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ĤS + ĤB + ĤSB Tr[ρ̂]→ 1

5000

10000

15000

20000

25000

e
n

e
rg

y
 [

 c
m

-1
 ]

5 10 15 20 25 30

internuclear distance R [ Bohr radii ]

-1000
-500

0
500

50 100 150

pump

dump

coupling

wavepacket motion

5
10

15
20

25
30

35
40

−4.34
−4.32

−4.3
−4.28

−4.26
−4.24

−4.22
−4.2

0

0.2

0.4

0.6

Detuning [ cm−1 ]Intensity [ kW/cm2 ]

P
ro

je
ct

io
n 

on
 la

st
 b

ou
nd

 s
ta

te

5
10

15
20

25
30

35
40

−4.34
−4.32

−4.3
−4.28

−4.26
−4.24

−4.22
−4.2

0.01

0.02

0.03

0.04

0.05

Detuning [ cm−1 ]Intensity [ kW/cm2 ]

E
xc

ite
d 

st
at

e 
po

pu
la

tio
n



ultracold & ultrafast

temperatures 10−4 to 10−9 K

extreme quantum limit
 coherent matter

CW lasers, magnetic
fields

timescales 10−15 to 10−12 s

coherence of laser light
 control

hot samples, ’black-box’
algorithms

ultracold chemistry
= photochemistry

photoassociation

and beyond?



ultracold & ultrafast

temperatures 10−4 to 10−9 K

extreme quantum limit
 coherent matter

CW lasers, magnetic
fields

timescales 10−15 to 10−12 s

coherence of laser light
 control

hot samples, ’black-box’
algorithms

ultracold chemistry
= photochemistry

photoassociation

and beyond?



what means ultracold ?

ultracold: T ≤ 100µK a single quantum state
(or very few)

Bose-Einstein

condensation
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interesting applications:

molecular Bose-Einstein condensate

quantum computer

cold , little decoherence
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why ultracold molecules ?

internal degrees of freedom, permant dipole moment

interesting applications:

example: precision measurements

ultracold Sr2 molecules
time dependence of µ = me/mp

∆µ

µ
=

∆ν

ν

ν transition frequencies

Zelevinsky, Kotochigova, Ye,
PRL 100, 043201 (2008)
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wanted: ultracold molecules

ultracold : T ≤ 100µK → single (or very few)
quantum state(s)

why ?

molecular BEC

ultracold chemistry

quantum computing

high precision measurements

. . .

helpers

to associate atoms to molecules

magnetic fields

laser fields

but really, you need v = 0

collisions!

10 20 30

internuclear distance R [ a
0
 ]

-1000

0

en
er

gy
 [

 c
m

-1
 ]

R transfer ?

bandwidth ?



wanted: ultracold molecules

ultracold : T ≤ 100µK → single (or very few)
quantum state(s)

why ?

molecular BEC

ultracold chemistry

quantum computing

high precision measurements

. . .

helpers

to associate atoms to molecules

magnetic fields

laser fields

but really, you need v = 0

collisions!

10 20 30

internuclear distance R [ a
0
 ]

-1000

0

en
er

gy
 [

 c
m

-1
 ]

R transfer ?

bandwidth ?



wanted: ultracold molecules

ultracold : T ≤ 100µK → single (or very few)
quantum state(s)

why ?

molecular BEC

ultracold chemistry

quantum computing

high precision measurements

. . .

helpers

to associate atoms to molecules

magnetic fields

laser fields

but really, you need v = 0

collisions!

10 20 30

internuclear distance R [ a
0
 ]

-1000

0

en
er

gy
 [

 c
m

-1
 ]

R transfer ?

bandwidth ?



photoassociation

making molecules with laser light
Masnou-Seeuws & Pillet, Adv. At. Mol. Opt. Phys. 47, 53 (2001)
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photoassociation is difficult

cold collisions

0 50 100 150 200 250 300 350 400
internuclear distance [ a

0
 ]

0

5×10
-13

1×10
-12

th
er

m
al

 d
en

si
ty

 ρ
T

,b
ox

 [
 a

0-3
 ]

50 µK

0 4000 8000 12000 16000
0

5×10
-13

1×10
-12

0 100 200 300

0 2000 4000 6000 8000 10000
internuclear distance [ Å ]

T ≈ 50 µK
T ≈ 80 µK

CPK, Kosloff, Luc-Koenig, Masnou-Seeuws, Crubellier, J Phys B 39, S1017 (2006)



why is making molecules possible ?

