7BXccePE4wX3AWkeapVtY0pYklY2ymxf/FS8eFPHqv+DN/8a060E3HwRe3vv9SN7zIkalsqxvo7Cyura+UdwsbW3v7O6Z+wdtGcYCkxYOWSi6HpKE0YC0FFWMdCNBEPcY6Xjj69TvPBAhaRjcqWlEXI6GAfUpRkpLffN4cu/w2OEokiqE2QWeOxOaksrkrG+WraqVAS4TOydlkKPZN7+cQYhjTgKFGZKyZ1uRchMkFMWMzEpOLEmE8BgNSU/TAHEi3STLMYOnWhlAPxT6BApm6u+NBHEpp9zTkxypkVz0UvE/rxcrv+4mNIhiRQI8f8iPGdSR01LggAqCFZtqgrCg+q8Qj5BAWOnqSroEezHyMmnXqvZFtXZ7WW7U8zqK4AicgAqwwRVogBvQBC2AwSN4Bq/gzXgyXox342M+WjDynUPwB8bnD2fmmPY=</latexit>
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eµa
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Worldline RPI � 7! �0(�)
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EFT for gravity coupled to BH, in the point particle limit:

The most general (mod. e.o.m’s) point particle Lagrangian consistent with 
symmetries (ignoring spin, assume parity invariance), organized in a 
derivative expansion:

S = SEH + Spp

Spp = �m

Z
d⌧ + cE

Z
d⌧Eµ⌫E

µ⌫ + cB

Z
d⌧Bµ⌫B

µ⌫ + · · ·

SEH = −2m2

Pl

∫
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(~ = c = 1)

O(@0g)
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{ <latexit sha1_base64="skTFtAo6W1BUhaJIWkAihdaW6Fc=">AAAB6XicdVBNS8NAEJ34WetX1aOXxSJ4Kkka2norePFYxX5AG8pmu2mXbjZhdyOU0H/gxYMiXv1H3vw3btoKKvpg4PHeDDPzgoQzpW37w1pb39jc2i7sFHf39g8OS0fHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G06vc795TqVgs7vQsoX6Ex4KFjGBtpNtBNiyV7cplo+Z6NWRXbLvuuE5O3LpX9ZBjlBxlWKE1LL0PRjFJIyo04VipvmMn2s+w1IxwOi8OUkUTTKZ4TPuGChxR5WeLS+fo3CgjFMbSlNBooX6fyHCk1CwKTGeE9UT99nLxL6+f6rDhZ0wkqaaCLBeFKUc6RvnbaMQkJZrPDMFEMnMrIhMsMdEmnKIJ4etT9D/puBWnWnFvvHKzsYqjAKdwBhfgQB2acA0taAOBEB7gCZ6tqfVovVivy9Y1azVzAj9gvX0C+d+NoQ==</latexit> { <latexit sha1_base64="skTFtAo6W1BUhaJIWkAihdaW6Fc=">AAAB6XicdVBNS8NAEJ34WetX1aOXxSJ4Kkka2norePFYxX5AG8pmu2mXbjZhdyOU0H/gxYMiXv1H3vw3btoKKvpg4PHeDDPzgoQzpW37w1pb39jc2i7sFHf39g8OS0fHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G06vc795TqVgs7vQsoX6Ex4KFjGBtpNtBNiyV7cplo+Z6NWRXbLvuuE5O3LpX9ZBjlBxlWKE1LL0PRjFJIyo04VipvmMn2s+w1IxwOi8OUkUTTKZ4TPuGChxR5WeLS+fo3CgjFMbSlNBooX6fyHCk1CwKTGeE9UT99nLxL6+f6rDhZ0wkqaaCLBeFKUc6RvnbaMQkJZrPDMFEMnMrIhMsMdEmnKIJ4etT9D/puBWnWnFvvHKzsYqjAKdwBhfgQB2acA0taAOBEB7gCZ6tqfVovVivy9Y1azVzAj9gvX0C+d+NoQ==</latexit>

Eµ⌫ = Rµ↵⌫�v
↵v�

Bµ⌫ =
1

2
✏µ⇢��v

⇢v↵R⌫↵
��

w/                                                = “electric” curvature tensor

= “magnetic” curvature tensor

(Note:              terms, eg                   are redundant due to source free
eom            ).

Z
d⌧gµ⌫Rµ⌫
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Rµ⌫ = 0
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In the point particle EFT, the quadrupole moment induced by an external 
field:

�Qij = � �

�Eij
Spp = �2cEEij
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We expect on dimensional grounds:

vs.

Same scaling also holds for relativistic (compact) objects.   Eg elastic 
graviton+BH scattering amplitude:

�Qij = �2

3
k

R5

GN
Eij
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iA =
! !

(rs! ⌧ 1)

Full theory:

EFT: iA = +

cE,Bm
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from matching
(WG, ’06)



For the case of Schwarzschild black holes in            , the tidal response in 
the full theory                   has been computed analytically by

d = 4
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For neutron stars,         depends on the EOS and has been calculated 
numerically in (Flanagan+Hinderer, 2007)

cE
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Damour+Nagar, 2009
Binnington+Poisson, 2009

Steinhoff et al 2013
Kol+Smolkin, 2011

while the EFT side corrections were shown to vanish in Kol+Smolkin, 
2011.    The result for BH’s in   

so no (static) tidal response at            (and likely also for         …) 

cBH

E
= cBH

B
= 0
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BH absorption and Emission

But formalism outlined so far neglects dissipation, ie absorption of energy and 
angular momentum by the compact objects themselves.   

Spp = �m

Z
d⌧ + cE

Z
d⌧Eµ⌫E

µ⌫ + cB

Z
d⌧Bµ⌫B

µ⌫ + · · ·

On general grounds, dissipation implies the existence of low frequency modes               
(eg NS: hydro modes,….  BH:   horizon absorption) not captured by the point 
particle EFT

The results on tidal coefficient suggests that finite size effects are absent for 
black holes.



Even though the form of the internal spectrum depends on the details of the 
internal structure, can incorporate the effects of dissipation in a model 
independent w/o the need to explicitly track the light DOFs

The idea is to treat the compact object as            as an “atom”, i.e a worldline 
with local operators coupled to gravitons.     For a spherical symmetric object, 
the leading interactions with gravitons take the form 

R ! 0

With operators                                      acting on the Hilbert space of 
internal states.    These are gravitational analogs of the EM dipole interaction

Qab
E (�), Qab

B (�) · · ·

Microscopic properties are then encoded in the correlation functions
⟨QE,B · · ·QE,B⟩

which can be related to observable quantities of the compact object.

Hem = �~̂p · ~E
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d⌧(�)QE
ab(�)E

ab(x)�
Z

d⌧(�)QB
ab(�)B

ab(x).
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Example:    Classical graviton absorption and power dissipation in 
binary systems

Consider an compact object of mass       .   Graviton absorption amplitude in the object’s rest 
frame: 

M

absorption cross section is 

then, assuming unitarity (even for BHs!):

where the 2-pt. correlators are in the initial state of the compact object

hQE(0)QE(x0)i = hM |QE(0)QE(x0)|Mi

(alternatively, initial state could be mixed/thermal)

�abs(!) = lim
T!1

1

T
· 1

2!

X

X

|A(g(k) +M ! X)|2

iA(gh(k) +M ! X) = hX|Te�i
R
dtHint |k, h;Mi

X

X

|XihX| = I

⇡ �
Z

dthX|QE
ij(t)|Mih0|Eij(t, 0)|k, hi+ (E $ B)
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These absorption coefficients were computed by Page (1975) for massless particles of arbitrary 
spin in the case of Kerr black holes:

P ARTIC LE EMISSION BATE S F ROM A BLACK HOLE:. . . 201

From the behavior of these analytic absorption probabilities at low frequencies for the various angular
modes, one can get the low-frequency (M&«1) absorption cross section for a massless particle of spin
s averaged over all orientations of the black hole:"

s=0
2',

o,(&u}=war ' I; &X(3M'-u'} '
1s 2

s=1 (19}

A(5M'+ &M'g'+ g )&u', s =2.

At high frequencies (M&@» 1}the angle-averaged
cross section for each kind of particle must ap-
proach the geometrical-optics limit of 27mM' for
a nonrotating hole and roughly the same value for
a rotating hole. " Thus the cross sections are
smaller at low frequencies. As the frequency is
reduced to zero, the cross sections retain finite
values for neutrinos and hypothetical spin-0 mass-
less particles and go to zero as the frequency
squared for photons and as the frequency to the
fourth power for gravitons.
Combining the low-frequency absorption prob-

abilities (13) and (14) with the thermal factor (4)
for a black hole with negligible rotation, one gets
the emission rate in a given angular and polari-
zation eigenstate for low frequencies,

d & P (l- s)!(I+s)! ' „+,
dfd+ ~ 4v (2 f )!(2l + 1) !!

(20)

where P=2 for bosons and P=7t' for fermions. The
fractional errors are of order M(~-mQ). Thus in
each case the emission rate at low frequencies
goes as td, and the power goes as + . This
qualitative behavior causes the particles with low-
er spine (and thus lower l allowed, since l ~ s) to
be emitted faster from a nonrotating hole, there-
by dominating the low-frequency power drain from
such a hole. However, the analytic expressions
for low frequency break down long before the
actual spectra peak, so numerical calculations
are needed to determine whether and to what ex-
tent this effect holds also for the total power drain.

III. NUMERICAL CALCULATIONS

The particle emission rates were calculated by
using Hawking's formula (4) and Eq. (11)with the
absorption probabilities ~ computed by the method
of Ref. 9, Sec. VII, using Bardeen's transforma-
tion discussed therein to allow stable integration
of the Teukolsky equation from the horizon to in-
finity. A purely ingoing solution was chosen on
the horizon, and after this solution was numeri-

cally integrated out to a sufficiently large radius,
it was resolved into ingoing and outgoing waves at
infinity. Then I' was calculated as the ratio of the
energy going down the hole to the energy of the
ingoing wave at infinity, and the thermal factors
were multiplied in to give the quantum emission
rates. These rates were multiplied by the energy
or angular momentum of each particle, integrated
over frequency, and summed over all angular
modes, polarizations, and species of particles to
give the total power and torque emitted [cf. Eq.
(12)] .
The accuracy of the numerical result was limited

by the step size in integrating the Teukolsky
equation, the radius where the resolution into in-
going and outgoing waves is made, and the step
size in integrating the spectra. To keep these
three sources of error under control, variable
step sizes were used with an error criterion for
each step, and the resolution into ingoing and out-
going waves was required to be the same within
a certain accuracy at two different radii. Thus the
total error was governed by three accuracy criter-
ia, and these were chosen for each mode to give
roughly the same effect on the final result so that
the result might have nearly the greatest accuracy
possible for a given computer machine time.
The numerical calculations of the emission rates

compared favorably with Eq. (20} at low frequen-
cies, although departures from the extended
Starobinsky- Churilov expression become signifi-
cant at fairly small values of M&. For example,
the actual value of 1 for neutrinos with l = ~

becomes 50% larger than that given by Eq. (14}
when Mt'd =0.05. This effect prevents one from
getting an accurate estimate of the total power
and torque emitted by inserting (13) and (14) into
(12). [One might have expected such an estimate
to be fairly accurate on grounds that the exponen-
tial of 8'~ (for a nonrotating hole) in the denom-
inator of (12) might become large and make the
integrand small before the expression for I' de-
velops serious errors. ] In fact, such an estimate
gave only 35% of the actual total power in neu-

Using his result we can match the two-point functions in the case s = 2
Z

dtei!thM |QE,B
ij (t)QE,B

kl (0)|Mi = 1

2
A+(!)

✓
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◆
,
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IF NO EMISSION FROM BH

“Boulware
state”



The same two-pt. function that controls BH absorption also shows up in BH-BH binary dynamics.  
Absporptive corrections to two-body eqns of motion from IN-IN effective action induced by 
integrating out internal DOFs of BH:

i�eff [x1, x2] = +(1 $ 2) + · · ·
1

2
Q Q

m1 m1

· · ·+

By causality, the dissipative part of the classical EOM,                                     only depends on the 
retarded Green’s function 

�x1,2�eff [x1, x2] = 0

GR
ij,rs(t) = �i✓(t)hM |[QE
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E
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2
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.
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e.g tidally induced quadrupole moment:

hQij(!)i = �2cE(!)Ēij(!, 0),
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given in freq. space by a dispersion relation involving Wightman 2-pt fns:
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“dynamical Love number”
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(tune                               to ensure vanishing static
Love number)

RecE(! ! 0) = 0



Applications of the BH response function I:
Horizon friction in non-relativistic BH/BH binary system:
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where in the first equality we have split up the result into an electric contribution on the first

line and the magnetic part on the second, while in the second equality we present the combined

result. As a simple but non-trivial check of this formula, we find that the change in the invariant

mass of the black hole as a result of the collision
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is a positive definite quantity for all � � 1, consistent with Hawking’s area theorem.

