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Introduction

• Cosmic stringsa are linear distributions of mass-energy in the universe.

• In theories of high energy physics they may be

– Fundamental (string theory): zero width

– Solitonic (field theory): non-zero width

• Made in the early universe?b

• Intriguing hints in CMB

• Conventional string scenarios (1980s): modelling, Nambu-Goto simulations.

• Now we can use underlying field theory in the classical approximation ...

• ... and even look at leading quantum corrections.

aHindmarsh & Kibble (1994); Vilenkin & Shellard (1994); Kibble (2004)
bKibble (1976); Zurek (1996); Rajantie (2002); Yokoyama (1989); Kofman, Linde, Starobinski (1996);

Jones, Stoica, Tye (2002); Sarangi & Tye (2003); Copeland, Myers, Polchinski (2003); Dvali & Vilenkin

(2003)
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Two models of a universe filled with string

Classical Abelian Higgs model Nambu-Goto strings

Small-scale string dynamics: Significant uncertainty in predictions
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Observational signals from strings

Small theoretical disagreement (factor < 10)

• Cosmic Microwave Background, density perturbations a

Large theoretical disagreement (factor 10lots)

• Gravitational radiationb

• Cosmic raysc

• Gravitational lensingd

aZel’dovich (1980); Vilenkin (1981); Kaiser & Stebbins (1984); Landriau & Shellard (2004); Wyman et
al (2005); Bevis et al (2006,2007)

bVachaspati & Vilenkin (1985); Hindmarsh (1990); Damour & Vilenkin (2000,2001,2005)
cBhattarcharjee (1990); Sigl (1996); Protheroe (1996); Berezhinksi (1997); Vincent, M.H., Sakellari-

adou (1998); Wichowski, MacGibbon, Brandenberger (1998)
dVilenkin (1984); Hindmarsh (1989); de Laix & Vachaspati (1996,1997)
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Hints in the WMAP 3-Year Data?

−200 < ∆T < 200 µK
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Abelian Higgs string Cℓs vs. WMAP3 and BOOMERanG

Multipole moments:

alm =
R

dΩ∆T (n)Y ∗

lm(n)

Angular power spectrum:

Cl =
l

X

m=−l

|alm|2

Anisotropy power:

l(l + 1)Cl/(2π)
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WMAP (binned)
BOOMERANG

Top: Strings normalised to WMAP3 (ℓ = 10)a

Bottom: Best fit strings+ΛCDM vs. ΛCDM only

aBevis, Hindmarsh, Kunz, Urrestilla (2006)
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Results slide for string-o-philes

MCMC fit to CMB data (WMAP3, Boomerang, CBI, ACBAR, VSA)a

Gµ = (0.65 ± 0.10) × 10−6

• Corresponds to µ ∼ (1016 GeV)2

• Fraction of CMB anisotropy power at ℓ = 10 f10 ≃ 0.1

aClassical Abelian Higgs model. See Urrestilla et al. 0704.3800 for other models.
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Results slide for string-o-phobes

MCMC fit to CMB (7 parameters)a

+ Hubble Key Project (H0 = 72 ± 8 km s−1 Mpc−1)

+ D abundance & Big Bang Nucleosynthesis (Ωbh2 = 2.14 ± 0.20 × 10−2)

Gµ < 0.7 × 10−6 (95%)

aClassical Abelian Higgs model. See J. Urrestilla’s talk for other models.
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Formation of strings (Kibble-Zurek) (2+1)D model

Real scalar field φ(x, t), symmetry φ → −φ. Lagrangian density:

L =
1

2
∂φ2 − V (φ), V (φ) = V0 −

1

2
µ2(T )φ2 +

1

4!
λφ4.

T (t) is a control parameter

(e.g. temperature, inflaton)

µ2(T > Tc) < 0, µ2(T < Tc) > 0

Phase transition at T = Tc.

Field eqn. (Minkowski space)

∂2φ

∂t2
−∇2φ − µ2(T )φ+

1

3!
λφ3 = 0

“String” solutions φ = v tanh(µx)

Energy density

c
T>Tc

φ−v +v

1/µx0

V

x

T

T<Tc

T=T
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Formation of strings in 2D: numerical simulation

φ̈ + η(t)φ̇ −∇2φ + (φ2 − µ2(t))φ = 0

η(t) = θ(tdamp − t) damping models cooling, expansion:a

µ2(t) = θ(t) − θ(−t) models rapid transition

Initial conditions: φ(x) Gaussian random variable on each lattice site

t = 0 η = 1 t = 30 η = 0 t = 60 η = 0 t = 90 η = 0

aGaragounis and Hindmarsh [hep-ph/0212359]

See next talk by A. Rajantie for strings in 3D.
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Abelian Higgs model (FRW background)

S = −
∫

d4x
√−g

(

gµνDµφ∗Dνφ + V (φ) +
1

4e2
gµρgνσFµνFρσ

)

,

Complex scalar field φ(x, t), vector field Aµ(x, t)

Covariant derivative Dµ = ∂µ − iAµ.