0 50 100 150 200 250
internuclear distance [ units of Bohr radii ]

1 / R
3 E

b
 = 1 cm

-1



why is making molecules possible ?

0 20 40 60 80 100 120 140 160
internuclear distance [ units of Bohr radii ]

1 / R
3 E

b
 = 4 cm

-1



why is photoassociation difficult ?

our starting point: thermal ensemble, large R

our goal: v = 0 pure state, small R
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coherent photoassociation

what is different from
previous pump-probe
schemes?
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choice of pulse parameters

role of laser detuning and spectral bandwidth

projection of Ψexc(R, tfinal) onto vibrational levels of Ĥe(R), 87Rb2
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photoassociation dynamics
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pump-dump efficiency

the best example: Cs2 0−g (P3/2)

1. excitation (pump)
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how to get ultracold stable molecules ?

1 formation of loosely bound
molecules with Feshbach
resonance or photoassociation

2 transfer of population to
v = 0 using shaped laser
pulses (vibrational
stabilization)

CPK, Palao, Kosloff, Masnou-Seeuws, PRA 70, 013402 (2004)



why is this a difficult control task ?

constraints :

in a time short compared to collisional decay (∼ ms)

immediate transfer to lowest levels to avoid energy pooling

faster than spontaneous emission (∼ 10 ns)

qualitatively different

wave functions:
ϕ vg (R

)

10 20 30
Na-Na distance R [a0]

v = 0

v = 10

v = 40

v = 62



OCT: Solving the inverse problem

Statement of the problem

Given the initial state
the molecule in a highly excited level v of the electronic

ground state

and the objective
the molecule in the vibrational level v = 0 of the electronic

ground state

and the equations describing the evolution of the system
the Schrödinger equation for the molecule coupled to a laser field

Find the time-dependent field which leads to the objective !

S. E. Sklarz and D. J. Tannor, Phys. Rev. A 66, 053619 (2002)

J. P. Palao and R. Kosloff, Phys. Rev. A 68, 062308 (2003)



OCT: Krotov method

improve the field by

∆ε(t) =

S(t)
λ0

Im
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there is always a solution but . . .

easy task
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. . . there is a price

intensity

EP = ε0 c A
∫ T

0
‖E (t)‖2 dt

assuming A = πR2 with R = 300µm
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dynamics induced by the optimal field

example: v = 62 v = 0
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beating the natural timescale

long pulse



beating the natural timescale

shortened pulse & natural exc. state dynamics



a problem with very strong fields

tell algorithm to avoid door-way states

last part of talk



route to v = 0 (generic case) : OCT

strong fields and / or many Raman transitions
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required pulse energy ∼ 4 mJ
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see also: Pe’er, Shapiro, Stowe, Shapiro, Ye, PRL 98, 113004 (2006)

can we do better?
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pump-dump efficiency
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possible R-transfer mechanisms

softly repulsive wall
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stabilization to the ground state
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field-induced resonant coupling

CPK & R. Moszyński, PRA 78, 043417 (2008)
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CPK & R. Moszyński, PRA 78, 043417 (2008)

5000

10000

15000

20000

25000
e

n
e

rg
y
 [

 c
m

-1
 ]

5 10 15 20 25 30

internuclear distance R [ Bohr radii ]

-1000
-500

0
500

50 100 150

pump

dump

coupling

wavepacket motion



when is the coupling resonant?
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field-induced coupling:

Ŵ = ~Ω =
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if µ(R̂) ∼ 1 at.u.
then E0 ∼ 1.0× 107 V/cm

I ∼ 1.4× 1011 W/cm2
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res. coupling & photoassociation

coupling needs to be comparable to level spacings
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choice of coupling laser
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field-induced resonant coupling

’shaping’ the potentials by hand
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open questions in photoassociation
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why is photoassociation difficult ?

cold collisions
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why is photoassociation difficult

coherent control out of a continuum!