We can use the result Eq. to calculate the inelastic correction to the CM frame scattering

cross section,
d�

d cos ✓
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vf
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db

d cos ✓
. (3.22)

In the CM frame, the relation between the scattering angle

3.2 PN equations of motion for binary dynamics

For non-relativistic particles, we have D(x) ⇡ �
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4⇡|~x|�(x0), and the two-particle interaction term

reduces to
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|~x(t)|
, (3.23)

with ~x = ~x1 � ~x2, up to terms suppressed by more power of the velocities. Varying the IN-IN

action, we obtain in the linear response limit, an instantaneous non-conservative force on the

black holes given by,
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(3.24)

with ~x = ~x1 � ~x2. From the non-relativistic IN-IN expectation values
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, (3.26)
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the force can be expressed as

~F1(t) = �~F2(t) = �
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2~v · ~x12
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�
, (3.27)

where and ~v = d

dt
~x is the relative velocity.

As a simple example of this result, we compute the instantaneous mechanical power in a

binary that is converted into mass by the horizons of the two black holes
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�
, (3.28)

while the decay of the CM frame orbital angular momentum is given by

d

dt

~LCM =
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~v↵ ⇥ ~F↵ =
64
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M
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2µ2
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~LCM (3.29)
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(WG+Rothstein, 2006;
agrees w/ Poisson ’95 
at               )µ ⌧ M

Note:                              is a (small) 4PN effect.   Absorption enhanced to       for rotating black 
holes (see Porto; Endlich+Pencco for EFT description)

Pabs/Pquad ⇠ v8 v5



Applications of the BH response function II: (WG+Rothstein, to appear)

Inelastic BH-BH scattering:   First finite size effects at              beyond linearized Einstein (“6PM”)O(G6
N )

LO momentum in large impact parameter/ relativistic scattering of two BH’s: 

�pµ1 =

Z 1

�1

dpµ1
ds

In the inelastic collision process, the change in the invariant mass is non-zero. We split up

the momentum transfer to a given black hole into elastic and inelastic parts,

�p
µ = �p

µ

el
+�p

µ

in
, (3.6)

The deflection in the momentum of each black hole caused by the collision is related to the

IN-IN action by

�pµ,↵ =

Z 1

�1
ds

d

ds
xµ,↵(s) =

Z
ds

�

�x
µ
↵(s)

S0,↵ = �

Z
ds

⌧
�

�x
µ
↵(s)

Sint[�, X]

�
. (3.7)

As a test of our method, consider first the case of elastic scattering at leading order in GN .

Neglecting dissipation, from Eq., we have

Z
ds

⌧
�

�xµ1(s)
Sint

�
= 8⇡iGN

Z
ds1ds2


(p1 · p2)

2
�

1

2
p
2
1p

2
2

�
@

@x
µ

1

D(x12). (3.8)

We may regard the momenta on the LHS to be constants, and the trajectories x1,2 to be unde-

flected free particle paths. Thus,
Z

ds1ds2
@

@xµ1
D(x12) =

@

@bµ

Z
ds1ds2D(x12) (3.9)

and using the result

Z
ds1ds2D(x12) =

Z
d
4
k

(2⇡)4
(2⇡)�(k·p1)(2⇡)�(k·p2)

e
�ik·b

k2
=

i

4⇡

1p
(p1 · p2)2 � p

2
1p

2
2

ln
�
�µ

2
IRbµb

µ
�
,

(3.10)

(we have introduced an arbitrary infrared cuto↵ µIR to make sense of the divergent momentum

integral) we recover the standard textbook result

�p
µ

1 = ��p
µ

2 =
4GNm1m2

b2

(v1 · v2)2 �
1
2p

(v1 · v2)2 � 1
b
µ
, (3.11)

in terms of the initial four-velocities, vµ = p
µ
/

p
p2.

The inelastic part of the momentum deflection involves the expectation value of the multipole

operators,

�p
µ

1,in = 8⇡iGN

Z
ds1ds2


(p1 · p2)

2
�

1

2
p
2
1p

2
2

�
@

@x
µ

1

@⇢@�D(x12)
X

↵

1

p2↵

D
Q

⇢�

E,↵

E

+8⇡iGN

Z
ds1ds2(p1 · p2)✏⇢

�
@

@x
µ

1

@�@�D(x12)
X

↵

(�1)↵

p2↵

D
Q

⇢�

B,↵

E
(3.12)

. In the linear response approximation Eqs. yield

⌦
Q

µ⌫

E1(s1)
↵
=

Z
ds10GE1,ret

µ⌫,⇢�(s1 � s10)

"
8⇡iGN

(p10 · p2)2 �
1
2p

2
10p

2
2

p
2
10

Z
ds2@⇢@�D(x102)

#

(3.13)
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Including dissipative effects due to                         in the EOM, GR
µ⌫;⇢�(s� s0)

parameter, we obtain �p
µ
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µ

1,in which is
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20�8 + 63�6 � 73�4 + 21�2 + 17p
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µ
� (1 $ 2) (3.20)

where in the first equality we have split up the result into an electric contribution on the first

line and the magnetic part on the second, while in the second equality we present the combined

result. As a simple but non-trivial check of this formula, we find that the change in the invariant

mass of the black hole as a result of the collision

�p
2
1 ⇡ 2p1 ·�p1,in =

5⇡

48

G
7
N
m

6
1m

2
2

(�b2)7/2

p
�2 � 1

⇥
20�8 + 63�6 � 73�4 + 21�2 + 17

⇤
> 0, (3.21)

is a positive definite quantity for all � � 1, consistent with Hawking’s area theorem.

We can use the result Eq. to calculate the inelastic correction to the CM frame scattering

cross section,
d�

d cos ✓
=

vf

vi
b(✓)

db

d cos ✓
. (3.22)

In the CM frame, the relation between the scattering angle

3.2 PN equations of motion for binary dynamics

For non-relativistic particles, we have D(x) ⇡ �
i

4⇡|~x|�(x0), and the two-particle interaction term

reduces to

Sint ⇡ �GNm1m2

Z
dt

 
Q

ij

E,1(t)

m
2
1

+
Q

ij

E,2(t)

m
2
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!
@i@j

1

|~x(t)|
, (3.23)

with ~x = ~x1 � ~x2, up to terms suppressed by more power of the velocities. Varying the IN-IN

action, we obtain in the linear response limit, an instantaneous non-conservative force on the

black holes given by,

~F1(t) =
�

�~x1(t)
�[~x, ~̃x]

���
~x=~̃x
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E,2(t)
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+
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|~x(t)|
= �~F2(t),

(3.24)

with ~x = ~x1 � ~x2. From the non-relativistic IN-IN expectation values

hQ
ij

E,1i(t) =
16

45
G

6
Nm

7
1m2

d

dt
@
i
@
j
|~x(t)|�1

, (3.25)
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, (3.26)
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with ~x = ~x1 � ~x2, up to terms suppressed by more power of the velocities. Varying the IN-IN

action, we obtain in the linear response limit, an instantaneous non-conservative force on the

black holes given by,
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with ~x = ~x1 � ~x2. From the non-relativistic IN-IN expectation values
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�m2
1 =

check:

as required by Hawking’s area theorem.



Hawking emission and EFT
In principle, same methods can be applied to capture long distance effects of emission by black hole 
horizon.   Decay amplitude:

A(M ! X + g(k)) ⇡ � !2

2mPl

Z
dtei!t✏⇤ij(k)hX|QE

ij(t)⌥ iQB
ij(t)|Mi.

<latexit sha1_base64="wf7LeW/0EbDDYf++37kf4k+YXD8="></latexit>

Graviton emission rate:

d�(!) = lim
T!1

1

T

X

X

|A(M ! X + g(k))|2 d3~k

(2⇡)32!
,

<latexit sha1_base64="StkjTiNqBIWHw0BmrjLHJskCq5I="></latexit>

yields an isotropic graviton emission spectrum

d�
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<latexit sha1_base64="c3IwlWlVBLc4WB5r2TFYtghu3nU="></latexit>

(! > 0)
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vs.   Hawking’s 1975 result
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Comparing EFT to Hawking’s spectrum then suggests:
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Quantum (Hawking) effects are of the same order as classical Love number.  (A consequence of 
DETAILED BALANCE between absorption and emission).

So expect emission effects of order 

A+(�|!|) ⇠ r5s
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Systematic matching:
To extract the quantum EFT, we compare to two predictions of QFT in the Schwarzschild 
background:

In-In two point function:   (Candelas, 1980)

Transition probabilities:   (Bekenstein+Meisels; Pananganden+Wald, 1977)

h |�(x)�(x0)| i

p(m ! n)

We will work in a toy model of a scalar field propagating in the BH background.    Generalization to 
higher bosonic spins (almost) immediate.   The EFT is then (in the BH rest frame)

SBH = �M

Z
dt
p

1 + h00 �
Z

dtQ(t)�

Sbulk =
1

2

Z
d4x

p
ggµ⌫@µ�@⌫�



Two-point function:   Full theory
Consider spatial coincidence limit of curved space Wightman 2-pt function

h in|�(x)�(x0)| ini
there are three physically reasonable choices for the initial vacuum state          :| ini

(“Boulware state”):      Annihilated by + energy w.r.t Schwarzschild time 
No Hawking radiation.     

(“Unruh state”):   Approx. description of BH formed in 
realistic gravitational collapse, followed by (eventual) 
evaporation due to Hawking emission.     Annihilated by + 
energy modes w.r.t that generate   

(“Hartle-Hawking state”):    BH in (unstable) thermal equilibrium with 
radiation bath at temp.  

| ini = |Bi

| ini = |Ui

| ini = |Hi
TH

H
�

H
+

I�

I+

H
�

H
+

I�

I+

I

I

H
�
[ I

�

GHH(x+ i�H , x0) = GHH(x, x0)



Taking the spatial coincidence limit, with                   r ! 1

for                 , with: = B,U
<latexit sha1_base64="0gK7qOjFVwoUi7Z9SwYlHUml0i4=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4kLJbBXsRil48VnDbQruUbJptQ7PJmmSFsvRPePGgiFf/jjf/jWm7B219MPB4b4aZeWHCmTau++2srK6tb2wWtorbO7t7+6WDw6aWqSLUJ5JL1Q6xppwJ6htmOG0niuI45LQVjm6nfuuJKs2keDDjhAYxHggWMYKNldrdhmbXN+d+r1R2K+4MaJl4OSlDjkav9NXtS5LGVBjCsdYdz01MkGFlGOF0UuymmiaYjPCAdiwVOKY6yGb3TtCpVfooksqWMGim/p7IcKz1OA5tZ4zNUC96U/E/r5OaqBZkTCSpoYLMF0UpR0ai6fOozxQlho8twUQxeysiQ6wwMTaiog3BW3x5mTSrFe+iUr2/LNdreRwFOIYTOAMPrqAOd9AAHwhweIZXeHMenRfn3fmYt644+cwR/IHz+QMRJI9M</latexit>

For the Hartle-Hawking state:

flat space
Wightman fn.

flat space thermal
Wightman fn.

In the matching calculation we do below, it is convenient to take the events x, x0 to be spatially

coincident at (r, ✓,�) at r ! 1. From Candelas’ paper, the asymptotic formulas as r ! 1

1X

`=0

(2`+ 1)|
 
R` (!|r)|

2
⇠ 4!2 (1.9)

1X

`=0

(2`+ 1)|
!
R` (!|r)|

2
⇠

1

r2

1X

`=0

(2`+ 1)|B`(!)|
2 (1.10)

allow us to write the respective Greens functions for  = B,U as

h |�(t)�(t0)| i = h0|�(t)�(t0)|0i+
1

4⇡r2

Z 1

�1

d!

2⇡
e
�i!(t�t0)

X

`

(2`+ 1)F 
`
(!), (1.11)

where the first term is the flat spacetime Wightman function from Eq. (1.1), while the term

proportional to 1/r2 represents the e↵ects of spacetime curvature, and is of the form

F
B

`
(!) =

1

2!
✓(!)|B`(!)|

2 (1.12)

F
U

`
(!) =

1

2!

|B`(!)|2

1� e��H!
(1.13)

(1.14)

in the Boulware, Unruh states respectively. Similarly, in the Hartle-Hawking state,

hH|�(t)�(t0)|Hi = h�(t)�(t0)i� +
1

4⇡r2

Z 1

�1

d!

