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Definition of Majorization

Definition: vz,y € R* ,  maorized by ¥(z <y) means
ry < yy
Ty + 73 <y%+y§
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Geometrically

r <y means x liesin the convex hull of all the permutations of Y
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Some properties of majorization

Proposition 1: z <y if andonly if
x = Dy
whereD iIs doubly stochastic matrix:

dij 20 ) dij =1 ) ;dij=1

Proposition 2: if z <y, andf isaconvex (concave)
function, then

Ex: If 2 < yareboth probability vectors, and f(a) = —alog(a)
which isconcave, thenH(z) > H(y), where H(z) = 3", —z;log(z;)
IS the Shannon entropy of probability distribution x.



Majorization of density matrix

P1 Ismaorized by p2 If Ap1) < A(p2)

Von Neumann entropy: The Von Neumann entropy of
a density matrix is defined as

S(p) = —Tr(plog(p))

Alp1) < Alp2) | > S(p1) > S(p2)
Tr(p?) < Tr(p3)

Alp1) = Ap2) < > PL= > pilipaU}




Majorization monotone dynamics

fep = —ilH, p] + L(p)
L(p) =3, . aij(FipF] — LFIFip — 1pF] F)
i,j€{1,2,...,N? -1}
F,,a€{l,2,..,N? -1} forms a basis of N x N trace 0 matrices

A = (ay;) is positive semi-definite, (N* — 1) x (N? — 1) matrix

A(p(tz)) < )\(,0(?51)) when to > 17

Necessary condition: ! isasteady state, i.e., L(+1) =0

Sufficient?



Is entropy monotone?

Suppose L(Li1) = 0, IS entropy monotone increasing?

Relative entropy:

S(plo) = Tr(plogp) — Tr(plogo)

Take o0 = =1

1
N
S(plo) = Tr(plogp) — log~Trp

= —S(p) + logN

S(p(ta)| 1) < S(p(t1)| £ 1) when t > 17



S(p(ta)| % 1) = S(Tre[U,—,p(tr) © ppUY, _,,

< S(Uty—t,p(t1) ® PEUth—tl Uty —t, %I ) pEUth—h)

= S(p(t1) ® pe| 1 ® pE)

= S(p(t1)|+1)

m) S(p(t2) > S(p(t))

] |TTE [UtZ_tl ]l\]"[ ® IOEUtTQ—tl])




What are the conditions for L(I)=0¢

L(p) =3, s aij(FipF] — LFIFip — 1pF] F)

Choose F,,a € {1,2,..., N* — 1} as a basis of su(N)

L(I) = 0= ¥, s aij(F3F; — FiFy) = ¥, s aylFy, Bl = 3, 5 1 aiCruFr = 0

In the single spin case;

F3 — \/L—O'Z

F1 — %5033 F2 — %Jy D

L(I)=0 > Qij = aj;

| » A= (a;;) is real symmetric, positive semidefinite




Single spin case

1
= 4+ A(t) 0 U € SU(2)
t)y=U(t) | 2 Ut (t
) ()< 0 %—A(t)> () Ae0,4]
A= —(a1:1(t) + ay(t))A
A'(t) = OT(t)AO(t) O = Ad(U) € SO(3)
) A(ta) < A(t) when t5 > t;

Mp(t2)) < Alp(t1)) when 5 > t;



Compute reachable set of

controlled single spin
oy CONrofied single spin




A useful mathematical theorem

Theorem: I1fA isasymmetrica matrix with eigenvalues ), ; ¢ {1,2,...,n},
then the diagonal of A ismajorized by itseigenvalues, i.e.,

(@11,a22, ey Gpn) < (A1, A2y ooy Ap)
Furthermore, V(a}q, a5y, ...,al..) < (A1, A2y ey An),

30 € SO(n), such that the diagonal entriesof A’ = OT AQ IS

(a’llv CL/227 e a,’,m) .



