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I.

OUTLINE OF TALK

e Early History and issues in Nonequilibrium QFT

e Schwinger Pair Production in QED- Transverse Distributions-

Analytic

e Schwinger Pair Production in QCD- Transverse Distributions-

Analytic
e Some Analytic Results for Time dependent Fields

e Backreaction and particle production in Leading order large-N-

QED
e Backreaction in QCD

e Thermalization vs. Expansion time scales



II.

EARLY HISTORY AND ISSSUES

Crucial questions in the 1980’s

e How to add quantum corrections to classical treatment of infla-

tion [I] of Guth, Linde and Starobinsky

e Understanding quantum backreaction and pair production in de-
Sitter space as a possible solution to the cosmological constant

(Mottola) [2]

e How to correctly describe the initial state in Large-N or Gaussian
approximation and how to renormalize mean field (large-N) time

evolution problems. [6] [7]

e Can we understand Particle Production at RHIC using a Flux
Tube picture [§]. and Schwinger Mechanism? Verify Semiclassi-

cal Transport approach.

e How to correctly (without secular terms [4]) go beyond leading
order Gaussian approximation and renormalize using the CTP

formalism. [3]

e How to preserve symmetries in approximation schemes.



[t was in order to better understand back reaction as a solution of
the cosmological constant problem that Cooper and Mottola studied

)

as a "toy’ model, backreaction in the Electric Field case. However
interest in particle production following Relativistic Heavy Ion colli-
sions using a Flux Tube model, converted this toy problem into one
with experimental consequences [§]. In light of the renewed interest
in particle production from semi-classical gluonic fields we have re-
cently undertaken a study of the quantum back reaction problem in
SU(3) QCD in 3+1 dimensions in the hope of seeing what one can
learn about jet production at RHIC and LHC and also what one can

learn about the initial gluon condensate state.



III. PAIR PRODUCTION FROM A STRONG ELECTRIC FIELD

In order to pop a pair of fermions (or bosons) out of the vacuum one
must supply an energy e 'z in a Compton wave length x ~ h/mc .
Since this needs to produces (at) rest a pair with rest energy 2mc?
then it is clear that the critical value of the electric field for this to

happen is of order

eEh/mec = 2mc? (1)

or

Ecritical ~ 2m203/6h~ (2)

Simple tunneling picture: One imagines that one has an electron
bound in a potential well of order |Vp| & 2mc?* one then applies a
constant electric field with potential energy e Ex to the (say square
well ) potential of depth 2mc?. The ionization probability is propor-

tional to the WKDB barrier penetration factor:

oo |2 [ an (2m(V — eBla2) | = e-nieimner) (3
b=y ) de(2m(Vo—eBla) )| =e - (3)

In what follows we will set h = 1; ¢ = 1. When E > E..iica there is

no exponential suppression of pair production.



A. Constant Electric and Chromoelectric Field Results

In a classic paper [9] in 1951 Schwinger derived the following one-

loop non-perturbative formula

dW  e’E” i 1 _nmm?

dix 473 n2 e 4)
n=1

for the probability of eTe™ pair production per unit time per unit
volume using proper time method. For charged scalars instead one
has:
202 0 {ytl 2
dW _ e’ Z ( 1) Q_W_ (5)
d*z 83

n=1

n2
The result of Schwinger was extended to QCD using proper time

methods by Claudon, Yildiz and Cox [12] for the case of massless

aw

m, COU.ld

(but not massive) quarks. However the pp distribution
not be obtained by the proper time method. A WKB approximation
was done by Casher et. al. [10]. The exact Path Integral calculation
done recently by Gouranga et. al. [I1]. For QED the WKB analysis

1s exact:



Scalar electrodynamics:

AW E _pem?
e s ] G

drxd?py 83

The QCD result depends on two independent Casimir invariants:
C, = [E°E%] and Cy = [dp.E*E°E? where E® is the constant

chromo-electric field with color index a, b, ¢ = 1,2, ..8[11].