2⇡
e
�i!(t�t0)

X

`

(2`+ 1)FH

`
(!), (1.15)

with leading term given by the thermal Wightman function Eq. (1.2), and

F
H

`
(!) = F

U

`
(!) =

1

2!

|B`(!)|2

1� e��H!
. (1.16)

2 Matching the EFT

The Wightman function h |�(x)�(x0)| i above is an expectation value defined in the initial state

of the quantum field around the BH background. Because we are dealing with expectation values

in a known initial state rather than transition matrix elements between fixed states in the far

past and future, the observable to match in the EFT is the “in-in” correlation function

G(x, x0) = hin|�(x)�(x0)|ini, (2.1)

where |ini is the initial state of the system defined by Eq. (0.1). To compute this WIghtman

function we use the closed time path (CTP), or Schwinger-Keldysh, formalism [?]. Utilizing the

action ?? in conjunction with the bulk action for the scalar field, we find, to second order in

world line insertions,

G(x, x0) = h0|�(x)�(x0)|0i+

Z
d⌧d⌧

0
G

2a(x, x(⌧))hQa(⌧)Qb(⌧
0)iGb1(x(⌧ 0), x0)

(2.2)

3

+ · · ·
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note that.                obeys the KMS condition                                                  required for 
detailed balance.

 = U,H
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Response function of
“Unruh detector” at 

r ! 1



Two-point function:   EFT

SBH = �M

Z
dt
p

1 + h00 �
Z

dtQ(t)�

Focus on the case where full theory is                .    From:

the perturbative calculation of the two-point function has the diagrammatic expansion:

 = B,U
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hin|�(x)�(x0)|ini = +x x0

x x0

M
x x0

Q(⌧) Q(⌧ 0)

+ · · ·
(higher multipoles, 
more monopole insertions
….)

+

Absent in the spatial coincidence limit, since scattering phases cancel out (full theory independent 
of            ) ArgA`

W (x� x0)



The full theory observable is an expectation value in an initial state           so must work in the IN-
IN or “closed time path” formalism on the EFT side.   DOFs in the path integral are doubled 

| ini
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BH worldline
DOFs

For the initial state we choose a factorized ansatz

⇢in = |0ih0|⌦ ⇢BH
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which is suggested by the             limit of the full theory result: r ! 1
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where x(⌧) = (⌧, 0) is the worldline of the black hole at rest at the origin of the coordinate system,

G
ab(x, x0) is the Schwinger-Keldysh propagator matrix

G
a,b(x, x0) =

 
DF (x� x

0) �W (x0 � x)

�W (x� x
0) DD(x� x

0)

!
, (2.3)

with W (x � x
0) = h0|�(x)�(x0)|0i, DD(x � x

0) = DF (x � x
0)⇤ the interaction picture (i.e. free)

propagators, and

hQa(⌧)Qb(⌧
0)i =

 
hTQ(⌧)Q(⌧ 0)i hQ(⌧ 0)Q(⌧)i

hQ(⌧)Q(⌧ 0)i hT
⇤
Q(⌧)Q(⌧ 0)i

!
. (2.4)

More insertions of the operator Q(⌧), diagrams where the scalar scatters o↵ the wordline through

graviton exchange (from expanding out SBH = �M
R
dt
p
1 + h00+ · · · ), interactions with higher

multipole worldline operators (not displayed in Eq. (0.1)) are higher orders in the derivative rs!

expansion. There is no obstruction to calculating these corrections in a systematic fashion by

following the algorithm described herein.

We will focus on matching the EFT for the case where the full theory is in the Boulware or

Unruh state,  = B,U . Eq. ?? suggest that the initial state of the EFT is of the form

⇢in = |0ih0|⌦ ⇢BH , (2.5)

where |0i is the usual (Poincare invariant) free field vacuum, and ⇢BH is some density matrix

acting on the Hilbert space of BH states, whose form we need not specify in the calculation. Thus

the propagators appearing in Eq. (2.3) are given by
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We find it convenient to compare the EFT and full theory in the spatial coincidence limit

r = r
0 with r ! 1, so that the scattering phase shifts (i.e the phase of the reflection coe�cient

A`) cancel in the full theory. Then there is no need to subtract Feynman diagrams in the EFT

involving graviton exchange between the point mass and the scalar. However, because we are

dropping terms with more insertions of the
R
d⌧Q� coupling, suppressed by powers of rs! ⌧ 1,

we can only compare to the full theory to leading order in the power expansion.
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hQ(t)Q(0)i is the frequency space Wightman function. By comparing

with the Unruh state propagator Eq. (1.11), we therefore find that in the EFT, the state  is
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where x(⌧) = (⌧, 0) is the worldline of the black hole at rest at the origin of the coordinate system,
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G
a,b(x, x0) =

 
DF (x� x

0) �W (x0 � x)

�W (x� x
0) DD(x� x

0)

!
, (2.3)

with W (x � x
0) = h0|�(x)�(x0)|0i, DD(x � x

0) = DF (x � x
0)⇤ the interaction picture (i.e. free)

propagators, and

hQa(⌧)Qb(⌧
0)i =

 
hTQ(⌧)Q(⌧ 0)i hQ(⌧ 0)Q(⌧)i

hQ(⌧)Q(⌧ 0)i hT
⇤
Q(⌧)Q(⌧ 0)i

!
. (2.4)

More insertions of the operator Q(⌧), diagrams where the scalar scatters o↵ the wordline through

graviton exchange (from expanding out SBH = �M
R
dt
p
1 + h00+ · · · ), interactions with higher

multipole worldline operators (not displayed in Eq. (0.1)) are higher orders in the derivative rs!

expansion. There is no obstruction to calculating these corrections in a systematic fashion by

following the algorithm described herein.
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⇢in = |0ih0|⌦ ⇢BH , (2.5)

where |0i is the usual (Poincare invariant) free field vacuum, and ⇢BH is some density matrix

acting on the Hilbert space of BH states, whose form we need not specify in the calculation. Thus
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DF (x� x
0) = �

1

4⇡2

1

(x� x0)2 � i✏
,

W (x� x
0) = �

1

4⇡2

1

(x0 � x
0
0 � i✏)2 � (~x� ~x0)2

. (2.6)

We find it convenient to compare the EFT and full theory in the spatial coincidence limit

r = r
0 with r ! 1, so that the scattering phase shifts (i.e the phase of the reflection coe�cient

A`) cancel in the full theory. Then there is no need to subtract Feynman diagrams in the EFT
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multipole worldline operators (not displayed in Eq. (0.1)) are higher orders in the derivative rs!
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where |0i is the usual (Poincare invariant) free field vacuum, and ⇢BH is some density matrix
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A`) cancel in the full theory. Then there is no need to subtract Feynman diagrams in the EFT

involving graviton exchange between the point mass and the scalar. However, because we are
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with the Unruh state propagator Eq. (1.11), we therefore find that in the EFT, the state  is
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hin|�(x)�(x0)|ini =
Z

DXDX̃ D�(x)D�̃(x) eiS[�,X]e�iS[�̃,X̃] in[�̃, X̃]⇤ in[�, X] �̃(x)�(x0)
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in order to keep track of insertions on either side of the Schwinger-Keldysh contour.

x x0

Q(⌧) Q(⌧ 0)

In the matching calculation we do below, it is convenient to take the events x, x0 to be spatially

coincident at (r, ✓,�) at r ! 1. From Candelas’ paper, the asymptotic formulas as r ! 1

1X

`=0

(2`+ 1)|
 
R` (!|r)|

2
⇠ 4!2 (1.9)

1X

`=0

(2`+ 1)|
!
R` (!|r)|

2
⇠

1

r2

1X

`=0

(2`+ 1)|B`(!)|
2 (1.10)

allow us to write the respective Greens functions for  = B,U as

h |�(t)�(t0)| i = h0|�(t)�(t0)|0i+
1

4⇡r2

Z 1

�1

d!

2⇡
e
�i!(t�t0)

X

`

(2`+ 1)F 
`
(!), (1.11)

where the first term is the flat spacetime Wightman function from Eq. (1.1), while the term

proportional to 1/r2 represents the e↵ects of spacetime curvature, and is of the form

F
B

`
(!) =

1

2!
✓(!)|B`(!)|

2 (1.12)

F
U

`
(!) =

1

2!

|B`(!)|2

1� e��H!
(1.13)

(1.14)

in the Boulware, Unruh states respectively. Similarly, in the Hartle-Hawking state,

hH|�(t)�(t0)|Hi = h�(t)�(t0)i� +
1

4⇡r2

Z 1

�1

d!

2⇡
e
�i!(t�t0)

X

`

(2`+ 1)FH

`
(!), (1.15)

with leading term given by the thermal Wightman function Eq. (1.2), and

F
H

`
(!) = F

U

`
(!) =

1

2!

|B`(!)|2

1� e��H!
. (1.16)

2 Matching the EFT

The Wightman function h |�(x)�(x0)| i above is an expectation value defined in the initial state

of the quantum field around the BH background. Because we are dealing with expectation values

in a known initial state rather than transition matrix elements between fixed states in the far

past and future, the observable to match in the EFT is the “in-in” correlation function

G(x, x0) = hin|�(x)�(x0)|ini, (2.1)

where |ini is the initial state of the system defined by Eq. (0.1). To compute this WIghtman

function we use the closed time path (CTP), or Schwinger-Keldysh, formalism [?]. Utilizing the

action ?? in conjunction with the bulk action for the scalar field, we find, to second order in

world line insertions,

G(x, x0) = h0|�(x)�(x0)|0i+

Z
d⌧d⌧

0
G

2a(x, x(⌧))hQa(⌧)Qb(⌧
0)iGb1(x(⌧ 0), x0)

(2.2)

3
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So in the spatial coincidence limit, the EFT 2-point function is

hin|�(x)�(x0)|ini = h�(t)�(t0)i+
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where x(⌧) = (⌧, 0) is the worldline of the black hole at rest at the origin of the coordinate system,

G
ab(x, x0) is the Schwinger-Keldysh propagator matrix

G
a,b(x, x0) =
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�W (x� x
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!
, (2.3)

with W (x � x
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0) = DF (x � x
0)⇤ the interaction picture (i.e. free)

propagators, and
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0)i =

 
hTQ(⌧)Q(⌧ 0)i hQ(⌧ 0)Q(⌧)i
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More insertions of the operator Q(⌧), diagrams where the scalar scatters o↵ the wordline through

graviton exchange (from expanding out SBH = �M
R
dt
p
1 + h00+ · · · ), interactions with higher

multipole worldline operators (not displayed in Eq. (0.1)) are higher orders in the derivative rs!

expansion. There is no obstruction to calculating these corrections in a systematic fashion by

following the algorithm described herein.

We will focus on matching the EFT for the case where the full theory is in the Boulware or

Unruh state,  = B,U . Eq. ?? suggest that the initial state of the EFT is of the form

⇢in = |0ih0|⌦ ⇢BH , (2.5)

where |0i is the usual (Poincare invariant) free field vacuum, and ⇢BH is some density matrix

acting on the Hilbert space of BH states, whose form we need not specify in the calculation. Thus

the propagators appearing in Eq. (2.3) are given by

DF (x� x
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1
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We find it convenient to compare the EFT and full theory in the spatial coincidence limit

r = r
0 with r ! 1, so that the scattering phase shifts (i.e the phase of the reflection coe�cient

A`) cancel in the full theory. Then there is no need to subtract Feynman diagrams in the EFT

involving graviton exchange between the point mass and the scalar. However, because we are

dropping terms with more insertions of the
R
d⌧Q� coupling, suppressed by powers of rs! ⌧ 1,

we can only compare to the full theory to leading order in the power expansion.

After dropping terms with rapidly oscillating phases ⇠ e
±i!r whose integrals vanish in the

limit r ! 1, the second term in Eq. (2.2) becomes
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where A+(!) =
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dte

i!t
hQ(t)Q(0)i is the frequency space Wightman function. By comparing

with the Unruh state propagator Eq. (1.11), we therefore find that in the EFT, the state  is

described by a worldline theory whose two-point correlator is
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where x(⌧) = (⌧, 0) is the worldline of the black hole at rest at the origin of the coordinate system,

G
ab(x, x0) is the Schwinger-Keldysh propagator matrix
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a,b(x, x0) =
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propagators, and
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More insertions of the operator Q(⌧), diagrams where the scalar scatters o↵ the wordline through

graviton exchange (from expanding out SBH = �M
R
dt
p
1 + h00+ · · · ), interactions with higher

multipole worldline operators (not displayed in Eq. (0.1)) are higher orders in the derivative rs!

expansion. There is no obstruction to calculating these corrections in a systematic fashion by

following the algorithm described herein.