continuum is almost structureless

only atom pairs at short range are correlated
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resonances change continuum structure

and enhance controllability
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a problem with very strong fields

tell algorithm to avoid door-way states



OCT for quantum information

t = 0
|ϕi ,n〉 n = 1, . . . ,N

t = T
|ϕf ,n〉 n = 1, . . . ,N

1 N simultaneous state-to-state transitions
Tesch & de Vivie-Riedle, PRL 89, 157901 (2002)

2 optimization of unitary transformation
∂Û(t)
∂t

= − i
~Ĥ(t)Û(t) Û(T ) = eiφÔ

Palao & Kosloff, PRL 89, 188301 (2002)
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2 optimization of unitary transformation
∂Û(t)
∂t

= − i
~Ĥ(t)Û(t) Û(T ) = eiφÔ

Palao & Kosloff, PRL 89, 188301 (2002)

functionals

1 η =
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k=1

∣∣〈k|Ô+
Û(T , 0; ε)|k〉

∣∣2 = Fss

2 τ =
∑N

k=1〈k|Ô
+

Û(T , 0; ε)|k〉
−→ Fre = Re

[
τ
]

or Fsm = −
∣∣τ ∣∣2

Palao & Kosloff, PRA 68, 062308 (2003)

optimization of gate operations
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QI: avoid leakage from qu register

Sklarz & Tannor,
arXiv:quant-ph/0404081 &

Chem. Phys. 322, 87 (2006)

can we combine restriction to subspace w/ (global) optimal control?
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local control

J̇ =
d

dt

∣∣∣∣Tr[Ô
+
r Ûr ]

∣∣∣∣2 ≤ 0

Ċ =
d

dt
Tr[Û

+
r Ûr ] = 0

can we combine restriction to subspace w/ (global) optimal control?
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optimal control in a subspace

strong laser fields: undesired effects
avoidable?

|ϕ(t)〉 shall have components only in the allowed subspace:
P̂allow

Palao, Kosloff, CPK, PRA 77, 063412 (2008)
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control in a subspace: functional

J[ϕ, ϕ+, ε] = J0[ϕT , ϕ
∗
T ] + Ja[ε] + Jb[ϕ, ϕ∗]

J0[ϕT , ϕ
∗
T ] = −λ0 〈ϕ(T )|D̂|ϕ(T )〉

Ja[ε] =

∫ T

0

ga[ε] dt

Jb[ϕ, ϕ∗] =

∫ T

0

gb[ϕ, ϕ∗] dt

with

ga[ε] = λa(t) [ε(t)− εr (t)]2

gb[ϕ, ϕ+] = λb〈ϕ(t)|P̂(t)|ϕ(t)〉
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Krotov method

ingredients:

target J0[ϕT , ϕ
∗
T ] = λ0 〈ϕ(T )|D̂|ϕ(T )〉

(physical) constraints Ja[ε] + Jb[ϕ,ϕ+]
equations of motion

i~ ∂
∂t |ϕ(t)〉 = Ĥ(t)|ϕ(t)〉 |ϕ(t0)〉 = |ϕ0〉

construction of auxiliary functional L
in order to mix the separate dependences on intermediate and final times in the J′s

L[ϕ, ϕ∗, ε,Φ] = J[ϕ, ϕ∗, ε]

choose arbitrary Φ(t, ϕ, ϕ∗) such that

L[ϕi , ϕ∗,i , εi ,Φ] ≥ L[ϕi+1, ϕ∗,i+1, εi+1,Φ]

i.e. construct Φ from condition that L is maximum for ϕ0, ϕ∗,0

building in monotonic convergence
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∂t |ϕ(t)〉 = Ĥ(t)|ϕ(t)〉 |ϕ(t0)〉 = |ϕ0〉

construction of auxiliary functional L
in order to mix the separate dependences on intermediate and final times in the J′s

L[ϕ, ϕ∗, ε,Φ] = J[ϕ, ϕ∗, ε]

choose arbitrary Φ(t, ϕ, ϕ∗) such that

L[ϕi , ϕ∗,i , εi ,Φ] ≥ L[ϕi+1, ϕ∗,i+1, εi+1,Φ]

i.e. construct Φ from condition that L is maximum for ϕ0, ϕ∗,0

building in monotonic convergence



Krotov method

L[ϕ, ϕ∗, ε,Φ] = J0[ϕT , ϕ
∗
T ] + Φ[ϕT , ϕ

∗
T ]− Φ[ϕ0, ϕ

∗
0]

+

∫ T

0

{
Ja[ε] + Jb[ϕt , ϕ

∗
t ]− dΦ

dt

}
dt

assuming the equation of motion to hold,

minimization of L is equivalent to minimization of J

Sklarz & Tannor, PRA 66, 053619 (2002)