ANy 1 < (i)
4. .
dtdBzdor  4m8 Z g\ In[l — e N0 ],

pr =
(p%—FmQ)
T

- Z wZ— ®)

where m is the mass of the quark. This result is gauge invariant

because it depends on the following gauge invariant eigenvalues

A = ﬁ cost ,
3
Ay = \/% cos (27/3 —6),
A3 = \/% cos (2/3+0), (9)
where 6 is given by
cos?30 = 3C,/C3 . (10)



The integration over pr in eq. yields

_n7rm2)
3 o |g)\'

aw 1 919 e 194l
dir A3 Z 9%’2 n2 (11)

j=1 n=1

This result depends on both Casimirs, except for massless fermions

when the series can be summed to give:

w1y ey~ Lo 8E“Ea2 12
To = a2 Ny 2 PR 02

j=1 n=1

which reproduces Schwinger’s proper time result for massless
fermions, extended to QCD, for the total production rate dN/d*z
[12]. The exact result in eq. can be contrasted with the following
formula obtained by the WKB tunneling method [28§]

2 2)

dNy g —|gE] _ gt
4 In[l — 9P 13
dtBrdpy e L K (13)

For soft gluon production Nayak and van Nieuwenhuizen [11] found

in the Feynman T Hooft gauge [13]

3

2
dN, 1 _mr
dtd3xcgngpT e > gyl [l + e ). (14)

j=1
This was shown to be indepedent of the gauge fixing choice by Cooper
and Nayak [15].



B. Background Field Method and Schwinger Pair production in SU(3) Gauge

Theory

In the background field method of QCD the gauge field is the sum

of a classical background field and the quantum gluon field:
AL — AL+ Q) (15)
where in the right hand side Aj} is the classical background field and

@} is the quantum gluon field. The gauge field Lagrangian density

is given by

Lo = — FLIATQF™[A+ Q] (16

The background gauge fixing is given by by [13]
DM[A]QIM — 07 (17)
where the covariant derivative is defined by
DY[A] = 670, + gf™A;. (18)

The gauge fixing Lagrangian density is
1 a
Lo = — 5 [DAQ") (19

where « is any arbitrary gauge parameter, and the corresponding

ghost contribution is given by



Lonost = X'DPAID" A+ Qlx" = X" K”[A,Q] x".  (20)

Now adding egs. and and (20)we get the Langrangian

density for gluons interacting with a classical background field

+ X" K™A, Q] X" (21)

To discuss gluon pair production at the one-loop level on considers
just the part of this Lagrangian which is quadratic in quantum fields.
This quadratic Lagrangian is invariant under a restricted class of
gauge transformations. The quadratic Lagrangian for a pair of gluon
interacting with background field A is given by

Egg - %QM@M,% [A]be (22)

where

1
MUIA] = nu[DUADIAL — 20 F, + (-~ DIDA)D,(A]"
For our purpose we write

My[A] = M, Al + o/[Du(A)Dy(A)" (23)

HYsa=1
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where o/ = (£ — 1). The matrix elements for a=1 is given by

My Al = 0w [Dy(A)D (A" — 29f"F, (24)

HYsa=1
which was studied in [I1]. In this approximation the ghost La-
grangian density is given by

Lowost = XDy [AID"[A]x* = X" KAl X" (25)

The vacuum-to-vacuum transition amplitude in pure gauge theory

in the presence of a background field Af is given by:
s>t = [laqlaidn ¢SS (20

For the gluon pair part this can be written by

sood _ DAL _ Qe et - g
+ < | > = m o f[dQ] ez‘fd% QuaMl%[()]Qub = €

where S\ . the one-loop effective action, is given by
eff

| (Dethgp[A]) 12
ST T e Al

7: a a
= 5Tr[LnMw’j[A] — LM [0]).
(28)
The trace Tr contains an integration over d*x and a sum over color

and Lorentz indices. To the above action, we need to add the ghost

11



action. The ghost action is gauge independent and eliminates the

unphysical gluon degrees of freedom and is given by

S(l)

ghost -

. Z T,r /OO @[eis [K[O]+i€] . eiS [K[A]-HE]] (29)
0 S

where K%[A] is given by (25). Since the total action is the sum of
the gluon and ghost actions, the gauge parameter dependent part
proportional to (é — 1) can be evaluated as an addition to the o = 1.