We will focus on matching the EFT for the case where the full theory is in the Boulware or

Unruh state,  = B,U . Eq. ?? suggest that the initial state of the EFT is of the form

⇢in = |0ih0|⌦ ⇢BH , (2.5)

where |0i is the usual (Poincare invariant) free field vacuum, and ⇢BH is some density matrix

acting on the Hilbert space of BH states, whose form we need not specify in the calculation. Thus

the propagators appearing in Eq. (2.3) are given by

DF (x� x
0) = �

1
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1
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,

W (x� x
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. (2.6)

We find it convenient to compare the EFT and full theory in the spatial coincidence limit

r = r
0 with r ! 1, so that the scattering phase shifts (i.e the phase of the reflection coe�cient

A`) cancel in the full theory. Then there is no need to subtract Feynman diagrams in the EFT

involving graviton exchange between the point mass and the scalar. However, because we are

dropping terms with more insertions of the
R
d⌧Q� coupling, suppressed by powers of rs! ⌧ 1,

we can only compare to the full theory to leading order in the power expansion.

After dropping terms with rapidly oscillating phases ⇠ e
±i!r whose integrals vanish in the

limit r ! 1, the second term in Eq. (2.2) becomes
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where A+(!) =
R
dte

i!t
hQ(t)Q(0)i is the frequency space Wightman function. By comparing

with the Unruh state propagator Eq. (1.11), we therefore find that in the EFT, the state  is

described by a worldline theory whose two-point correlator is

hQ(t)Q(t0)i ⌘ A
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4
The spatial dependence of EFT result is consistent with the full theory.   Matching yields the EFT 2-
point Wightman function at LO:

vs. full theory,                   : = B,U
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where, for  = B,

A
B

+(!) = ✓(!)!�abs

`=0(!) (2.9)

where we have used the relation �
abs

`=0(!) =
⇡

!2 |B`=0|
2 (from Page) between the classical absorption

cross section1 and the transmission coe�cient. Similarly, in the Unruh state

A
U

+(!) =
!�abs(|!|)

e�H! � 1

h
2e�H!

✓(�!) + ✓(!)(1 + e
�H!)

i
⇡ 2��1

H
�abs(|!|)


1 +

1

2
�H!✓(�!)

�
+O(rs!)

2
,

(2.10)

where we drop terms that are higher order in rs! ⌧ 1 than our leading order matching calculation

allows.

There are two checks of these results. First, consider the flux of radiation seen by an observer

at r ! 1 from ther black hole. In the EFT, this is given by

hin|T
rt(x)|ini = �

1

2
lim
x0!x

(@r@t0 + @t@r0)G(x, x0). (2.11)

At r ! 1, this reduces to

hin|T
rt(x)|ini =

1

8⇡2r2

Z
d!

2⇡
✓(!)!2

A+(�!), . (2.12)

In particular, the energy emission rate is

dM

dt
= lim

r!1
4⇡r2hin|T rt(x)|ini =

Z 1

0
d!~! d�

d!
, (2.13)

where the frequency distribution of quanta emitted per unit time

d�

d!
=

!

4⇡2
✓(!)A +(�!). (2.14)

As expected, we see that there is no particle emission in the Boulware state, while in the Unruh

state, the emission rate is, from Eq. (2.10)

d�

d!
⇡

!

2⇡2
kTH�

abs

`=0(!), (2.15)

which agrees with the low energy emission rate of spin-0 particles from a greybody at temperature

TH (see Page’s 1975 paper).

As a second check, note that in the full theory, the commutator

h |[�(x),�(x0)]| i (2.16)

is independent of the state | i, up to e↵ects suppressed by powers of !/MP l ⌧ 1. This follows be-

cause, up to Planck scale e↵ects, the full theory describes a free field propagating in a background

gravitational field. Because the field has linear equations of motion, canonical quantization then

implies that [�(x),�(x0)] is proportional to the identity operator times a c-number function of

x, x
0. (It is straightforward to check explicitly from the expression in the previous section that

1Technically, the relation between in AB

+(!) in �abs(!) given above is only valid to leading order in the power

counting

5

AU
+/A

B
+ ⇠ rs!
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with DF (x�x0) = h0|T�(x)�(x0)|0i, W0(x�x0) = h0|�(x)�(x0)|0i, DD(x�x0) = DF (x�x0)⇤ the

interaction picture (i.e. free) propagators. Explicitly, we have

DF (x � x0) = � 1

4⇡2

1

(x � x0)2 � i✏
= �i

Z 1

�1

d!

2⇡
e�i!(t�t

0) ei|!||~x�~x|

4⇡|~x � ~x| , (2.18)

W0(x � x0) = � 1

4⇡2

1

(x0 � x0
0 � i✏)2 � (~x � ~x0)2

=

Z 1

0

d!

2⇡
e�i!(t�t

0) sin !|~x � ~x|
2⇡|~x � ~x| . (2.19)

The matrix of worldline correlators appearing in Eq. (2.16) is defined as

hOa(⌧)Ob(⌧
0)i =

 
hTO(⌧)O(⌧ 0)i hO(⌧ 0)O(⌧)i
hO(⌧)O(⌧ 0)i hT̃O(⌧)O(⌧ 0)i

!
, (2.20)

where T̃ denotes the anti time-ordered product of operators. In order to match the full theory at

higher orders in powers of rs!, one would have to include diagrams where the scalar scatters o↵

the worldline through graviton exchange (from expanding out SBH = �M
R

dt
p

1 + h00 + · · · ),
more insertions of O, and interactions with higher multipole worldline operators (not displayed

in Eq. (1.2)). See Figs. 1(b),(c). We will revisit these corrections in sec. 4.

Eq. (2.16) simplifies in the r ! 1 limit, in which case one can drop rapidly oscillating phases

e±i!r at the level of the integrand over frequency !. The terms that remain can be expressed as

G(t, ~x; t0, ~x) = W0(x � x0) +
1

(4⇡r)2

Z
d!

2⇡
e�i!(t�t

0) [A+(!) + ✓(!)(A+(!) � A+(�!))]

(2.21)

where A+(!), defined in Eq. (1.4) is the frequency space Wightman function. By comparing

with the full theory state propagator Eq. (2.9), we therefore find that in the EFT, the state  is

described by a worldline theory whose two-point correlator is

hO(t)O(t0)i ⌘ A +(t � t0) =

Z
d!

2⇡
e�i!(t�t

0)A +(!), (2.22)

where, for  = B,

AB

+(!) ⇡ ✓(!)!�abs

`=0(!) = ✓(!)4⇡r2s! + · · · . (2.23)

Here we have used the relation �abs

`=0(!) = ⇡

!2 |B`=0|2 ⇡ 4⇡r2s [17] between the classical absorption

cross section and the transmission coe�cient. Similarly, in the Unruh state2

AU

+(!) =
!�abs(|!|)
e�H! � 1

h
2e�H!✓(�!) + ✓(!)(1 + e�H!)

i
⇡ 2��1

H
�abs(|!|) = 2rs + O(rs!)2, (2.24)

where we have dropped terms that are higher order in rs! ⌧ 1.

As a check of these results, consider the flux of radiation seen by an observer at r ! 1 from

the black hole. In the EFT, this is given by

hin|T rt(x)|ini = �1

2
lim
x0!x

(@r@t0 + @t@r0) G(x, x0). (2.25)

2
Technically, the relation between AB,U

+ (!) and �abs(!) in Eqs. (2.23), (2.24) is only valid to leading order in

the power counting.
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Check:

where, for  = B,

A
B

+(!) = ✓(!)!�abs

`=0(!) (2.9)

where we have used the relation �
abs

`=0(!) =
⇡

!2 |B`=0|
2 (from Page) between the classical absorption

cross section1 and the transmission coe�cient. Similarly, in the Unruh state
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2e�H!
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2
, (2.10)

where we only retain terms to leading order in rs! ⌧ 1.

There are two checks of these results. First, consider the flux of radiation seen by an observer

at r ! 1 from ther black hole. In the EFT, this is given by

hin|T
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1

2
lim
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(@r@t0 + @t@r0)G(x, x0). (2.11)

At r ! 1, this reduces to

hin|T
rt(x)|ini =

1
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Z
d!

2⇡
✓(!)!2

A+(�!), . (2.12)

In particular, the energy emission rate is

dM

dt
= lim

r!1
4⇡r2hin|T rt(x)|ini =

Z 1

0
d!~! d�

d!
, (2.13)

where the frequency distribution of quanta emitted per unit time

d�

d!
=

!

4⇡2
✓(!)A +(�!). (2.14)

As expected, we see that there is no particle emission in the Boulware state, while in the Unruh

state, the emission rate is, from Eq. (2.10)

d�

d!
⇡

!

2⇡2
kTH�

abs

`=0(!), (2.15)

which agrees with the low energy emission rate of spin-0 particles from a greybody at temperature

TH (see Page’s 1975 paper).

As a second check, note that in the full theory, the commutator

h |[�(x),�(x0)]| i (2.16)

is independent of the state | i, up to e↵ects suppressed by powers of !/MP l ⌧ 1. This follows be-

cause, up to Planck scale e↵ects, the full theory describes a free field propagating in a background

gravitational field. Because the field has linear equations of motion, canonical quantization then

implies that [�(x),�(x0)] is proportional to the identity operator times a c-number function of

x, x
0. (It is straightforward to check explicitly from the expression in the previous section that

1Technically, the relation between in AB

+(!) in �abs(!) given above is only valid to leading order in the power
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Energy flux at infinity:
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No radiation at infinity if full theory is in the Boulware state.    For Unruh, we get the 
Rayleigh-Jeans (ie classical) distribution for a greybody at  
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where we drop terms that are higher order in rs! ⌧ 1 than our leading order matching calculation

allows.

There are two checks of these results. First, consider the flux of radiation seen by an observer

at r ! 1 from ther black hole. In the EFT, this is given by
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As expected, we see that there is no particle emission in the Boulware state, while in the Unruh

state, the emission rate is, from Eq. (2.10)
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which is consistent with the low energy emission rate of spin-0 particles from a greybody at

temperature TH (see Page’s 1975 paper).

As a second check, note that in the full theory, the commutator

h |[�(x),�(x0)]| i (2.16)

is independent of the state | i, up to e↵ects suppressed by powers of !/MP l ⌧ 1. This follows be-

cause, up to Planck scale e↵ects, the full theory describes a free field propagating in a background

gravitational field. Because the field has linear equations of motion, canonical quantization then

implies that [�(x),�(x0)] is proportional to the identity operator times a c-number function of

x, x
0. (It is straightforward to check explicitly from the expression in the previous section that

1Technically, the relation between in AB

+(!) in �abs(!) given above is only valid to leading order in the power

counting
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T = TH
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(Page, 1974)



Transition probabilities:  Full Theory
Probability to emit     particles in normalized wavepacket, starting with       particles (same 
wavepacket) in the initial state:

n m

Transition probs. obey detailed balance condition:

necessary such that BH can come to equilibrium if placed in a thermal bath at Hawking temp. 
(Hartle-Hawking state).

em�H!p(m ! n) = en�H!p(n ! m)

x = e��H!
Boltzmann factor |R`(!)|2 = 1� |B`(!)|2
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(Bekenstein+Meisels;
 Pananganden+Wald, 1977)

Matching the probability amplitudes

October 10, 2019

Wald in his paper calculates the probability that a black hole emits n identical spin-0 particles

all in the same normalizable wavepacket | i with definite angular momentum ` and sharply

localized around some energy !0, given that the m particles were incident in the same state in

the far past,

p`(m ! n) =
(1� x)xn(1� |R`|

2)n+m

(1� x|R`|
2)n+m+1

min(n,m)X

k=0

(n+m� k)!

k!(n� k)!(m� k)!


(|R`|

2
� x)(1� x|R`|

2)

x(1� |R`|
2)2

�k
,

(0.1)

where |R`m(!)| is the reflection coe�cient (with |R`m(!)|2 = 1� |B`(!)|2) and for a non-rotating

black hole, x = exp[��H!].

We use this result to match the Green’s functions of the operator Q(�) in the worldline EFT,

SBH = �M

Z
d⌧(�)�

Z
d⌧(�)�(x(�))Q(�). (0.2)

1 Leading order probabilities

To compare to the result of Bekenstein, we compute in the EFT the amplitude

iA(m+M ! n+X) = hX;m|T exp


�i

Z
dtQ(t)�(x)

�
|M ;ni (1.1)

in the rest frame of the BH, taking an the initial state of the field �(x) to be the n-particle state

|ni =
1

p
n!

