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OutlineOutline

 Motivation: what is missed by linear Luttinger liquid
 The weak-interaction limit for a liquid of particles with generic 
spectrum
 The quantum impurity problem for interacting 1D fermions

 Universal theory of nonlinear Luttinger liquid (NLL)

 Phenomenology of the NLL

 Further developments: dynamics kinetics finite-size effects Further developments: dynamics, kinetics, finite-size effects 
and integrable models



My own encounter with the limitations of My own encounter with the limitations of 
the conventionalthe conventional LuttingerLuttinger Liquid theoryLiquid theorythe conventional the conventional LuttingerLuttinger Liquid theoryLiquid theory
Coulomb drag effect N t li l tt iCoulomb drag effect No tunneling, only e-e scattering

Co lomb interactionCoulomb interaction

transfer

transfersmall transfersmall-



Hazards of LinearizationHazards of Linearization

Coulomb interaction

velocity is k -- independent, same-branch momentum transfer 
does NOT affect current, no drag contribution

Dynamic structure factor is



BosonizationBosonization (and Spectrum Curvature)(and Spectrum Curvature)

Haldane, 1983

b f l ft (L) i ht (R)excess number of  left (L), right (R) movers

excess density ( ), momentum ( )



Harmonic Approximation, Harmonic Approximation, Quantized Quantized 

conjugate variable 
(momentum)(momentum)

field of displacements,p ,

Unintended consequences:
A. Dynamic structure factor is

ANY i i hat ANY interaction strength

B. Harmonic system identical to free particles, no ANY kinetics

Can we account for the nonlinear dispersion AND interactions?



Back to free fermionsBack to free fermions
Lehmann (Golden rule – like) representation



Curvature: free fermions perspectiveCurvature: free fermions perspective



Effect of interaction,Effect of interaction,
free electrons

important states:
Analogy: Fermi-edge singularity (Mahan 1967)

interaction with the “core hole”

important states:



Fermi edge singularity in metalsFermi edge singularity in metals

Mahan 67Mahan 67
Nozieres, DeDominicis 69

threshold threshold ++ interactions interactions == power lawpower law



1D Fermions 1D Fermions –– Dynamic Structure Dynamic Structure FactorFactor
No interaction: Weak repulsion:

P l t tPower-law asymptote

“Leading logarithm” series



Winter 06Winter 06--07: 07: AdiletAdilet accepts accepts the offer!!!the offer!!!



From Bethe From Bethe ansatzansatz to Universality in to Universality in 
under one yearunder one yearunder one yearunder one year

Can we do the same for Lieb-Liniger?



Quantum impurity: a hint from perturbation theory

Fermi-edge singularity physics of responses

Shake-up pairs (narrow band containing Fermi level)

set of states admitting 1 holeset of states admitting 1 hole



Generalization on arbitrary interaction

L R
Left and Right movers:

d:



Mapping on free chiral fermions

Free chiral (L,R) fermions

impurityimpurity

Forward-scattering of L and R fermions off impurity

Scattering phase shifts of L and R off impurity:

Scattering phases are provided by Bethe ansatz



li L ttilinear Luttinger



The exponents  at small wave vectors, are different from 
linear Luttinger, but depend only on Kg , p y

Conjecture 1: Exponents are universal, NOT an artefact of 
Lieb-Linigerg

Conjecture 2: The entire crossover between the TRUE edge 
behavior and linear Luttinger liquid is universal

li L ttilinear Luttinger



““RozhkovizationRozhkovization””--11

1. Bosonization:

2 R t ti li2. Rotation, re-scaling:

3. Re-fermionization



““RozhkovizationRozhkovization””--22

3. Re-fermionization

Extra gradient, vanishes in the long-wavelength limit



Perturbation theory and the buttonPerturbation theory and the button

amenable to perturbative treatment



Relation of “old” fermions to “new” onesRelation of “old” fermions to “new” ones

Evaluation of is a free-fermion problem,

it reduces to evaluation of “fermion determinants”



Spectral function threshold at Spectral function threshold at 

(here k is measured from kF )

Finite mass of fermion – new energy scale

new edge struct
Luttinger “tail”
new edge struct.

Universal crossover function



Phenomenology away from Fermi points

Universal behaviorUniversal behavior
Imambekov, LG, 
Science 323, 228 (2009)

+kk +kf-kf

)(k
Imambekov, LG, 
Phys. Rev. Lett. 102, 126405 (2009) )(k

Function                   completely defines the singularities!
Phys. Rev. Lett. 102, 126405 (2009) 



Phenomenology, arbitrary momentum

L R
Left and Right movers:

d:

use Galilean invariance, 
Baym&Ebner, 1967

Imambekov, 2008



Observables: Spectral function

+kf-kf



Jolly Good DaysJolly Good Days
From Adilet to Leonid, in memoriam 
of the expropriated book and jolly 

d d f 200 2009 hi hgood days of 2007-2009, which 
included:
a) facing big wheels and ambushes) g g
[tedious calcs, unexpected difficulties]
b) …
c) fishing in muddy watersc) fishing in muddy waters
[unreliable derivation]
d) occult consideration
[h d i t t t][hand-waving tratment]
…
k) having a one-night stand with a ) g g

thought
…



Extensions, “Moratorium”, HoustonExtensions, “Moratorium”, Houston

Extensions: 
phenomenology of spin-1/2 fermions
[Schmidt, Imambekov, LG Phys. Rev. Lett. 104, 116403 (2010)+PRB(2010)];
theory of pre factors in dynamic responsestheory of pre-factors in dynamic responses
[Shashi, LG, J-S Caux, Imambekov, Phys. Rev. B. 84, 045408 (2011)]



Rev. Mod. Phys., Aspen, Open Problems, Rev. Mod. Phys., Aspen, Open Problems, 
FlorenceFlorenceFlorenceFlorence

Rev. Mod. Phys.; arXiv:1110.1374

Subject: you are a good theorist:-)
From: Adilet Imambekov <adilet@rice.edu>
Date: 8/18/2011 9:58 PM
To: Leonid Glazman <leonid.glazman@yale.edu>

In the evening the time gets better, 17:52.

Most intriguing open questions:
kinetics of weakly-non-integrable systems; 

t h f li L tti li idquantum quench of a nonlinear Luttinger liquid