The non-perturbative gluon pair production per unit volume per
unit time is related to the imaginary part of this effective action via

(1)
AN ImSeff

= ImL.rr = . 30
dtdr et dir (30)

This expression was evaluated for = 1 in [I1] where for gluon pair

production it was found

3 2

dN 1 i
Gidindpy ~ T 2o oM Ll e T @
j=1
After this calculation was done in o = 1 gauge, Cooper and

Gouranga showed by explicit evaluation of the extra term propor-
tion to o« — 1 that the result for the particle production rate was

independent of the Gauge Fixing parameter a [15].
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Recently there has also been some progress to extending this result
to time dependent fields. Using a formal operator shift theorem [14],

Nayak and Cooper were able to show:

2 2

dw leE(t)| bt
= Log|1 leB@] . 32

For Fermion pair production they obtained instead

2 2

dW leE(t)] _pbrtme
- _ Looll — leE(D)] |, 33
d*xd?*pr A3 g ¢ | (33)

These results came from evaluating the one loop Action. For the

Boson case they found
' > ds 22 eF(t)
gy _ —/d4 /dz is(phrm?ie) L _ .
B 163, s ! pre [3 sinh(seE(t))]
(34)

wheras in the fermion case they obtained
o
N 87T3 0

s @/d4x/deTeiS(p%“Lm?HE)[eE(t) coth(seE(t)) — —]]
s

S

(35)
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To do this calculation one has that the action can be written as

~ds 2 2 is(p2-m?tie)
— | d°zp | d°ppe”T

(0.9]

dt | dz—]
/ /247rs

This expression contains the noncommuting quantities E(t) and %

To evaluate these terms we derived a shift theorem [14]

400
/ dr < zle | Ayyrthify)* ol Wz > f(y)

0

oo h d o d h d
= do < 1 — ———|e WP |y 5 £y,
. )y ’ v

This Shift Theorem also implies the important corollary

“+00 +00
R T I A e,

o o f(y)

These results have the remarkable feature that they are equivalent
to Schwinger’s original expressions for the effective action with the
substitution £ — E(t). Fried and Woodard [21], found a similar
result using Fradkin’s formulation of the Path Integral, for the case

of an Electric field which depended on the light cone time coordinate

14

+00 +00 . o S
[/ dt < t]/ dz < z|e Slig+eEO =02, > 1 >

(36)



vt = (2" + %) .

I'[A] = —iL[A],
1
872

d*x / dS —ism? {eE )s coth (eE

15

For the Fermion Action they obtained:



IV. PARTICLE PRODUCTION AND BACK REACTION IN BOOST INVARI-
ANT QED

We assume in what follows that the kinematics of ultrarelativistic
high energy collisions results in a boost invariant dynamics in the
longitudinal (z) direction (here z corresponds to the axis of the initial
collision) so that all expectation values (such as energy densities)
are functions of the proper time 7 = /2 — 22 [18]. [19] [20].
The back-reaction problem was first discussed [§] in a semi-classical
approximation using a Vlasov Equation with a Schwinger source term
in the adiabatic approximation. In 1+1 dimensions this leads to the

equation for the phase space distribution function:

of of
. o _77(m2 +p?)
2 (= ) o
(40)

And the back reaction equation (Maxwell Equation)

dE . -cond -pol
_ TE = Jp = ];‘m —|—]50 : (41)
where j" is the conduction current and jﬁoz is the polarization

16



current due to pair creation [27]

-CON dp
jet = 26/ —pyf Py, T)

2T,
ijl — 2 / dpn pTDf
g Fm™ | 2ntp, Dt

= £[1+2f(p, =0, T)]m;Tsign[E(T)] In [1 + exp (— ’67;”5”)] |

(42)

Since in solving these equations one did not know the validity of
either the semi-classical approximation or the adiabatic equation, it
was important to actually solve the quantum back reaction problem
to understand whether Nuclear Theorists using transport theory to
model the quark gluon plasma were making reasonable assumptions.
In the field theory calculation,the assumption that the electric field
can be treated "classically” gets translated into this approximation
being the first term in a large-N approximation of QED, where N
refers to having N electron or quark flavors We were also interested
in knowing whether a hydrodynamic picture emerges from the field

theory calculation. [31].