"Z
d3~k

(2⇡)32|~k|
 (~k)a†(k)

#n

|0i, (1.2)

for some wavepacket  (~k), normalized as
R

d3~k
(2⇡)32|~k|

| (~k)|2 = 1. Similarly, the final state consists

of m-particles in the same wavepacket. Since the monopole operator Q(t) only couples to s-wave

states, we take  (~k) to be isotropic, of the form

 (~k) =
1q
2⇡|~k|

 0(|~k|), (1.3)

normalized according to
R1
0

dk
2⇡ | 0(k)|2 = 1. We assume that the function  0(k) is sharply

localized around some frequency ! > 0. The transition probabilities are then

p(m ! n) =
X

X

|A(m+M ! n+X)|2. (1.4)

1



Transition probabilities:  EFT
Dyson’s formula for the amplitudes

Matching the probability amplitudes

October 8, 2019

Wald in his paper calculates the probability that a black hole emits n identical spin-0 particles

all in the same normalizable wavepacket | i with definite angular momentum ` and sharply

localized around some energy !0, given that the m particles were incident in the same state in

the far past,

p`(m ! n) =
(1� x)xm(1� |R`|

2
)
n+m

(1� x|R`|
2)n+m+1

min(n,m)X

k=0
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k!(n� k)!(m� k)!
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2
� x)(1� x|R`|

2
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The form of p(m ! n) in the EFT takes a di↵erent form depending on whether m < n,
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n!  (t1) · · · (tk), (n < m)

(1.18)

where  (t) =
p

!
2⇡

R1
0

dk
2⇡e

�ikt 0(k), we find that after summing over the final black hole states

X, the transition probabilities take the form, for n > m,

p(m ! n)

p(0 ! 0)
⇡

n!

k!2m!

2

4
kY

j=1

Z
dt̃jdtj (t̃j) 

⇤
(tj)

3

5G(n,n)
(t̃1, · · · t̃k; t1, · · · tk), (n > m) (1.19)

where the in-in Green’s functions are

G(n,m)
(t̃1, · · · , t̃n, t1, · · · , t,) = hM |T̃ [Q(t̃1) · · ·Q(t̃n)]T [Q(t1)Q(tm)]|Mi, (1.20)

and T̃ denotes the anti- time ordered product of operators. Similarly, for n < m,

p(m ! n)

p(0 ! 0)
⇡

m!

k!2n!

2

4
kY

j=1

Z
dt̃jdtj 

⇤
(t̃j) (tj)

3

5G(n,n)
(t̃1, · · · t̃k; t1, · · · tk), (n < m) (1.21)

The combinatorial factors in the rs! ⌧ 1 limit of Eq.,

p(m ! n)

p(0 ! 0)
⇡

(n+m� k⇤)!

k⇤!(n� k⇤)!(m� k⇤)!


|B0(!)|2

�H!

�n+m�k⇤

(1.22)

3

consistent w/
hin|�(x)�(x0)|ini
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A+(!) ⇡ A�(!) = 2��1
H

�abs

`=0(!) ⇡ 2rs + · · ·

matching

We see that even though the forward probability p(n ! n) is not calculable, the ratio p(n !
n)/p(0 ! 0)

p(n ! n)

p(0 ! 0)
⇡ 1 � n

⇣ !

2⇡

⌘
[A+(!) + A+(�!)] (3.18)

is IR finite. This cancellation of IR divergences that results from normalizing p(n ! n) by

p(0 ! 0) is expected to hold at higher orders in ! as in the usual linked cluster expansion.

Furthermore, compared to the low energy limit of the result in Eq. (3.1)

p(n ! n)

p(0 ! 0)
⇡ 1 � 2n

|B0(!)|2
�H!

, (3.19)

we find perfect agreement, providing another check of our formalism.

3.2.2 Multi-particle probabilities and Gaussianity of EFT correlators

To extract the higher-point functions of the EFT operators, we need to match transition prob-

abilities with an uneven number of initial and final external states. The amplitude takes the

form

iA(m + M ! n + X) ⇡ (�i)k

k!

Z
dt1 · · · dtkhX|TO(t1) · · · O(tk)|Mihn| : �(x1) · · ·�(xk) : |mi,

(3.20)

with m 6= n and k = |n � m|. Given that,

hn| : �(x1) · · ·�(xk) : |mi =

8
<

:

q
n!
m! 

⇤(t1) · · · ⇤(tk), (n > m)q
m!
n!  (t1) · · · (tk), (n < m)

(3.21)

where  (t) =
p

!

2⇡

R 1
0

dk

2⇡e�ikt 0(k), we find that after summing over the final black hole final

states X, the transition probabilities take the form, for n > m,

p(m ! n) ⇡ n!

k!2m!

2

4
kY

j=1

Z
dt̃jdtj (t̃j) 

⇤(tj)

3

5 G(k,k)(t̃1, · · · t̃k; t1, · · · tk), (n > m), (3.22)

where the in-in Green’s functions are

G(n,m)(t̃1, · · · , t̃n; t1, · · · , tm) = hM |T̃ [O(t̃1) · · · O(t̃n)]T [O(t1)O(tm)]|Mi. (3.23)

Similarly, for n < m,

p(m ! n) ⇡ m!

k!2n!

2

4
kY

j=1

Z
dt̃jdtj 

⇤(t̃j) (tj)

3

5 G(k,k)(t̃1, · · · t̃k; t1, · · · tk), (n < m). (3.24)

On the other hand, the combinatorial factors that result from expanding the full theory

Eq. (3.1) in the low frequency limit,

p(m ! n)

p(0 ! 0)
⇡ (n + m � k⇤)!

k⇤!(n � k⇤)!(m � k⇤)!


|B0(!)|2
�H!

�n+m�k⇤

(3.25)
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m 6= n
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For 

where k⇤ = min(m,n), suggest that the correlators in the EFT are Gaussian, i.e. they factorize

into products of two-point functions. This is also suggested by the fact that the full theory

consists of a free field propagating in a curved background spacetime. We therefore assume the

ansatz that the n > 2-point correlators obey the in-in version of Wick’s theorem, meaning that

the correlator in Eq. factorizes into products over contractions that depend on the branch of the

closed time path.

For instance, consider the transition probability p(0 ! 2), which in the EFT, is related to the

4-point function G(2,2)
(t̃1, t̃2, t1, t2). Assuming that the correlators are Gaussian, this factorizes

into products involving time-ordered, anti- time-ordered and Wightman two-point functions

G(2,2)
(t̃1, t̃2, t1, t2) = hQ(t̃1)Q(t1)ihQ(t̃2)Q(t2)i+ hQ(t̃1)Q(t2)ihQ(t̃2)Q(t1)i

+hT̃Q(t̃1)Q(t̃2)ihTQ(t1)Q(t2)i (1.23)

Inserting into Eq., we see that by energy conservation, the last term, involving T - and T̃ -ordered

products, cannot contribute to the transition probability, and we obtain

p(0 ! 2)

p(0 ! 0)
⇡

1

2!
⇥ 2

h⇣ !

2⇡

⌘
A+(�!)

i2
=


p(0 ! 2)

p(0 ! 1)

�2
, (1.24)

consistent with the low energy limit of the full theory.

More generally, assuming that Wick’s theorem can be used to calculate the in-in correlators, we

find that in the EFT the n ! m transition probability is given by terms in which the contractions

link together operators on opposite sides of the closed time contour. There are k! such terms, all

of which contribute equally to the transition probability, so we find

p(m ! n)

p(0 ! 0)
⇡

 
n

m

!h !
2⇡

A+(�!)
in�m

(n > m), (1.25)

and

p(m ! n)

p(0 ! 0)
⇡

 
m

n

!h !
2⇡

A+(!)
im�n

(n < m), (1.26)

which is also consistent with the full theory, given that to leading order in the EFT,
!
2⇡A+(!) =

!
2⇡A+(!) = |B0(!)|2/�H!.

2 Matching beyond leading order

There are two sources of power corrections to the results of the previous section. In addition

to more insertions of the worldline interaction term �
R
dtQ�, at the next order in perturbation

theory we must account for the exchange of potential gravitons between the incoming/outgoing

quanta and the black hole. Both must be computed in order to extract the EFT correlators.

We will focus on the corrections to the single particle emission and absorption probabilities.

The various terms can be organized into the Feynman diagrams shown in Fig. First consider

the diagrams in Fig. which involve the interaction of the BH’s nearly Newtonian gravitational

4

The combinatorics of this formula suggests that the EFT correlators are Gaussian, ie. they factorize 
according to the IN-IN version of Wick’s theorem.   For example, the four-point funtion:

Making this ansatz, the EFT result becomes

where k⇤ = min(m,n), suggest that the correlators in the EFT are Gaussian, i.e. they factorize

into products of two-point functions. This is also suggested by the fact that the full theory

consists of a free field propagating in a curved background spacetime. We therefore assume the

ansatz that the n > 2-point correlators obey the in-in version of Wick’s theorem, meaning that

the correlator in Eq. factorizes into products over contractions that depend on the branch of the

closed time path.

For instance, consider the transition probability p(0 ! 2), which in the EFT, is related to the

4-point function G(2,2)
(t̃1, t̃2, t1, t2). Assuming that the correlators are Gaussian, this factorizes

into products involving time-ordered, anti- time-ordered and Wightman two-point functions

G(2,2)
(t̃1, t̃2, t1, t2) = hQ(t̃1)Q(t1)ihQ(t̃2)Q(t2)i+ hQ(t̃1)Q(t2)ihQ(t̃2)Q(t1)i

+hT̃Q(t̃1)Q(t̃2)ihTQ(t1)Q(t2)i (1.23)

Inserting into Eq., we see that by energy conservation, the last term, involving T - and T̃ -ordered

products, cannot contribute to the transition probability, and we obtain

p(0 ! 2)

p(0 ! 0)
⇡

1

2!
⇥ 2

h⇣ !

2⇡

⌘
A+(�!)

i2
=


p(0 ! 2)

p(0 ! 1)

�2
, (1.24)

consistent with the low energy limit of the full theory.

More generally, assuming that Wick’s theorem can be used to calculate the in-in correlators, we

find that in the EFT the n ! m transition probability is given by terms in which the contractions

link together operators on opposite sides of the closed time contour. There are k! such terms, all

of which contribute equally to the transition probability, so we find

p(m ! n)

p(0 ! 0)
⇡

 
n

m

!h !
2⇡

A+(�!)
in�m

(n > m), (1.25)

and

p(m ! n)

p(0 ! 0)
⇡

 
m

n

!h !
2⇡

A+(!)
im�n

(n < m), (1.26)

or equivalently

p(m ! n)

p(0 ! 0)
⇡

(n+m� k⇤)!

k⇤!(n� k⇤)!(m� k⇤)!

h !
2⇡

A+(�!)
in�k⇤ h !

2⇡
A+(!)

im�k⇤
(1.27)

which is also consistent with the full theory, given that to leading order in the EFT,
!
2⇡A+(!) =

!
2⇡A+(!) = |B0(!)|2/�H!.

2 Matching beyond leading order

There are two sources of power corrections to the results of the previous section. In addition

to more insertions of the worldline interaction term �
R
dtQ�, at the next order in perturbation

theory we must account for the exchange of potential gravitons between the incoming/outgoing

quanta and the black hole. Both must be computed in order to extract the EFT correlators.

4

Perhaps not too surprising that the EFT is Gaussian, given that we are matching to a free field 
propagating in a curved background.

consistent with the full theory,.

and similarly p(0 ! 1) =
!
2⇡A+(�!). Thus to leading order, the EFT prediction is

p(n ! n)

p(0 ! 0)
⇡ 1� n


p(1 ! 0) + p(0 ! 1)

p(0 ! 0)

�
. (1.14)

Compared to the low energy limit of the result in Eq.

p(n ! n)

p(0 ! 0)
⇡ 1� 2n

|B0(!)|2

�H!
, (1.15)

as well as p(1 ! 0)/p(0 ! 0) ⇡ p(0 ! 1)/p(0 ! 0) = |B0(!)|2/�H!, we find that the EFT

precisely matches the full theory, which is a non-trivial check of our formalism. Furthermore, we

extract to leading order EFT Wightman two-point functions

A+(!) ⇡ A�(!) = ��1
H �abs`=0(!) ⇡ 2rs +O(r2s!

2
) (1.16)

where we have used the result |B0(!)|2 =
!2

⇡ �
abs
`=0(!) ⇡ 4rs!2

from Page.

To extract the higher-point functions of the EFT operators, we need to match the remaining

transition probabilities, with m 6= n. To leading order the amplitude takes the form

iA(m+M ! n+X) ⇡
(�i)k

k!

Z
dt1 · · · dtkhX|TQ(t1) · · ·Q(tk)|Mihn| : �(x1) · · ·�(xk) : |mi,

(1.17)

with k = |n�m|. Given that,

hn| : �(x1) · · ·�(xk) : |mi =

8
<

:

q
n!
m! 

⇤
(t1) · · · ⇤

(tk), (n > m)q
m!
n!  (t1) · · · (tk), (n < m)

(1.18)

where  (t) =
p

!
2⇡

R1
0

dk
2⇡e

�ikt 0(k), we find that after summing over the final black hole states

X, the transition probabilities take the form, for n > m,

p(m ! n)

p(0 ! 0)
⇡

n!

k!2m!