Potential V (φ) = 1
2λ(|φ|2 − v2)2.

Metric ds2 = a2(τ)(−dτ2 + dx2)

τ : conformal time, ∝ t
1

2 , t
1

3

c

T<T

T=T

T>T

c

2

1

φ

T

c

φ

V

Temporal gauge (A0 = 0) field equations (index raised with Minkowski metric).

φ̈ + 2
ȧ

a
φ̇ − D2φ + λa2(|φ|2 − v2)φ = 0,

∂µ

(

1

e2
Fµν

)

− ia2(φ∗Dνφ − Dνφ∗φ) = 0,
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Solutions in 3D

• Static (infinite energy) cylindrically symmetric:

straight infinite string

• Non-static:

∞ string with waves, oscillating loops.

• Radiation: scalar: h = |φ| − va vector: Aµ

(� − m2
h)h = 0, (� − m2

A)Aµ = 0

mh =
√

2λv, mA = ev.

aUnitary “gauge”
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Parallel simulations of field theories: LATfield

• Public C++ library of objects for parallel classical lattice fieldsa

• Rewrite of MDP/FermiQCDb

• Objects:

Lattice: Takes care of boundary conditions and domain decomposition

Field: Template - can have real, complex, user-defined object.

Site: Accesses elements of field

• Parallelisation by compiler switch

aBevis & Hindmarsh http://www.latfield.org/
bMassimo di Pierro et al., http://www.fermiqcd.net/
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Visualising Abelian Higgs model simulations

(Loading ...)

Isosurfaces:

ρ (pink)

L (yellow)

Size: 1923

16 ≤ τ ≤ 48


Lag1EnDensBox_192b5_3QuartersBoxLight_60Steps_54Frames.avi
Media File (video/avi)
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Abelian Higgs model simulations: string length scale

Scaling: L/V ∝ τ−2

Network scale: ξ =
√

(V/L)

Hence ξ ∝ τ

Lattice spacing: ∆x = 0.5

Time step: ∆t = 0.1

Volume: 10243

Couplings: λ = 2, e = 1

Masses: ms = mv

Lagrangian length ξLag

Matter era
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10243 data
ξ = 0.267t − 45.3
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String network scaling hypothesis

We are interested in late-time dynamics

• String network characteristic scale ξ (=
√

V/L, i.e. average curvature radius)

• Network scaling hypothesis (a): ξ = x∗t (x∗ constant)

• Network scaling hypothesis (b): No trace of initial scale ξi

• ξi = M−1g(MτQ) set by correlation length of fields, quench time τQ
a

• String energy density: ρs ≃ µ/ξ2; total ρt ∼ 1/Gt2: Ωs ∼ Gµ/x2
∗

Scaling: extrapolate from ti ∼ 10−36 s to t0 ∼ 3 × 1017 s today

aKibble (1976); Zurek (1985); Rajantie & Hindmarsh (1999), Hindmarsh & Rajantie (2000)
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Energy loss (without gravity)

String curvature radius ξ

String mass/unit length µ ∼ v2 ∼ M2/e2

String width w ∼ M−1

String energy density ρs ≃ µ/ξ2

• Perturbative particle productiona

Power/length ∼ M/ξ2

• Cusp annihilationb

Power/length ∼ M
1

3 /ξ
4

3

aSrednicki & Theisen (1987)
bBrandenberger (1987)

Scaling: Power/length ∼ ρ̇s/(L/V ) ≃ −(µ/ξ3)(ξ2): requires ∼ M2/ξ

There is another non-perturbative mechanisma

aVincent, Antunes, Hindmarsh (1998)
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Radiation or “core” or “proto”-loops?

(Moore, Shellard, Martins (2001)



Cosmic strings - lessons from field theory Mark Hindmarsh (Sussex) 21

Strings (domain walls) in 2D
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250 | 16000

Scaling beyond ξM ∼ 103a

aBorsanyi & Hindmarsh (2007)

A Large amplitude wave front

B Waves emitted earlier by D

C Stationary oscillon

D Collapsing domain
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Oscillon production: relics of non-perturbative oscillat ions

• large-amplitude

• localised
• long-lived

• exist in Abelian Higgsa

V (φ) = 1
4λ(φ2 − 1)2
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aGleiser & Thorarinson (2007)

Production by domain wall networka

Produced with high velocities (γ > 1)

Large amplitude oscillon ≡ small loop of wall

aHindmarsh & Salmi (2007)
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Summary - non-perturbative energy loss from strings

A problem of two scales:

string curvature radius ξ string width M−1

• Operates over more than 3 orders of magnitude: ξM > 103

• Produces classical radiation with λ ∼ M−1

• Large amplitude perturbations can be counted as small loops (long-lived in 2D)

More clues from small-scale structure?a

aHindmarsh, Stuckey, Bevis in preparation.
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Cosmic strings: Approximations

?