17



We introduce the light cone variables 7 and 7, which will be iden-
tified later with fluid proper time and rapidity . These coordinates
are defined in terms of the ordinary lab-frame Minkowski time ¢ and

coordinate along the beam direction z by
z=r7sinhny | t=T7coshn. (43)
The Minkowski line element in these coordinates has the form
ds? = —dr* + do* + dy* + 7%dn’ . (44)
The QED action in curvilinear coordinates is:
5 - / A (et V)L B3V, + (VD)
im O — iFWFW], (45)

where
V¥ = (8M +1', — z'eAu)\If (46)

Varying the action leads to the Heisenberg field equation:
1 3
[fy()(&—i—?)—i—’u ({h—k (8 —ied,)+m| V=0, (47)

and the Maxwell equation: F = E.(7) = —AU(T)
1dE(7)

T dT

= ([wAe]) = (¥ ")), @)

18
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FIG. 1: Proper-time evolution of the electric field E(7) for an initial F = 4.

0 20 40 60 80 100

FIG. 2: Proper-time evolution of the fermionic current jy (7).

To solve the problem numerically we expand the fermion field in

terms of Fourier modes at fixed proper time: 7, and used a grid in

19



momentum space with a maximum momentum A.

V() = / dk] Y [bs (k)i (7)e™M e

S

+dl (k)P (T)e e P,
The wljfs then obey

d 1
[’y()(dT 2)+Z’YL kL+w7r?7+m]¢k5() 0,

Squaring the Dirac equation:

+
fks

d 1 . .
wffs — [_70 (E + Z) —1y -k — 2737% + m] Xs

Y3 xs = AsXs

/i

(49)

(50)

(51)

(52)

with Ay = 1 for s = 1,2 and Ay = —1 for s = 3,4, we then get the

mode equation:

d? .
(dT —i—wk z)\swn) fé(T) =0,

k, —eA

T

wk—ﬂ kaLer2 Ty =

The back-reaction equation in terms of the modes is

1dE(r
= Z/dk J(K2 + mAN| £

TdT

20

(53)

(54)

(55)



Renormalization is done by realizing e is renormalization invari-
ant, so multiplying both sides of the Maxwell equation by e and

recognizing that

e* = Z7HA, m)ex(m?) (56)
where
2 (12
ep(m”) A
Z(Am)=1-— = In (E) (57)
The finite result which is independent of A for large A [31] can be
written as
4
€RdER T _ 262
Tz 2R S [0+ IR 659
—1

This straightforward method of renormalization is to be compared
with our original approach which was based on an adiabatic expan-

sion of a WKB parameterization [7] [25]. Namely we can write:

PTG P

where () obeys the real equation

1Qk3 3Q Ag 7"2'77 1 7:‘—2 Wans

2 S I M = wi(T) — Q. (60
2 (s 4QQS+QQkS 402 02 wi(T) — Qi - (60)
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(2 has an adiabatic expansion:

1 ™\ 37’ @ Aatm A
P2t |rm 2T o ST As
ST T2 [WT+7T ( w2)1+4 T R R

Using this expansion we find

4

. .9 2 9
Z(ki+m2)(—2>\s))’f%|2 = 2T —< T _ 5%%) (i . 7Tn)—Rk(T),

5 7
— TWk 2wy, 4oy

where Ry (7) falls faster than w™3. This then yields

dE €’ Kam? [ A\ 5Am

— = — [ [dk] = A—2— 15— /dkR
dr 2772 dk] wy { ( 7') + Twi ¢ | ldk|F(7)

- —66—;111 (%) % —e / (k| Ry (7).

where A is the cutoff in the transverse momentum integral which has

(61)

been reserved for last.
Defining de? = (1/67%) In(A/m) as usual we obtain

ecfz—f(l + e%0e?) = —¢? / [dk] Ry (7) (62)

after multiplying both sides of the equation by e. Using eplr = eF

we obtain

e [l o) 63

22



where Ry(7) is defined by Eq. (61]), and the integral is now com-
pletely convergent. This method of renormalizing was originally used
for quantum fields in curved space, but we see that it is very cum-
bersome and unnecessary.