2

4
kY

j=1

Z
dt̃jdtj (t̃j) 

⇤
(tj)

3

5G(n,n)
(t̃1, · · · t̃k; t1, · · · tk), (n > m) (1.19)

where the in-in Green’s functions are

G(n,m)
(t̃1, · · · , t̃n, t1, · · · , t,) = hM |T̃ [Q(t̃1) · · ·Q(t̃n)]T [Q(t1)Q(tm)]|Mi, (1.20)

and T̃ denotes the anti- time ordered product of operators. Similarly, for n < m,

p(m ! n)

p(0 ! 0)
⇡

m!

k!2n!

2

4
kY

j=1

Z
dt̃jdtj 

⇤
(t̃j) (tj)

3

5G(n,n)
(t̃1, · · · t̃k; t1, · · · tk), (n < m) (1.21)

The combinatorial factors in the rs! ⌧ 1 limit of Eq.,

p(m ! n)

p(0 ! 0)
⇡

(n+m� k⇤)!

k⇤!(n� k⇤)!(m� k⇤)!


|B0(!)|2

�H!

�n+m�k⇤

(1.22)

3

k⇤ = min(m,n)

m 6= n
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or more generally,              has generating fn. G(n,m)
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where k⇤ = min(m, n), suggests that the correlators in the EFT are Gaussian, i.e. they factorize

into products of two-point functions. This is also suggested by the fact that the full theory consists

of a free field propagating in a curved background spacetime. We therefore make the ansatz that

the n > 2-point correlators in Eq. (3.23) factorize into products over 2-point functions that

depend on the branch of the closed time path, i.e G(n,m) follows from the generating functional

Z[J ] = exp


1

2

Z
d⌧d⌧ 0Ja(⌧)hOa(⌧)Ob(⌧

0)iJb(⌧
0)

�
, (3.26)

where hOa(⌧)Ob(⌧ 0)i was defined in Eq. (2.20). A similar Gaussian ansatz for the correlators that

describe classical scalar absorption by black holes was also recently considered in [19].

For instance, consider the transition probability p(0 ! 2), which in the EFT is related to the

4-point function G(2,2)(t̃1, t̃2; t1, t2). Assuming that the correlators are Gaussian, this factorizes

into products involving time-ordered, anti- time-ordered and Wightman two-point functions

G(2,2)(t̃1, t̃2; t1, t2) = hO(t̃1)O(t1)ihO(t̃2)O(t2)i + hO(t̃1)O(t2)ihO(t̃2)O(t1)i
+hT̃O(t̃1)O(t̃2)ihTO(t1)O(t2)i. (3.27)

The last term, involving T - and T̃ -ordered products, cannot contribute to the transition proba-

bility since there are no particles in the final state, i.e. it vanishes by energy conservation. Thus

for the case under study we are left with

p(0 ! 2) ⇡ 1

2!
⇥ 2

h⇣ !

2⇡

⌘
A+(�!)

i2
= [p(0 ! 1)]2 , (3.28)

consistent with the low energy limit of the full theory.

More generally, assuming that Wick’s theorem can be used to calculate the in-in correlators,

we find that in the EFT the n ! m transition probability is given by terms in which the

contractions link together operators on opposite sides of the closed time contour. There are k!

such terms, all of which contribute equally to the transition probability, so we find

p(m ! n)

p(0 ! 0)
⇡
 

n

m

!h !

2⇡
A+(�!)

i
n�m

(n > m), (3.29)

and the mirrored (n $ m) results holds when m > n. Equivalently, the EFT prediction is

p(m ! n)

p(0 ! 0)
⇡ (n + m � k⇤)!

k⇤!(n � k⇤)!(m � k⇤)!

h !

2⇡
A+(�!)

i
n�k⇤ h !

2⇡
A+(!)

i
m�k⇤

(3.30)

which is also consistent with the full theory, given that to leading order in the EFT, !

2⇡A+(!) =
!

2⇡A+(�!) = |B0(!)|2/�H!.

4 The classical response function

It may seem paradoxical that the EFT Wightman response function AU
+(!), corresponding to the

case where the full theory includes Hawking radiation, is not Planck suppressed relative to the

function AB
+(!) extracted from the Boulware vacuum. Rather we find that AU

+(!) is enhanced

– 12 –



Interpretation of result:

We have found that, for a classical BH the response in the Unruh state, corresponding to a BH 
decaying via Hawking radiation, the worldline Wightman 2-pt fns are to LO:

AU
+(!) ⇡ AU

+(!) = 2rs + · · ·
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while in the Boulware state, where the response is purely absorptive (i.e “classical”)

AB
+(! < 0) = 0
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(classical absorption) (emission)

Rather than being suppressed by powers of      and/or            , the Hawking contribution to the 
BH’s response function is enhanced by a power of                                 .     

~
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The enhancement                             is just the usual Bose enhancement of black body radiation at 
low temperature,               ,  which is the same limit                 where the EFT is valid.
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However, the lack of suppression does not mean that the response induced by Hawking radiation is 
somehow observable in macroscopic (“classical”) experiments, which are only sensitive to the 
retarded response fn

Gret(x, x
0) = i✓(t� t0)h |[�(x),�(x0)]| i
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since, ignoring interactions in the bulk, canonical quantization in a fixed background implies that

[�(x),�(x0)] = c-number
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So         is independent of the state       .     In the EFT,  | i
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h |[�(x),�(x0)]| i does not depend on  ). On the other hand, in the EFT we have at coincident

spatial points

h[�(x),�(x0)]i =
1
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2⇡
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+(�!)

⇤
. (2.17)

But from Eqs. (2.9), (2.10),

A
B

+(!)�A
B

+(�!) = A
U

+(!)�A
U

+(�!) = !�abs(|!|), (2.18)

as expected from the point of view of the full theory.

It is interesting that the quantum e↵ects of Hawking radiation on the Wightman function

hQ(t)Q(0)i are not Planck suppressed, in the sense that A
B
+(!), A

U
+(!) di↵er only by powers of

rs! rather than !/MP l. Yet, the Hawking radiation has no classically observable consequences,

at least to the extent that the classical response of the BH is fully characterized by the retarded

Green’s function,

Gret(x, x
0) = ✓(t� t

0)h |[�(x),�(x0)]| i (2.19)

which is the same in the Boulware state (which coincides with the classical retarded Green’s

function) and the Unruh state describing an evaporating black hole.

6

Quantum effect of Hawking radiation are not Planck suppressed at the level of the Wightman 
functions, but suppressed by                       in         due to non-linearities in field eqns.             

h |[�(x),�(x0)]| i does not depend on  ). On the other hand, in the EFT we have at coincident
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But from Eqs. (2.9), (2.10),
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as expected from the point of view of the full theory.

It is interesting that the quantum e↵ects of Hawking radiation on the Wightman function

hQ(t)Q(0)i are not Planck suppressed, in the sense that A
B
+(!), A

U
+(!) di↵er only by powers of

rs! rather than !/MP l. Yet, the Hawking radiation has no classically observable consequences,

at least to the extent that the classical response of the BH is fully characterized by the retarded

Green’s function,

Gret(x, x
0) = ✓(t� t

0)h |[�(x),�(x0)]| i (2.19)

which is the same in the Boulware state (which coincides with the classical retarded Green’s

function) and the Unruh state describing an evaporating black hole.

6

Hawking radiation cannot be detected in classical observables, which by causality, only 
depend on          .     

!2/M2
Pl ⌧ 1
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in sec. 2, where we compute in the EFT the corrections to the Wightman function at spatial

coincidence,

W+(!, ~x) =

Z
dtei!th0|�(t, ~x)�(0, ~x)|0i, (1.3)

and, by comparison to the full theory result, extract the frequency space two-point Wightman

function of O(⌧),

A+(!) =

Z 1

�1
d⌧ei!⌧ hM |O(⌧)O(0)|Mi. (1.4)

In sec. 3, we will perform an independent matching of the EFT to the transition probabilities

p(m ! n) calculated in [12, 13]. The quantities p(m ! n) are defined as the probabilities that the

black hole emits n quanta of the field � in a fixed mode given that there are m incoming particles

in the same mode. These observables include the e↵ects of both stimulated and spontaneous

emission, and, as might be expected, yield more information about the EFT correlators than the

two-point Wightman function considered in sec. 2. In particular, based on the results of [12, 13],

we are able to show that to leading order in the power counting, the n-point Wightman functions

of O(⌧) are Gaussian, i.e. fully determined by the two-point correlator.

On the other hand the method presented in sec. 2, based on matching the full theory prop-

agator, has the advantage that it provides an important consistency check of our formalism.

Namely, the results of [11] are presented for the three canonical choices of boundary conditions,

corresponding to the Boulware [14], Unruh [15] and Hartle-Hawking [16] states. Because the

retarded two-point function of an operator that satisfies linear field equations (e.g. a free-field)

is independent of the initial state, we must find that in the EFT, the retarded Green’s function,

GR(⌧) = �i✓(⌧)h[O(⌧), O(0)]i, (1.5)

must be the same regardless of the choice of state in the full theory. We verify that this is the case

by obtaining A+(!) when the full theory is either in the Boulware state, i.e. no Hawking emission

from the BH, or in the Unruh state, corresponding to a BH radiating into empty space. In the

Boulware state, the response of the BH is purely absorptive, i.e. A+(! < 0) = 0, corresponding

to a classical black hole, while in the Unruh state the Wightman response is both dissipative

and emissive. Remarkably, the e↵ects of Hawking radiation, corresponding to non-vanishing

A+(! < 0), are not suppressed by powers of 1/mP l relative to classical absorption. However,

as we explicitly show in sec. 4 to the next-to-leading order (NLO) in rs! ⌧ 1, the e↵ects of

Hawking radiation cancel in the commutator A+(!) � A+(�!), which is found to be the same

wether the full theory is either in the Boulware or Unruh states. The dispersive representation

of the frequency space retarded Green’s function,

GR(!) = �i

Z
d!0

2⇡

A+(!0) � A�(!0)

! � !0 � i✏
, (1.6)

then implies that the quantum properties of the black hole hole are not accessible to observables

which only measure the retarded response, in particular in astrophysical BH/BH binaries.
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Check:

LO:

NLO:

relative to AB
+(!) by one power of (�H!)�1 = 1/(4⇡rs!) � 1. So it would seem that Hawking

radiation, which is a manifestly quantum e↵ect, is not parametrically suppressed relative to the

purely classical (absorptive) processes which the Boulware state describes.

The enhancement of AU
+(!) over AB

+(!) has a simple interpretation as the Bose enhancement

of the black body distribution as TH ! 0, which is equivalent to the limit rs! ⌧ 1 in which

our EFT description is valid. Despite this enhancement at the level of the Wightman functions,

Hawking radiation contributes to “classical observables” e↵ects that are suppressed by powers

of !/mP l rather than �H!, as one would intuitively expect. In the full theory, this can be

understood by considering the retarded propagator for the field �,

GR(x, x0) = �i✓(t � t0)h |[�(x), �(x0)]| i, (4.1)

which is the only correlator that is observable in classical BH processes, e.g. radiation from

macroscopic binary systems. In fact, the commutator [�(x), �(x0)]| is simply a c-number up to

terms suppressed suppressed by !/mP l. This follows because the full theory result in ref. [11]

describes a free field propagating in a background gravitational field. Neglecting the interactions,

� obeys linear equations of motion, so canonical quantization in the fixed background implies

that [�(x), �(x0)] is proportional to the identity operator times a c-number function of x, x0. (It

is straightforward to check explicitly from the expressions in sec. 2 that h |[�(x), �(x0)]| i does

not depend on  ). Thus the e↵ects of Hawking radiation on the retarded response function are

suppressed by powers of the interactions. In particular, for the more realistic case of gravitons,

such self-interactions are suppressed by powers of !/mP l ⌧ 1, which are unobservable in classical

processes.

On the other hand, in the EFT we have at coincident spatial points

h[�(x), �(x0)]i =
1

8⇡r2

Z
d!

2⇡
e�i!t

⇥
A +(!) � A +(�!)

⇤
, (4.2)

as r ! 1, so the statement that the retarded correlator in the full theory is state independent

gets translated into a consistency relation on the EFT, namely

AB

+(!) � AB

+(�!) = AU

+(!) � AU

+(�!). (4.3)

To leading order in the power counting, we have from Eq. (2.23) that AB
+(!)�AB

+(�!) ⇡ 4⇡r2s!,

while in the Unruh state AU
+(!) � AU

+(�!) = 0 + O(rs!). Due to the Bose enhancement of

Hawking radiation in the Unruh state, verifying the consistency relation Eq. (4.3) requires a

calculation at next-to-leading order in the power counting parameter. This provides a non-trivial

test of the EFT formalism, to which we turn to below.