-

String/M theory

↓ (Energy ≪ MP )

Quantum field theory

↓ (Large occupation number, bosons)

Classical field theory

↓ (Low curvature string configurations)

Classical Nambu-Goto strings

↓ (Phenomenological)

Unconnected segment model, (Velocity-dependent) one-scale model
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Semiclassical decay of strings in 2D

Is classical field theory really a good approximation?a

(∂2 + m2)φ̂(x) +
λ

6
φ̂3(x) = 0 .

Quantum expectation value: φ̂(x) = Φ̄(x) + ϕ̂(x), with 〈ϕ̂(x)〉 ≡ 0.

Wightman propagator G<(x, y) = 〈ϕ̂(y)ϕ̂(x)〉
Hartree (Gaussian) approximation

[

∂2
x + m2 +

λ

2
G<(x, x)

]

Φ̄(x) +
λ

6
Φ̄3(x) = 0 ,

[

∂2
x + m2 +

λ

2
Φ̄2(x) +

λ

2
G<(x, x)

]

G<(x, y) = 0 ,

aBorsanyi & Hindmarsh (2007)
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Hartree ensemble

NE classical trajectories ϕi(x, t), solutions of the equationa

(

∂2
x + m2 +

λ

2

[

Φ̄2(x, t) +
〈

ϕ2(x, t)
〉

E

]

)

ϕi(x, t) = 0 .

Wightman propagator from ensemble average: G<(x, y) = 〈φ(x, t)ϕ̂(y, t)〉E
Initial conditions for quantum “particles”:

〈ϕ(~x, 0)ϕ(~y, 0)〉 = ~

∫

ddk

(2π)d
e−i~k(x−y) 1

ωk

(

n0
~k

+
1

2

)

,

〈ϕ̇(x, 0)ϕ̇(y, 0)〉 = ~

∫

ddk

(2π)d
e−i~k(x−y)ωk

(

n0
~k

+
1

2

)

,

〈ϕ(x, 0)ϕ̇(y, 0)〉 = 0 .

Vacuum: n0
~k

= 0 initialised after domain walls formed

aC.f Sallé, Smit & Vink (2001), Salleé (2004)
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Classical versus Hartree dynamics 1
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Classical versus Hartree dynamics 2

Classical field Hartree mean field particle number density

quantum corrections to evolution small n0
~k
≪ 1
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Two models of a universe filled with string

Classical Abelian Higgs model Nambu-Goto strings

Can we reconcile these pictures?
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Energy loss from strings: towards a solution

Field theory: classical radiation

Nambu-Goto: small loops, small-scale structure

Small-scale structure → loop production peaked at UV cut-offa

• Synthesis: 〈ℓprod〉 ∼ w:b

• Small loops ≡ large-amplitude field oscillations

• Energy goes into UV theory (scalar & gauge fields, closed strings E ∼ Ms)

• Scaling without gravitational radiation reaction

New: Small-scale structure on Abelian Higgs stringsc

aPolchinski, Rocha (2006); Dubath, Polchinski, Rocha (2007).
bConventional picture: gravitational radiation reaction

˙

ℓprod

¸

∼ (Gµ)pt
cStuckey, Hindmarsh, Bevis in preparation.
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Conclusions

• Field theory: underlies solitonic cosmic strings

• Field theory: less modelling, more physics

• Energy loss: non-perturbative classical radiation

• Quantum corrections: small

• Scale separation problem: how does theory transport energy?

• Hints of strings at Gµ ≃ 0.7 × 10−6 (GUT scale)?

• Motivates D-term, F-term inflation models.
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Future prospects

• Tighter constraints:

– WMAP5 & ACBAR (higher ℓ)

– Planck - improved TT, TE, EE:

strings v. tensors

– Polarisation (QUAD, CLOVER, . . . )

– (Improved H0)
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String fraction f10 = 0.0035

• Other observational signals highly sensitive to energy loss mechanism

– Field theory: classical radiation → cosmic rays

– Conventional: gravitational waves
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Stop Press: Dates for your Diaries

NORDITA workshop

Electroweak Phase Transition

July 15th - August 31st 2009

Mark Hindmarsh (Sussex)

Stephan Huber (Sussex)

Kari Rummukainen (Oulu)