Our original simulations were in 1 + 1 dimensions, and typical
proper time evolution of £ and j are shown in figs. 1 and 2. The
dotted line corresponds to the solution of the transport equations

discussed above.
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A. Spectrum of Particles and Effective Hydrodynamics

Although particle number is not conserved, at each 7 on can diago-
nalize the Hamiltonian and define an effective particle number which
is the adiabatic particle number which interpolates from the initial
particle number to the final one if . Namely our boundary condition
will be :

(b, 70)bo(k, 70)) = (b (k)b(k)) = 0, (64)
with a similar condition on dy. Introducing the adiabatic bases for

the fields via:

U(x) = /[dk] Z[bg(k; T)ukS(T)e_ifwde

S

FdO (—k; T)v_ g (1)t | T, (65)
The operators bs(k) and bg())(k; 7) are related by a Bogolyubov

transformation:

b (k) = Y g (T)bo(K) + G, (T)dl(—k)
AP (~k;7) =Y Bir(7)bs(k) + i (7)dl (k) (66)
The interpolating phase space number density is given by:
n(k; ) = > (00 (k: 7)b (k; 7)100) = Z 16e.(T)]* (67)
r=1,2

24



The phase space distribution of particles (or antipartcles) in light

cone variables is

B d°N
- w2da? dk? dndk,

We introduce the particle rapidity y and m, = y/k% + m? defined

nk(7) = f(]fn, ki,7) (68)

by the particle 4-momentum in the center of mass coordinate system
k, = (m, coshy, k;,m sinhy) (69)

The boost that takes one from the center of mass coordinates to
the comoving frame where the energy momentum tensor is diagonal
is given by tanhn = v = z/t, so that one can define the “fluid”

4-velocity in the center of mass frame as
u' = (coshn, 0,0, sinh n) (70)
We then find that the variable

12
wr = {/m5 + T—Z = k'u, (71)

has the meaning of the energy of the particle in the comoving frame.

The variables

1 t
= (2 = )2 77=§1H< +z)

25




have as their canonical momenta
k. =FEt/Tr —k.z/T =k k,=—-Ez+tk,. (72)

The interpolating phase-space density f of particles depends on k),
k |, 7, and is n-independent. In order to obtain the physical particle
rapidity and transverse momentum distribution, we change variables
from (n, k,) to (2, y) at a fixed 7 where y is the particle rapidity. We
have

N  d®N )
Pk rdydid / mdz dvl J f(ky k7)o (73)

where the Jacobian .J is evaluated at a fixed proper time 7

E

~ mycosh(n—y) Ok

J = —1|.. 74
coshn 0z | (74)

We also have
k; =mj cosh(n —y); k,=—71m sinh(n—y). (75)

Calling the integration over the transverse dimension the effective

transverse size of the colliding ions A, we then obtain that:
d*N d*N
wdy dk* wdn dk3

The distribution of particles in particle rapidity is the same as the

= AJ_/dknf(kn,]ﬁ_,T) = (76)

distribution of particles in fluid rapidity, verifying that in the boost-

26



invariant regime that Landau’s intuition based on a hydronamic pic-
ture was correct.

We now want to make contact with the hydrodynamic approach to
calculating particle spectra, namely the Cooper- Frye formula [32].
First we note that the interpolating number density depends on k,

and &k, only through the combination:

wy, = A/ m? +k—72’=k“u (77)
k LT 2= I

Thus f(ky, k1) = f(k,u') and so it depends on exactly the same
variable as the comoving thermal distribution! We also have that
a constant 7 surface (which is the freeze out surface of Landau) is

parametrized as:
dot = A, (dz,0,0,dt) = A dn(coshn,0,0,sinhn) (78)
We therefore find
k'do, = Aym 7cosh(n —y) = A, |dk,] (79)

Thus we can rewrite our expression for the field theory particle spec-

tra as
d*N " y
—Wdydk:i =A, [ dk,f(ky, koL, 7)= [ f(K'u,,7)k'do,  (80)

27



where in the second integration we keep y and 7 fixed. Thus with the
replacement of the thermal single particle distribution by the inter-
polating number operator, we get via the coordinate transformation

to the center of mass frame the Cooper-Frye formula.