4.1 NLO matching in the Unruh state

There are two types of corrections to the Wightman function in the EFT. One is from corrections

due to the gravitational potential interaction between the point source and the scalar field. The

second is from multiple insertions of the �
R

d⌧�O coupling in Eq. (1.2). Insertions of higher

multipole operators, coupled to spatial gradients of �, give rise to terms suppressed by more

powers of 1/r and need not be considered when matching to the correlators of the monopole

operator O(⌧).

– 13 –

Due to Bose enhancement/detailed balance, must go to NLO in        to check 
state independence…

rs!
<latexit sha1_base64="fr39zKooHBNrde8MqbsFE8l/IJ8=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKexGwRwDXjxGMA9JljA76U2GzGOZmRXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnt3O88gTZMyQc7TSAUZCRZzCixTnrUA9NXAkZkUK74VX8BvE6CnFRQjuag/NUfKpoKkJZyYkwv8BMbZkRbRjnMSv3UQELohIyg56gkAkyYLQ6e4QunDHGstCtp8UL9PZERYcxURK5TEDs2q95c/M/rpTauhxmTSWpB0uWiOOXYKjz/Hg+ZBmr51BFCNXO3YjommlDrMiq5EILVl9dJu1YNrqq1++tKo57HUURn6BxdogDdoAa6Q03UQhQJ9Ixe0ZunvRfv3ftYtha8fOYU/YH3+QPxVpB3</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

x0
<latexit sha1_base64="fE3ASVSeVbJpP9+EYmbYOaSFZRg=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjF6IrtookeiF49o5JEAIbNDL0yYnd3MzBrJhj/w4kFjvPpH3vwbB9iDgpV0UqnqTneXHwuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLV8qlGwSXWDTcCW7FCGvoCm/7oZuo3H1FpHskHM46xG9KB5AFn1Fjp/um0Vyy5ZXcGsky8jJQgQ61X/Or0I5aEKA0TVOu258amm1JlOBM4KXQSjTFlIzrAtqWShqi76ezSCTmxSp8EkbIlDZmpvydSGmo9Dn3bGVIz1IveVPzPaycmuOqmXMaJQcnmi4JEEBOR6dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb68TBqVsndertxdlKrXWRx5OIJjOAMPLqEKt1CDOjAI4Ble4c0ZOS/Ou/Mxb8052cwh/IHz+QNIDo0x</latexit>

hOa(⌧)
<latexit sha1_base64="r50Fc7aroNrR43lC4MZQRuZUXJc=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5JUQY9FL96sYD+gCWGy3bRLN5uwu1FK7U/x4kERr/4Sb/4bt20O2vpg4PHeDDPzwpQzpR3n21pZXVvf2CxsFbd3dvf27dJBSyWZJLRJEp7ITgiKciZoUzPNaSeVFOKQ03Y4vJ767QcqFUvEvR6l1I+hL1jECGgjBXbJ4yD6nOLbACqehuw0sMtO1ZkBLxM3J2WUoxHYX14vIVlMhSYclOq6Tqr9MUjNCKeTopcpmgIZQp92DRUQU+WPZ6dP8IlRejhKpCmh8Uz9PTGGWKlRHJrOGPRALXpT8T+vm+no0h8zkWaaCjJfFGUc6wRPc8A9JinRfGQIEMnMrZgMQALRJq2iCcFdfHmZtGpV96xauzsv16/yOAroCB2jCnLRBaqjG9RATUTQI3pGr+jNerJerHfrY966YuUzh+gPrM8fMnaTTg==</latexit>

Ob(⌧
0)i

<latexit sha1_base64="UshL5stSq8V70wVKKzbf+hOR36c=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRaxXkpSBT0WvXizgv2AJoTNdtMu3WzC7kYpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxJGpbLtb6Owsrq2vlHcLG1t7+zumeX9toxTgUkLxywW3QBJwignLUUVI91EEBQFjHSC0fXU7zwQIWnM79U4IV6EBpyGFCOlJd8s3/pB1VUoPTl1BeIDRnyzYtfsGaxl4uSkAjmavvnl9mOcRoQrzJCUPcdOlJchoShmZFJyU0kShEdoQHqachQR6WWz0yfWsVb6VhgLXVxZM/X3RIYiKcdRoDsjpIZy0ZuK/3m9VIWXXkZ5kirC8XxRmDJLxdY0B6tPBcGKjTVBWFB9q4WHSCCsdFolHYKz+PIyaddrzlmtfndeaVzlcRThEI6gCg5cQANuoAktwPAIz/AKb8aT8WK8Gx/z1oKRzxzAHxifP0Pjk1w=</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit> x0

<latexit sha1_base64="fE3ASVSeVbJpP9+EYmbYOaSFZRg=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjF6IrtookeiF49o5JEAIbNDL0yYnd3MzBrJhj/w4kFjvPpH3vwbB9iDgpV0UqnqTneXHwuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLV8qlGwSXWDTcCW7FCGvoCm/7oZuo3H1FpHskHM46xG9KB5AFn1Fjp/um0Vyy5ZXcGsky8jJQgQ61X/Or0I5aEKA0TVOu258amm1JlOBM4KXQSjTFlIzrAtqWShqi76ezSCTmxSp8EkbIlDZmpvydSGmo9Dn3bGVIz1IveVPzPaycmuOqmXMaJQcnmi4JEEBOR6dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb68TBqVsndertxdlKrXWRx5OIJjOAMPLqEKt1CDOjAI4Ble4c0ZOS/Ou/Mxb8052cwh/IHz+QNIDo0x</latexit>

m
<latexit sha1_base64="hgrbGyfUs1b/Mr5+M32Ck4D9zmA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP1tuM9Q==</latexit>

O
<latexit sha1_base64="GaKRjcxSBA8vmj115Ee3A9y0aWc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL95MwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6ljjNc=</latexit>

O
<latexit sha1_base64="GaKRjcxSBA8vmj115Ee3A9y0aWc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL95MwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6ljjNc=</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

x0
<latexit sha1_base64="fE3ASVSeVbJpP9+EYmbYOaSFZRg=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjF6IrtookeiF49o5JEAIbNDL0yYnd3MzBrJhj/w4kFjvPpH3vwbB9iDgpV0UqnqTneXHwuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLV8qlGwSXWDTcCW7FCGvoCm/7oZuo3H1FpHskHM46xG9KB5AFn1Fjp/um0Vyy5ZXcGsky8jJQgQ61X/Or0I5aEKA0TVOu258amm1JlOBM4KXQSjTFlIzrAtqWShqi76ezSCTmxSp8EkbIlDZmpvydSGmo9Dn3bGVIz1IveVPzPaycmuOqmXMaJQcnmi4JEEBOR6dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb68TBqVsndertxdlKrXWRx5OIJjOAMPLqEKt1CDOjAI4Ble4c0ZOS/Ou/Mxb8052cwh/IHz+QNIDo0x</latexit>

hO(⌧)
<latexit sha1_base64="c/LWQxCxRndK7u8ajRlvqf21+SM=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VKSKuix6MWbFewHNKFstpt26WYTdidCDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7dftg8O2zpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8c3M7zwypXksH2CSMD8iQ8lDTgkYqW+XPUHkUDB8V/WApGd9u+LUnDnwKnFzUkE5mn37yxvENI2YBCqI1j3XScDPiAJOBZuWvFSzhNAxGbKeoZJETPvZ/PApPjXKAIexMiUBz9XfExmJtJ5EgemMCIz0sjcT//N6KYRXfsZlkgKTdLEoTAWGGM9SwAOuGAUxMYRQxc2tmI6IIhRMViUTgrv88ipp12vuea1+f1FpXOdxFNExOkFV5KJL1EC3qIlaiKIUPaNX9GY9WS/Wu/WxaC1Y+cwR+gPr8we5vZJ6</latexit>

O(⌧ 0)i
<latexit sha1_base64="n4plk5sjaEnVBvGNsHYMM4uXajI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBaxXkpSBT0WvXizgv2AJpTNdtIu3WzC7qZQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZFyScKe0431ZhbX1jc6u4XdrZ3ds/sA+PWipOJYUmjXksOwFRwJmApmaaQyeRQKKAQzsY3c389hikYrF40pME/IgMBAsZJdpIPdvGDxVPk/T8wpNEDDj07LJTdebAq8TNSRnlaPTsL68f0zQCoSknSnVdJ9F+RqRmlMO05KUKEkJHZABdQwWJQPnZ/PIpPjNKH4exNCU0nqu/JzISKTWJAtMZET1Uy95M/M/rpjq88TMmklSDoItFYcqxjvEsBtxnEqjmE0MIlczciumQSEK1CatkQnCXX14lrVrVvazWHq/K9ds8jiI6Qaeoglx0jeroHjVQE1E0Rs/oFb1ZmfVivVsfi9aClc8coz+wPn8AIQSSsQ==</latexit>

O
<latexit sha1_base64="GaKRjcxSBA8vmj115Ee3A9y0aWc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL95MwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6ljjNc=</latexit>

O
<latexit sha1_base64="GaKRjcxSBA8vmj115Ee3A9y0aWc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL95MwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6ljjNc=</latexit>

(c)
<latexit sha1_base64="DIotf0yNu+jh0uRGhggnv5HGxAA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CuYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V22S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJqz5Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasW7qlTvr0v1WhZHHs7gHMrgwQ3U4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+KAY1G</latexit>

(b)
<latexit sha1_base64="eO0wDc21ZbUg9U/QkXiY67eoagU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CuYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD+Xgsl8suRV3AbJOvIyUIEOjX/zqDWKWRigNE1Trrucmxp9SZTgTOCv0Uo0JZWM6xK6lkkao/eni1Bm5sMqAhLGyJQ1ZqL8npjTSehIFtjOiZqRXvbn4n9dNTVjzp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5a1Yp3VaneX5fqtSyOPJzBOZTBgxuowx00oAkMhvAMr/DmCOfFeXc+lq05J5s5hT9wPn8AiHyNRQ==</latexit>

(a)
<latexit sha1_base64="HxDBLOtGtld+kdBO9W+ilQv8lrM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CuYY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2V62S+W3Iq7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJqz5Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasW7qlTvr0v1WhZHHs7gHMrgwQ3U4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+G941E</latexit>

Figure 1. Corrections to the Wightman function h�(x)�(x0)i in the EFT. Diagram (a) is leading order.
Diagrams (b), (c) are next-to-leading order in the power counting.

in the Boulware state, and

FU

`
(!) = FH(!) =

1

2!

|B`(!)|2
1 � e��H!

(2.13)

for the Unruh and Hartle-Hawking vacua respectively.

2.2 Leading order EFT calculation

The Wightman function h |�(x)�(x0)| i above is an expectation value defined in the initial state

of the quantum field around the BH background. Because we are dealing with expectation values

in a known initial state rather than transition matrix elements between fixed states in the far

past and future, the observable to match in the EFT is the “in-in” correlation function

G(x, x0) = hin|�(x)�(x0)|ini. (2.14)

We will focus on the case in which the full theory is either in the Boulware or Unruh states,

 = B, U . Given the form of the full theory result for r ! 1, we take the initial state |ini in

the EFT to be

⇢in = |0ih0| ⌦ ⇢BH , (2.15)

where |0i is the usual (Poincare invariant) free field vacuum, and ⇢BH is some density matrix

acting on the Hilbert space of BH states, whose form we need not specify in our calculation.

To compute this Wightman function we use the closed time path (CTP), or Schwinger-

Keldysh, formalism [18]. We assume that the scalar field is minimally coupled to the static

gravitational field of the point source at the origin. In addition, � couples to the source via the

worldline interaction of Eq. (1.2). To leading non-trivial order in the power counting we have,

G(x, x0) = W0(x � x0) +

Z
d⌧d⌧ 0D2a(x, x(⌧))hOa(⌧)Ob(⌧

0)iD1b(x(⌧ 0), x0) + · · · . (2.16)

The second term corresponds to Fig. 1(a), where x(⌧) = (⌧, 0) is the worldline of the black hole

at rest at the origin of the coordinate system, Dab(x, x0) is the Schwinger-Keldysh propagator

matrix of the free scalar

Dab(x, x0) =

 
DF (x � x0) �W0(x0 � x)

�W0(x � x0) DD(x � x0)

!
, (2.17)
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To account for the corrections to the bulk Wightman function h�(x)�(x0)i due higher in-

sertions of the interaction �
R

d⌧�O in Fig. 1(c), we first determine how the interaction term

�
R

d⌧�O modifies the in-in correlator matrix hOa(⌧)Ob(⌧ 0)i, and then insert the result into the

second term of Eq. (2.21). The first correction to hOa(⌧)Ob(⌧ 0)i is represented in Fig. 4, which

reads,

Fig. 4 = �
X

c,d

Z
dtdt0hOa(⌧)Oc(t)Od(t

0)Ob(⌧
0)iDcd(t, t

0), (4.14)

where D(t, t0)ab is the matrix of free scalar propagators in Eq. (2.17) with ~x = ~x0 = 0. To evaluate

this expression, we use the result from sec. 3.2.2 that the leading order correlators are Gaussian,

of the form hQ(t)Q(t0)i ⇡ 2rs�(t � t0), and therefore

hTO(t)O(t0)i = hT̃O(t)O(t0)i ⇡ 2rs�(t � t0). (4.15)

It follows that all the four-point functions in Eq. (4.14) are identical, and the diagram in Fig. 4

is proportional to
X

cd

Dcd(x, x0) = DF (x � x0) + DD(x � x0) � W0(x � x0) � W0(x
0 � x) = 0. (4.16)

Matching Eq. (2.21) with the replacement Eq. (4.13) to the full theory result Eq. (2.9) in the

Unruh state Eq. (2.13), we find that to NLO,

AU

+(!) = 2��1
H

�abs(|!|)

✓(!)

