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Part I. Scalar Models

Goal: Analyze pattern formation in the equation

� �

is the activity level (voltage) at position at
time

is the coupling weight.

is the firing rate function.

is the threshold.
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The Firing Rate

�

H is the Heaviside function. Below:
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PDE Derivation

�

� �

� �

Apply the two–dimensional Fourier transform defined by

�

� �

�

If then

� �

To obtain the PDE we
approximate by a rational function of

� �
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A Lateral Inhibition Coupling

��
�

�
	 �
�

�
	

� �  � � �  �

where

� �

Approximate by
�

� �

The inverse of is

�

�
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Example

�

� � �

� � � � � �

�

Identities:

� � � � � � �

Resultant PDE:

� � �

�
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N-bump solutions.

(I) Change to polar coordinates and find symmetric solns.

�
�

�
� �

�
� �

�
�

�

�

(II) Find stationary solutions of the ODE problem
	

(III) Linearize the PDE around the ODE solution
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Linearization

To first order satisfies

�
�

�
�

� �

�

�
�

� �

�

� � � � � �

�

Let

	 �

We expect that

� �

� �

where is the largest eigenvalue, is the eigenfunction.
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Example: M=1, A=.4, B=.1

� �

� � �
The inverse is given by
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ODE Bifurcation diagram.
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3-bump solution.
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Left: ODE sol. and eigenfunction at m=3. Right:
Persistent patterns in nonlocal models. – p.13/30



u

r

1

−2

4 10

th=.25

16

.25

.

m/

3

λ

0

.3

0

−.3

Persistent patterns in nonlocal models. – p.14/30



Persistent patterns in nonlocal models. – p.15/30



u

r

2

1

−2

4

2

10

th=.25
.25

3

9

4
m5

5

6

λ

0

7

.15

−.15

8

Persistent patterns in nonlocal models. – p.16/30



Persistent patterns in nonlocal models. – p.17/30



Level Curves
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7-bump solution.
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Part II. Extension To Systems

Q

or

Q

where is an “adaptation" or “recovery" variable.
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Target Patterns

(I.) Use the PDE approach to transform

Q

into

� � �

�
�
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(II.) Find time independent axially symmetric solutions of

	

where

�
�

�
� �

�
� �

�
�

�

Use Auto97 to find a solution R R for
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(III.) For each solve

� � �

�

�

R R

Target Pattern.
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Rotating Waves

Substitute into

� � �

�
�

and obtain

� � �
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Limiting Case:

� � �

reduces to

� � �

� �

	 S
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� �

	 S

Spiral for C=0. Spiral for C>0.
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3-Bump and 7-Bump Rotators
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Experiment: J. Y. Wu (August 2003)

Rotating Wave
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