B. Hydrodynamic Variables

The Energy Momentum tensor is diagonal in the(r, 7, x 1) coordi-

nate system which is a comoving one.

T = diagonal {e(r),py (1), p(r),po(r)}  (81)

)

Only the longitudinal pressure enters into the “entropy” equation.

Only the longitudinal pressure enters into the “entropy” equation

e+p=1Ts (82)
d(eT) .
=F
g PI= B
d(ST) B Ejeta
dr T

In the out regime we find as in the Landau Model
ST = constant

basis. The energy density as a function of proper time is shown in

fig.3.
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FIG. 3: Proper-time evolution of 7€(7).

For our one-dimensional boost invariant flow we find that the en-
ergy in a bin of fluid rapidity is just:

E
le_ — /Tof‘dau = A, 7 coshne(T) (83)
n

which is just the (1 + 1) dimensional hydrodynamical result. Here
however € is obtained by solving the field theory equation rather
than using an ultrarelativistic equation of state. Our result does not
depend on any assumptions of thermalization. We can ask if we can

directly calculate the particle rapidity distribution from the ansatz:

dN 1 dE Al
dn  mcoshndn m

e(T)T. (84)
We see from fig. 4. that this ansatz works well even in our case
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1€ /(dN/dn)

FIG. 4: Proper-time evolution of 7¢/(dN/dn)).

where we have ignored interactions between the fermions, so that we

are not in thermal equilibrium.

Explicitly we have in the fermion case.
£(r) =< Tpr >= 75, / (K Ron (k) + E2)2

where

Rer(k) =207 +m*)(gs |f P — a0 If ) —w
—(p% +m?) (7 + eA)z/(8w57'2)

1
pH(T)T2 =<T,, >= 1Y /[dk])\szm(/@) —5 ]2%7'2 (85)
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where

Ron(k) = 21F 117 — (2w) Hw + Aem)h = Aye A /8w

—N\eE [8w® — A\t /4w T? + By (m + eA)? /(16w T?)

(86)
and
pi(1) =< T,, >=< T, >
— (7)Y R 0+ ) Ry 2w )
+E%/2. S (87)

Thus we are able to numerically determine the effective time depen-
dent equation of state p; = p;(e) as a function of 7. A typical result

is shown in fig. 5.

V. QCD BACK REACTION PROBLEM WITH CYLINDRICAL SYMMETRY

Pair production from constant External fields in QCD suggest that
event by event the transverse distribution of jets might depend on
the values of the casimirs and not just the initial energy density. So
the question is does this continue after expansion and how does ther-

malization compete with expansion. First we consider the expansion
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FIG. 5: Proper-time evolution of p/e.

problem with azimuthal symmetry and boost invariance. For the

quarks described by ¥ (x) and satisfying Dirac’s equation:

(7" (0 — g Aulx)) +m] () =0, (89)

interacting with a classical Yang-Mills field A, (z) = Aj(x) T, where
T are the generators of the SU(3) algebra, and satisfying a back-

reaction equation given by:

(), 7" (@) T"¢(x)] )/2, (89)

=

ab b,uv .
D,u FoF (':U) =9 <[
with DY = 679, + g f* Af ().

t =7coshn, 2z = T1sinhn, x =rcosh, y=rsinb.

(90)
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For a boost invariant expansion, the classical gauge fields are re-
stricted to be in the 7-direction and depend only on 7. We also
consider only the a = 3 and a = 8 gauge fields which carry all colors.

