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OUTLINE
1. String formation in field theory

- picture in space and time
- main physical properties of the string

2.      QCD String in D=3,4 dimensions
- fixed end spectrum 
- Casimir energy 
- paradox ?
- closed string spectrum (one unit winding) 

3.      Z(2) string in 2+1 dimension
- spectrum
- Casimir energy
- paradox ?
- closed string spectrum (one unit winding)

4. Insight from  1+1 dimensional model  (left for discussion)
- exercise in quantum mechanics          

5.      Conclusions

Quark
AntiQuark

Confining Force What is this stuff?

String theorists interested in QCD string problem

Quenched, but relevant in confinement/string and large N 

1. On-lattice QCD string spectrum

2. D=3 Z(2) gauge model
microscopic loop equations (Polyakov)
macroscopic string 3d Ising interface

String in QCD?

Casimir energy of ground state
Excitation spectrum
Goldstone modes and collective variables
Effective theory?
Microscopic variables (loop equation)?
Geometric interpretation?duality
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- Massless Goldstone modes?

- Local derivative expansion for their interactions?
from fine structure in the spectrum

- Massive excitations?

- Breathing modes in effective Lagrangian? 

- String properties ?  Bosonic, NG, rigid, …?
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Fixed color source
(quark)

Opposite fixed color 
source (antiquark)

ΛΛΛΛ � angular momentum
projected along 
quark-antiquark axis

ΛΛΛΛ+ + + + −−−−

+−−−−

CP

Three exact quantum numbers 
characterize gluon excitations:

Angular  momentum
with chirality

Chirality, or  reflection
symmetry for  ΛΛΛΛ = 0

g  (gerade) CP even
u (ungerade) CP odd

S states (Λ =0) ΣΣΣΣg
+ + + + −−−−

P states (Λ =1) ΠΠΠΠ+ + + + −−−−

D states (Λ =2) ∆∆∆∆+ + + + −−−−

.........     .     .     .     
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Three length scales in 
energy spectrum:

&�'�%()����&�'�%()����

Short distance QCDShort distance QCD
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OPE  (Soto et al.)
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Crossover (model sensitive)
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Onset of string ordering
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u u
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Short distance region

{

2
3 3

aCb gauge a
1 2

1 1 2 2 1 2

  singlet

  octet

g Q Q
H H g (Q Q) d rA (r, t)J(r, t)

4 | r r |

1 1 1 1
4 J(r) ( ) ( )
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Multipole operator product expansion 

of  A(r,t) and J(r,t):
�� � � �

Crossover transition region
difficult to interpret
model dependent
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Luscher-Weisz  Casimir Energy
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is this significant?

NG

NG
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Two basic questions:

• Why the precocious onset of  Ceff ~ 1?

• Where does the central charge C=1 reside?

On a geometric string? 

Or distributed between masslessGoldstone modes and the bulk?

Answer to second question will determine whether early

onset of Ceff ~1  is a true signal of string formation,

or just an accident

1
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2 2
reg 2

2L 1
E (L,a) O(a /L )

a 2a 24L
π= − − +

π
2 2

2
a

128 L
π−

2

2
d E(L,a)312

eff dL
C (L) Lπ= −

“String tension”

end effects

Casimir

1D example:
J(x) is represented by infinite 
Dirichlet walls at two ends

Vanishing correction
in a -> 0 limit
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But what to do about the killer end effects?

Look for string-solitonswith winding
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Str ing-soliton with unit winding
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- Massless Goldstone modes

- Local derivative expansion for their interactions
from fine structure in the spectrum

- Massive excitations

- Breathing modes in effective Lagrangian 

- String properties ?  Bosonic, NG, rigid, …

Str ing check list

?

?

Onto D=3 Z(2) gauge group to learn more
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Wilson Surface of 3d Z(2) Gauge Model

smooth   ro             0 =0.407 =0.2216          ug  h      R cβ β

mass gap

roughening transition
Kosterlitz-Thouless  
universality class

gapless surface

confining phase

deconfined

critical region
continuum limit (QCD)
effective        field theory

Z(2) gauge  Ising duality

Similar picture expected in QCD

4φ

1
ln(tanh )

2
β β= −

Semiclassical Loop Expansion
Soliton Quantization (string)
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Wilson line of Z(2) gauge group becomes a 

seam of flipped links in dual (Ising) representation

Multispin coding of Ising bits in Monte Carlo

Parallel *  Parallel

-in long flux limit spectrum is 
expected to factor ize

- translational zero mode of soliton

- Goldstone spectrum

Effective Schrodinger equation 
based on fluctuation matrix of string soliton

2 "
solitonM U ( )= −∇ + φ

effVL 30=

xz

(z) exp(iqx)

q n,   n 1,2,3...
L

φ ⋅
π= =

zero energy
bound state

quantized momentaof Goldstone modes
in box of length L

shape and end effects distort!
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Most important step in deriving correction terms in effective action
of Goldstone modes in Z(2) D=3 gauge model:

Goldstone
ξ

Goldstone
ξ

massive scalar
η

µ µ∂ ξ∂ ξη

2 2

1
q Mµ µ µ µ∂ ξ∂ ξ ∂ ξ∂ ξ

+
�

2 2
0 0

1 1
( )( )

4 2

T R

a a b bS c d dt s x x x x
ì üï ïï ï= ¶ ¶ ¶ ¶ + ×××í ý
ï ïï ïî þ

ò ò

when q n M
R

n R M/

π=

⋅ π

�

�

resonance
non-local terms

includes next term
in NG prediction

universal

first NG term

first term
in field theory

2 2

dimensionless scale variable      

2 2/ 1
12N

x R

D NE x
x x

σ

πσ π

=

−= − +

Summary of main results on the 
spectrum of the fixed end Z(2) str ing 

NG

Expand energy gaps for large x

First correction to asymptotic spectrum
appears to be universal

Higher corrections code new physics
like string rigidity, etc.

Similar expansion for string-soliton
with unit winding

Data for R < 4 fermi prefers field theory
description which incorporates end 
effects naturally

0
2 4

( ) ( ) ( )NR E E a N b NN
x xπ

− = + + +�
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- Massless Goldstone modes

- Local derivative expansion for their interactions
from fine structure in the spectrum

- Massive excitations

- Breathing modes in effective Lagrangian 

- String properties ?  Bosonic, NG, rigid, …?

WITHIN OUR REACH
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Conclusions:

1. Fine structure in QCD string spectrum
Progress on string-soliton spectrum

2. Casimir energy paradox: low energy Goldstone 
modes � geometric string theory?

3. Is bulk behavior and related resonance 
spectrum the clue?  Origin of central charge?

4.   Effective low-energy string theory?
Universality class of QCD string ?

neither  was 
seen before