✓
1 � 1

4
�H!

◆
+ ✓(�!)

✓
1 +

3

4
�H!

◆�
+ O(rs!)3, (4.17)

and therefore AU
+(!) � AU

+(�!) = !�abs(|!|) + O(rs!)3 ⇡ 4⇡r2s!, which is in agreement with the

results obtained in the Boulware vacuum, verifying the consistency relation Eq. (4.3) to leading

non-trivial order in the power counting.

5 Conclusions

The e↵ective field theory of quantum gravity in the low energy limit ! ⌧ Mpl in flat spacetime

is well understood. Calculations around non-trivial backgrounds are also under control, though

technically more nettlesome. However, black hole backgrounds present new conceptual challenges

due to the existence Hawking radiation. Of course, for processes involving gravitationally un-

perturbed backgrounds, such as the Hawking process itself, i.e. particle production, we have

calculational control. Now, suppose we probe the black hole via some scattering process. Then

we may ask questions like, what is the induced change in the spectrum of Hawking radiation? Or

what is the cross section for the scattering of a charged particle o↵ of a neutral black hole? To

our knowledge these seem to be open questions that have yet to be addressed. In this paper, we

presented a formalism that can be used to answer these questions as well as others. Our frame-

work captures the universal long distance e↵ects of both classical and quantum horizon dynamics

of black holes, extending the EFT approach to low energy quantum gravity beyond the canonical

graviton loop e↵ects that have been traditionally studied.

In the EFT the “internal dynamics” of the black hole are captured by a set of correlation

functions of composite operators that live on the worldline. In [7] we used such ideas to describe

– 16 –

hOaObOcOdi
<latexit sha1_base64="s+tJReZShc+SVqmoBW2JKsXr664=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4KkkV7LLgxp0V7AOaUiaTSTt0MgkzE6GE7tz4K25cKOLWX3Dn3zhNs9DWAwcO59zLzD1+wpnSjvNtrayurW9slrbK2zu7e/v2wWFbxakktEViHsuujxXlTNCWZprTbiIpjnxOO/74epZ3HqhULBb3epLQfoSHgoWMYG2sgX3icSyGnKLbATb0DYlh4MncHtgVp+rkQMvCLUQFCjQH9pcXxCSNqNCEY6V6rpPofoalZoTTadlLFU0wGeMh7RkpcERVP8vvmKIz4wQojKWh0Ch3f29kOFJqEvlmMsJ6pBazmflf1kt1WO9nTCSppoLMHwpTjnSMZqWggElKNJ8YgYlk5q+IjLDERJvqyqYEd/HkZdGuVd2Lau3ustKoF3WU4BhO4RxcuIIG3EATWkDgEZ7hFd6sJ+vFerc+5qMrVrFzBH9gff4AMYeYNw==</latexit>

relative to AB
+(!) by one power of (�H!)�1 = 1/(4⇡rs!) � 1. So it would seem that Hawking

radiation, which is a manifestly quantum e↵ect, is not parametrically suppressed relative to the

purely classical (absorptive) processes which the Boulware state describes.

The enhancement of AU
+(!) over AB

+(!) has a simple interpretation as the Bose enhancement

of the black body distribution as TH ! 0, which is equivalent to the limit rs! ⌧ 1 in which

our EFT description is valid. Despite this enhancement at the level of the Wightman functions,

Hawking radiation contributes to “classical observables” e↵ects that are suppressed by powers

of !/mP l rather than �H!, as one would intuitively expect. In the full theory, this can be

understood by considering the retarded propagator for the field �,

GR(x, x0) = �i✓(t � t0)h |[�(x), �(x0)]| i, (4.1)

which is the only correlator that is observable in classical BH processes, e.g. radiation from

macroscopic binary systems. In fact, the commutator [�(x), �(x0)]| is simply a c-number up to

terms suppressed suppressed by !/mP l. This follows because the full theory result in ref. [11]

describes a free field propagating in a background gravitational field. Neglecting the interactions,

� obeys linear equations of motion, so canonical quantization in the fixed background implies

that [�(x), �(x0)] is proportional to the identity operator times a c-number function of x, x0. (It

is straightforward to check explicitly from the expressions in sec. 2 that h |[�(x), �(x0)]| i does

not depend on  ). Thus the e↵ects of Hawking radiation on the retarded response function are

suppressed by powers of the interactions. In particular, for the more realistic case of gravitons,

such self-interactions are suppressed by powers of !/mP l ⌧ 1, which are unobservable in classical

processes.

On the other hand, in the EFT we have at coincident spatial points

h[�(x), �(x0)]i =
1

8⇡r2

Z
d!

2⇡
e�i!t

⇥
A +(!) � A +(�!)

⇤
, (4.2)

as r ! 1, so the statement that the retarded correlator in the full theory is state independent

gets translated into a consistency relation on the EFT, namely

AB

+(!) � AB

+(�!) = AU

+(!) � AU

+(�!). (4.3)

To leading order in the power counting, we have from Eq. (2.23) that AB
+(!)�AB

+(�!) ⇡ 4⇡r2s!,

while in the Unruh state AU
+(!) � AU

+(�!) = 0 + O(rs!). Due to the Bose enhancement of

Hawking radiation in the Unruh state, verifying the consistency relation Eq. (4.3) requires a

calculation at next-to-leading order in the power counting parameter. This provides a non-trivial

test of the EFT formalism, to which we turn to below.

4.1 NLO matching in the Unruh state

There are two types of corrections to the Wightman function in the EFT. One is from corrections

due to the gravitational potential interaction between the point source and the scalar field. The

second is from multiple insertions of the �
R

d⌧�O coupling in Eq. (1.2). Insertions of higher

multipole operators, coupled to spatial gradients of �, give rise to terms suppressed by more

powers of 1/r and need not be considered when matching to the correlators of the monopole

operator O(⌧).

– 13 –

(pot. graviton
exchange with
source)

(LO IN-IN 4pt.)

To account for the corrections to the bulk Wightman function h�(x)�(x0)i due higher in-
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where D(t, t0)ab is the matrix of free scalar propagators in Eq. (2.17) with ~x = ~x0 = 0. To evaluate

this expression, we use the result from sec. 3.2.2 that the leading order correlators are Gaussian,

of the form hQ(t)Q(t0)i ⇡ 2rs�(t � t0), and therefore
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It follows that all the four-point functions in Eq. (4.14) are identical, and the diagram in Fig. 4
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Dcd(x, x0) = DF (x � x0) + DD(x � x0) � W0(x � x0) � W0(x
0 � x) = 0. (4.16)

Matching Eq. (2.21) with the replacement Eq. (4.13) to the full theory result Eq. (2.9) in the

Unruh state Eq. (2.13), we find that to NLO,
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and therefore AU
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+(�!) = !�abs(|!|) + O(rs!)3 ⇡ 4⇡r2s!, which is in agreement with the

results obtained in the Boulware vacuum, verifying the consistency relation Eq. (4.3) to leading

non-trivial order in the power counting.

5 Conclusions

The e↵ective field theory of quantum gravity in the low energy limit ! ⌧ Mpl in flat spacetime

is well understood. Calculations around non-trivial backgrounds are also under control, though

technically more nettlesome. However, black hole backgrounds present new conceptual challenges

due to the existence Hawking radiation. Of course, for processes involving gravitationally un-

perturbed backgrounds, such as the Hawking process itself, i.e. particle production, we have

calculational control. Now, suppose we probe the black hole via some scattering process. Then

we may ask questions like, what is the induced change in the spectrum of Hawking radiation? Or

what is the cross section for the scattering of a charged particle o↵ of a neutral black hole? To

our knowledge these seem to be open questions that have yet to be addressed. In this paper, we

presented a formalism that can be used to answer these questions as well as others. Our frame-

work captures the universal long distance e↵ects of both classical and quantum horizon dynamics

of black holes, extending the EFT approach to low energy quantum gravity beyond the canonical

graviton loop e↵ects that have been traditionally studied.

In the EFT the “internal dynamics” of the black hole are captured by a set of correlation

functions of composite operators that live on the worldline. In [7] we used such ideas to describe
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Application:   Inelastic gravitational scattering off BH.

Bekenstein/Wald-Panaganden formula generalizes to gravitons, which allows us to match the 
Wightman functions of the grav.           operators in the EFT,
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Figure 5. The diagram responsible for inclusive photon production induced by the deflection of a black
hole due to the interactions with an external current. The soft emission factorizes from the hard scattering
o↵ of the source.

classical absorptive processes, which entailed extracting the Wightman function A+(! > 0).

Emission processes on the other hand are described by A+(! < 0). Detailed balance dictates

that A+(±!) must have the same scaling in mP l which at first may seem surprising given that

Hawking radiation is inherently quantum mechanical. However, this lack of suppression is a

consequence of the well known fact that the Hawking rate d�/d! has no factors of ~. Here we

have shown that for scalar fields coupling to a black hole, at next to leading order in the derivative

expansion, the correlators are given by Eq. (4.17). The ensuing retarded causal Green’s function

responsible for all classical observables, such as the black hole Love number, has only Planck

suppressed contributions, as expected, since in free field theory the state dependence must be

absent.

While in this paper we only considered the simplest toy model of a scalar field coupled to the

BH horizon, most of the observations and results of this paper carry over straightforwardly to

a low energy EFT of gauge, fermion, or graviton fields interacting with the BH. We also expect

similar results to hold for spinning and/or charged black holes4. For instance, in the case of

gravity [7], the BH couples linearly to the Weyl tensor, and Eq. (1.2) generalizes to

Sint = �
Z

d⌧
�
QE

µ⌫E
µ⌫ + QB

µ⌫B
µ⌫

�
+ · · · , (5.1)

where the electric quadrupole operator QE
µ⌫ couples to Eµ⌫ = Wµ⇢⌫�ẋ⇢ẋ�, the magnetic moment

operator QB
µ⌫ to the dual, Bµ⌫ = W̃µ⇢⌫�ẋ⇢ẋ�, and higher moments, coupled to gradients of the

Weyl tensor, are not shown. Similarly, the long wavelength dynamics of the photon is well

approximated by electric and magnetic dipole operators whose correlators can be matched to the

full theory by the methods described in this paper.

As an example of the types of observables that are in principle accessible to our formalism, it

is possible to formulate a “soft photon” theorem, analogous to the standard result in QED [20],

that expresses the factorization of soft Hawking radiation from an electrically neutral BH that

participates in an otherwise arbitrary scattering process. Unlike the case of QED, the soft theorem

4
Indeed, as pointed out in [13], the transition probabilities p(m ! n) obtained in [12, 13] are also valid for

spinning black holes emitting modes in the super-radiant regime. Even though the results of [12, 13] were strictly

speaking obtained for the case of non-interacting spin-0 particles only, the derivation can be generalized straight-

forwardly to account for higher spins as well.
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(In BH rest frame                  )vµ = (1, 0)
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Suppressed over elastic scattering by a factor of                        relative to LO scattering off BH’s 
Newtonian gravitational field.     
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Pl

(rsq)
3

This is same order in               as the correction to elastic scattering from one-loop graviton vacuum 
polarization, a new calculable perturbative quantum gravity effect…
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Pl



Conclusions
Constructed a consistent EFT to describe BH horizon dynamics interacting with soft radiation, with 
applications to classical and quantum multi-body processes.   There is no hierarchy of scales 
between classical and quantum (Hawking) effects at the level of Wightman correlators in this EFT.

Despite this, the effects of Hawking radiation drop out of “classical observables,”  ie those that 
depend only on 

Gret(x, x
0) = i✓(t� t0)h |[�(x),�(x0)]| i
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at least up to (calculable) corrections down by powers of ~!/MPl ⌧ 1

Classically, this EFT has implication for dissipative effects in BH-BH or BH-NS binaries.   Quantum 
mechanically, expect applications to BH-BH scattering amplitudes in quantum gravity, soft 
factorization theorems for Hawking emission in BH collisions, bound states… 