Reachable set of controlled single
spin

A1) = OT(1)AO)  {O(t) = Ad(U(1))} = SO(3)

m=>p2 > ps areelgenvalues of A

(a’/lla al227 a’gB) ~ (,LL1, M2, :u3)

pa + po < ahy + ahy < pe

ANT) € [6—(u1+uz)T)\(O)7 6_(M2+M3)T)\(O)]



Reachable set of controlled single

spin

Thereachable set at time T for the density matrix of single
pinis:.

where U e sSU(2)
\T) e [e—(u1+/wz)T)\(0)7 e—(/m—i-,us)T)\(O)]



General case

dip = —ilH, p] + L(p)
L(p) = Zi,j aij(Fi,OF;r — %F;Fm — %pFJTF,L-)

p(ta) =, V;'P(tl)V;-T > ViTVi =]

L(I)=0 ' > Y ViVi=1

o(t1) = Uy Diag(Mp(t:))US
p(ty) = Uy Diag(A(p(t2))UJ
Diag(Mp(t2))) = 3, Vi Diag(M(p(t1)))V;"

where V/=Ujvity L V'Vi=1 WV =



General Case

Diag(A(p(t2))) = 32, Vi Diag(A(p(t1)))V;"

) Ap(t2)) = DA(p(t1))  WhEre D = 3, |(V!)asl’

Zi V;,TVL'/ =1 Zz VL‘,V;,T =1

=) D isdoubly stochastic matrix.

) Ap(ta)) < Alp(t))

L(I)=0 <====) Malorization monotone
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Maijorization in time optimal quantum control.



Two Spin System

External radio-frequency
magnetl cfield . .

Ho =Y Jos(t)oa ® op

a,f € {z,y, 2}

Hrf(t) = Uuq (t)O';U(X)I—'—UQ(t)O'y@I—l—U]_ (t) IQoz+vo (t)]@ay

w=(95) ==(25) ==(a3) =(53)



Two Spin System

«Glven any unitary matrix U in SU(4), find the
minimum time that it can be generated

Find all the unitary matrices in SU(4) that can be
reached withinany time T.

U (1) = —i[Ho(t) + H, (DU (1)

! !

Slow dynamics Fast control

Ur
U(0) = [f



Choose a basis
I e

|OO> |01> |OO>\—/I—§|11> i|00>\;§|11)
10 11 ,101)+]10) 01)—]10)
(4
V2 V2

SU@) @ SU(R) ) SO(4)

Ho =Y. Jo3(t)oa ® o4 — real symmetric

a, B € {z,y,2}



Compute the reachable Set

2
Ay (t) = —i[Ho(t) 4+ 3, us(t) HU (¢)

U= SlDiag(wla w27 %» ¢4)S2 S1,52 € SO(4)

4 Diag(1, o, 3, ¥4) = —iDiag(SHoST)Diag(yr, ¢a, 3, 04) S € S0(4)



Result for two spin systems

dU

dt y
Jrz(t) Jzy(t) Jzz(t)
J(t) = | Jyz(t) Jyy(t) Jyz(t)
Jox(t) Joy(t) Jz2(t)

Singular values: s1(t) > so(t) > s3(t)

ay(t) = s1(t), ax(t) = s2(t), az(t) = sgn(det(J(t)))s3(t)

uw(T) = [Jg a1(r)dr, fo ax(T)dr, 5 az(r)dr]




Result for two spin systems

Theorem: The reachable set for the control system

dU
= —i[) | Jop(t)oa®ogtuioe@IFupoy@I+uzl@or+uslQoy|U
a3

within time T are the set

Kiexp(iY)Ks : K1,Kp € SU(2) ® SU(2)

Y = C10x Q Oy + Co0y 024 Oy + c30z K 0z,

c1 > ¢y > s

c1 < pi(T)
c1+co—c3 < pui (1) + po(T) — pua3(T) } (c1,c2,¢3) <5 u(T)
c1+co+c3 < pr(T) + po(T) + p3(T)



Result for two spin systems

Given a two-spin operator U € SU(4)

K1,K» € SU(2) ® SU(2)
[ — Klez’(cla$®a$+020y®0y+0302®0z)K2

7 > C1 2> cp > g

The minimum time required to simulate U is given by the
minimum value of T such that either

(c1,¢9,¢3) <s u(T)

or t
(C].‘J €2, C?)) _l_ g(_l: CI: D) < :U:(T)

holds



Example: Solid State NMR

Ho(t) = Dt)(0z Q@0+ 0oy Roy — 20, Q@ 03)

Swap gate

U — —Z4 (U:B®0x+0'y®0'y+0'z®0'z)

RF FIELD

The minimum time to generate
Uistheminimumtime T
satisfies:

%ﬁ < Jo 3ID®)| — D(t)dt U \J U;

it




Conclusion
S

Majorization is useful!