(i) construct Φ(t, ϕi , ϕi ,∗) such that L is maximum w.r.t. any
choice of ϕi

t , ϕ
i ,∗
t

(ii) derive εi+1 from maximization of
dΦ
dt
− (Ja[ε] + Jb[ϕt , ϕ

∗
t ])



Krotov method

variation of the auxiliary functional L[ϕ, ϕ∗, ε,Φ]:

εi+1(t) = εi (t) − 1

~λa(t)
Im
{
〈χ(T )|Û+

(t,T ; εi )µ̂Û(t, 0; εi+1)|ϕ0〉
}

∂

∂t
|χi (t)〉 = − i

~
Ĥ[εi (t)] |χ(t)〉 + λbP̂(t)|ϕi (t)〉

|χ(T )〉 = −λ0 D̂ |ϕi (T )〉

∂

∂t
|ϕi+1(t)〉 =

i

~
Ĥ[εi (t)] |ϕi+1(t)〉

|ϕ(0)〉 = |ϕ0〉



monotonic convergence

∆ ≡ J[ϕi , ϕ∗,i , εi ] − J[ϕi+1, ϕ∗,i+1, εi+1]

= ∆1 +

∫ T

0

(
∆2a(t) + ∆2b(t)

)
dt ≤ 0

∆1 = −λ0 〈ζ(T )|D̂|ζ(T )〉 ≤ 0 |ζ(t)〉 = |ϕi+1(t)〉 − |ϕi (t)〉

∆2a(t) = −ga[εi+1] + ga[εi ] +

[
∂ga

∂ε

]
i+1

(
εi+1 − εi

)
≤ 0

∆2b(t) = −λb 〈ζ(t)|P̂(t)|ζ(t)〉 ≤ 0

λ0 ≥ 0 λb ≥ 0 λa(t) ≤ 0 maximization

λ0 ≤ 0 λb ≤ 0 λa(t) ≥ 0 minimization
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monotonic convergence

constraint: keep population in allowed subspace

minimization of J

(a) P̂(t) = P̂allow : λb ≤ 0

(b) P̂(t) = P̂forbid : λb ≥ 0

maximization of J

(a) P̂(t) = P̂allow : λb ≥ 0

(b) P̂(t) = P̂forbid : λb ≤ 0

(a) and (b) physically equivalent, but only (a) yields
monotonic convergence
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. . . a slight complication

∂

∂t
|χi (t)〉 = − i

~
Ĥ[εi (t)] |χ(t)〉 + λbP̂(t)|ϕi (t)〉

how to propagate an inhomogeneous
Schrödinger eq?

1 diagonalization of Ĥ

2 split propagator y accuracy!?

3 Chebychev propagator for inhomogeneous Schrödinger equations
formal solution: |ψ(t)〉(m) =

∑m−1
j=0

t j

j! |λ
(j)(0)〉+ F̂m|λ(m)(0)〉

spectral approx.: |ψ(t)〉(m)N =
∑m−1

j=0
t j

j! |λ
(j)(0)〉+ PN(m)(Ĥ)|λ(m)(0)〉

first order: |ψ(t)〉(1) = e−iĤt |ψ0〉+ (−iĤ)−1(e−iĤt − 11)|Φ0〉
Ndong, Tal-Ezer, Kosloff, CPK. J. Chem. Phys. 130, 124108 (2009)



optimal control in a subspace

strong laser fields: undesired effects
avoidable?

|ϕ(t)〉 shall have components only in the allowed subspace:
P̂allow

Palao, Kosloff, CPK, PRA 77, 063412 (2008)



optimal control in a subspace

model: 33 vibronic levels of Rb2, 22 allowed

target: transition v = 0 −→ v = 1
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optimal control in a subspace

model: 33 vibronic levels of Rb2, 22 allowed

target: QFFT in v = 0, . . . , 3

0 1 2 3 4 5 6 7 8
time t [ ps ]

0.0

0.1

0.2

0.3

<
 P

fo
rb

id
 (

t)
 >

λ
b
 = 0

λ
b
 > 0



optimal control in a subspace

model: 33 vibronic levels of Rb2, 22 allowed

target: transition v = 0 −→ v = 1
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state-dep. constraint conveys
desired physics to the algorithm
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