Then, using the Gell-Mann representation for the \* matrices,

1
VA =57 @) [ A7) A + A7) A7
( A7)+ AS(T)/V3 0 0
L.
=57"(z) 0 —A3(7) + A¥(7)/V/3 0
\ 0 0 —2A%(T)/V3 )
(91)
We choose an axial gauge, so that only the electric field terms:
. 0AY(T)
Bi(r) = -2, (9

for a = 3 and a = 8 contribute. Then, in our coordinate system,

Eq. becomes:

fay A

2 (rEin) = g (@@ T@] 2. @

TOT

Eqgs. and are the equations we want to solve.
The two Casimir invariants for SU(3) are given by:
Cy=E°E*, and C,=[d™E'E'E‘]’, (94)
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Choosing E as arbitary linear combination of £° and E® allows one
to cover the range of possible Casimir invariants.

In Cylindrical Coordinates the canonical quark fields obey (sup-
pressing all SU(3) indices):

N A Op— 0o
ulr, .0 B3, 001)] = b "L b0~ 080~ ),

(95)
We write the Dirac field operator in terms of solutions of the Dirac
equation in cylindrical coordinate times appropriate creation and an-

nihilation operators.

3. p.6.m) = /"odk /wmdmz Z

h=4+1m=—o00
1 (h h,+ —h,—
X { bgﬁn?kbm ¢l<<:n,kj, (7— P 6) 77) + dl({; )kJ_ m ¢( kn,kj)_,—m(7—7 P 97 77) } )
(96)

where:

o (7, ,0,1) = . )

¢h) (=

h
O (T XL (0, 0)
e ) X (. 0)
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with A = hk |, and where h = £1.

1mb
W) = — Im{for) (98)
Lo \/§ h €i(m+1)9<]m+1(lﬁ_,0)

with eigenvalues A = hk | and the helicity h = £1 Orthogonality is

given by the relation:

/ pdp/ a9 x}" m(pﬂ)x,i/> (p,0)

T S /O pdp { Tn(kip) Tn(K p)+hh Jyia(kip) T (K p) }
ok, —K))

— 5h,h’ 5m,m’ (27T) Lk
Ly

. (99)

The Dirac equation acting on the quantum field leads to the fol-

lowing matrix equation for the functions ¢(7,n) :

i0; + 1 (i0,+ g A()) /7 —ihky\ (o), (T.n) i
(10, + g A(7))/T + ihk, i0, — 1 o)y (T.m)
(100)

which is independent of m. Introducing the Fourier transform:

h i h
gbgi));kl (7_7 77) =€ b gbg:lj);kn,kl (7—) ) (101)
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gives an equation involving 7 alone:

. . h
0.+1 —m =ik (60, 0\
—my,, (T) +ihk, i, — 1 O 5, (7)
where we have defined m, (7) by:
Ty (T) = (By — g A(T) ) /T . (103)

Eq. (102) is the equation we want to solve numerically as a function

of 7 for some given initial spinor at 7 = 7. Since we have scaled
all variable with the fermion mass m we choose 7y = 1. Initially in
Axial Gauge the electromagnetic field A can be chosen to be zero.
This allows us to use a complete set of solutions to the "free” Dirac
equation corresponding to the vacuum state as initial conditions.

These solutions are also chosen to be adiabatic in that they will be

assumed to hold near 7 = 1 also. That is near 7 = 1, Eq. (102

becomes:
i0,+1  —ky—ihky\ (&0 0, (7)

" =0, (104)
—ky +ihk, 0, — 1 Oy 1, (7)
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which have positive and negative frequency solutions of the form:

1
Wik ke, — 1 :
Dy, (T )——\/ e k, — ihk, | exp[—iwos,, (T —1)],

2w0;kn>kJ_ _|_
wo;kn7kJ_ o 1
(105a)
]{377 —1hk,
b Woikp ok, — L | _ .
qb(()}g >/ﬂ<7-) = L Woikn.k 1 1 GXp[+ZW0;kn,kL(T - 1],
" 2001k, .k | |
(105b)

where wo, k, = \/ k% + ki + 1. These solutions are orthogonal:

