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Part |. Scalar M odels

Goal: Analyze pattern formation in the equation

Ou (fv y,

:—u+// (x— 5.y — q)f(u(s.q.t) — th)dsdg

® u(x,y,t)Is the activity level (voltage) at position (x,y) at
time t.

® w(z) Is the coupling weight.

°

f is the firing rate function.
® th > 01s the threshold.
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TheFiring Rate

(u — th)2)
H is the Heaviside function. Below: Q =2, p=.1, th=1.5

f(u —th) = Qexp( H(u — th)

f(u)

2.07
ﬁ

|
th=1.5
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w(r)

KelTkN-mel=mn)

| w(r)=€""P(bsin(r)+cos(r))

S~ |
\/6 12

w(r)=2e 7K (1—d,r?+d,r*—dy®)

15
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PDE Derivation

w4+ = / / (x— 82+ (y — )2)f (uls, 4, 1) — th)dsdg

Apply the two—dimensional Fourier transform defined by

Fg) = (2m)! / / crp(—i(ax + By))g(w, y)da dy

Fu+u) = F(w)E(f(u—th))

If w =w(r) then F(w) = F(y/a? + 52). To obtain the PDE we
approximate F'(w) by a rational function of y/a2 + 2.
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A Lateral Inhibition Coupling

w(r) = 3.5e %% — 2.9¢7 19"

: 9.8 5.51
PO = s 2~ B 1 P

where n = /a2 + 32. Approximate F(w) by

—.0808n° — .1755
G(U) — 9 A
7.7592 + 4.1991n2 + 3.3163n

The inverse of GG Is
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Original w(r) (solid) and approximation (circles).
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AN AN

(0?4 32 —2M(a®+ %)+ B+ MH)F(u+uy) = AF(f(u—th))

|dentities:

AN

(®+ 3*)?*F(g) = F(V'9) and (o + ) F(g) = —F(V3g)
Resultant PDE:

(VA 4+2MV? + B+ M*)(us +u) = Af (u — th)
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N-bump solutions.

(I) Change to polar coordinates and find symmetric solns.

L =

ot 203 102 10 02 10
e LA YV A W W Ve
or4 Jr7“(97“3 r2 Or? +7“3 8r+ (6’r2 * 7“37“) thT

L(us +u) = Af(u—th),

(1) Find stationary solutions of the ODE problem

[ Lu= Af(u— th),

u'(0) = u"(0) =0, and lim, oo (u, v, u”, u"") = (0,0,0,0).

\

(111) Linearize the PDE around the ODE solution
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L Inearization

u(r,0,t) = u(r) + pv(r,t)cos(mb), 0<pu<<1

To first order v satisfies

ot 293 <2Mr2—2m2—1) 02+<2m2+1+2M7’2) 5,

o oS T = o2 ~ ar

m* — 4m? + (B + M?)r* — 2Mm?r? Ov
+ ](V—I_E)

Let v(r,0) = e~ . We expect that v(r,t) ~7(r)eM as t — oo,

= Af'(u—th)v

rd

v(r,t) ~o(r)eM as t — oo,
where ) is the largest eigenvalue, 7(r) is the eigenfunction.
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Example: M=1, A=4,B=.1

N A
F(\/CV2—|-52): B—I—(Oz2—|—ﬁ2—M)2

The inverse Is given by

0 ‘ ‘
VAR



ODE Bifurcation diagram.

max

1.5

th

34

.25
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3-bump solution.

max

1.5

th

34

/// \ E
R % S 0 |
4 \/10 r 3
__3,
_2,

Left: ODE sol. and eigenfunction at m=3. Right: X\ vs. m.

Persistent patterns in nonlocal models. — p.13/3




Persistent patterns in nonlocal models. — p.14/3



Persistent patterns in nonlocal models. — p.15/3



Persistent patterns in nonlocal models. — p.16/3



Persistent patterns in nonlocal models. — p.17/3



eve

Curves
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/-bump solution.

0//\/56\

Left: ODE sol. and eigenfunction at m=6. Right: X\ vs. m.
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Part |1. Extension To Systems

Ou — —u+// w(x,y,q,s)f(u—th)dgds — Ba+ 1
ot 0
da
TE = CU—CL
or
ou
— = —u—i—// w(x,y,q,s)f(u—a—th)dqgds+ 1
ot 0
Oa
7’5 — CU—CL,

where a(x,y,t) IS an “adaptation” or “recovery" variable.
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Target Patterns

(I.) Use the PDE approach to transform

@ — —U—|—// w(x,y,q,s)f(u—a—th)dqu
ot 0

da
TE — CU—CL.

Into

(VA +2MV2 4+ B+ M?*)(u+w) = Af(u—a—th)

Ta; = Cu—a.
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(11.) Find time independent axially symmetric solutions of

( Lu=Af(u—a—th),
¢ 0=Cu—a,

u' (0) =4 (0) =0, and lim, o (u, v, u”,u"") = (0,0,0,0).

where

ot 20 10> 190 0> 10 )
=2 29 9 29 oL 12\ iBym
L or +r07“3 r28r2+r33r+ (5’r2+rﬁr>+ +

Use Auto97 to find a solution (ug(r), ac(r)) for C > 0.
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(111.) For each C' > 0 solve

(VA4 2MV2 + B+ M?)(w+u) = Af(u—a—th)

Ta; = Cu—a,

(u(r,0),a(r,0)) = (uc(r),ac(r)) + small perturbation.

20

10

-10

-20

-20 -10 0 10 20
X

Target Pattern.
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Rotating Waves

Substitute (u,a) = (u(r, ¢),a(r, ¢)), ¢ =60 —wt INtO

(VA4 2MV? + B+ M?)(u+w) = Af(u—a—th)

Ta; = Cu—a
and obtain
(V4—|—2MV2+B+M2)(u—wg—Z) = Af(u—a—th)
—WT@ = Cu—a.

0¢
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Limiting Case: w=—-1, C =0, a=0, f=H(u—th).

(VH4+2MV? + B+ M*)(u — w gg) = Af(u—a—th)
—ng—Z = (Cu—a.
reduces to
(V4+ZMV”+B+AWXu+g%): AH (u — th)

ro) = (g + = g™ He=1)
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0 1

Spiral for C=0.

Spiral for C>0.

Persistent patterns in nonlocal models. — p.28/3



3-Bump and 7-Bump Rotators
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Experiment: J. Y. Wu (August 2003)

Waves in tangential slices

rat occipital cortex 8 x 6 mm fangential slice,
o a— 500 um thick, (layers] - IV )
mid |-, ;‘
i e pa @ 5 mm field of view,

124 optical detectors

oscillations on ane dstector

=3081807-dzt 16

vortex waves 1
irregular waves ( 33 tums Irregular waves s6C

see movie)

Rotating Wave
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