Z ¢ kn 1@ gbohA)kn k;L( ) - 5A,A’ ) (106)

and complete:

h,A h,\) *
Z ¢(() (Q;analﬁ_ (T) ¢é (ﬁ));kn,kj_ (T) - 5(1,5 . (107)

A==£1

So at 7 = 1, we choose our solutions of Eq. (102)) so that:

h,A R\
qﬁg@);]inakj_(l) - ¢(<) (oz));kn,kJ_(l) ) (108)

for &« = £ and where A = =1 labels the initial positive and negative

frequency solutions of Eq. ((104)). The 7-dependent solutions will then

be numerically stepped out from the values at 7 = 1.
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Maxwell’s equation becomes:

“dk, [k, d/ﬁ
:__/ / > ka (109)

h=+1

where j ,i:)kL(T) is given by the positive energy solutions of the Dirac

equation only:

(h) ( ) (h7+> (h7+) * (h7+)
Tk (T) = O (T Dy, (1) e (T e, (T) 5

o () oa el ().

(110)
Here, ¢, ", (7) is the two-component positive energy spinor
(h,+)
, T
o) = | “mnt) 1y
" o) ()
(—);knalﬂ

and o, the Pauli matrix. Dirac’s Eq. (102) and Maxwell’s Eq. (109

are the update equations we want to solve simultaneously.

VI. INTERPOLATING NUMBER OPERATOR

We choose to define our interpolating wave functions in terms of

the exact solutions of the Dirac equation in the absence of external

38



fields. These zeroth order spinors are given by:

Qb(();/;n,kL,m(T? P, 97 77) - 62k7777 ) 9 (112>

(7,A) (h)
h,\) ; ¢0 (+)5kn.k | (7_) qu,m(ﬂ? 9)
I, A
¢(() (—gsknalﬁ (7) Xklam(p’ )

where gbé?,;??h(ﬂ given by Eqs. ((105]). These spinors are also orthog-
onal and complete. Expansion of the field operator in the zeroth
order spinors then requires that the creation and annihilation oper-
ators flgl,?)k m(T) become time-dependent. That is:

3. p.6.7) / / /ﬂd/ﬁzz

h=%1\=%1

X Z A()k:nlum %k k:lm(T p,0,m), (113)

m=—0oo

Because of the orthogonality of the initial spinors, we see that the

A(()hki,)hm(ﬂ operators obey the same commutation relations as the

time-independent ones at equal time:

: o 5k, — K
[A(()},ll;;\,)kbm( ) Aéhk/)\k?/ /(7-)] - 5>\,>\’ 5h,h’ 5m,m’ (27‘-)2 5<k?7_k;]) ( = /J_)’
+ \/ ]fJ_]f_L
(114)
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and are a reasonable interpolating number operators at time 7. The

interpolating particle and anti-particle operators at time 7 are

A (h+ >(h A (h,— 3(=h) 1

Akl =0 (7, and AT () = d ().
(115)

As before we can determine the adiabatic number operator from the

Bogoliubov transformation. The overlap between the adiabatic wave

functions and the exact ones is : C’,i:;,?’j/)(T) is given by:
(hAN) _ (BT (R, \)
C&hxi (70'_'¢0$ka( )¢%nkL(T) (116)
and is independent of m. So the creation and annihilation operators

are related by the expression:

7 (R, (h;\ X AN

A()knklm z:ckznkL k,,@mv (117)
which is a Bogoliubov transformation of the operators.

Calling nl({:]? ¢>k’n(7—) be the phase space number density we find

h) (hi+,+
gl ) = [CEPI M P =1 - |l 2, (1)

and is independent of ¢. Explicitly, | C]g:]:—;_)(T) % is

2

I

. w —1 k,+thk
‘C<h,+7+)(7-) |2 _ kn’kj_ (h,-|—) ( )_|_ n ? L ¢(h,+) ( )

T T
K.k ) (+)skn,k 1 _ (=)ikn ko
7 2(")]{77,]61_ 7 wk7)7kJ_ 1 !
(119)
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which has unit value at 7 = 1, as required. That is, no particles are
produced at 7 = 1. Right now we are in the process of doing these
calculations. The renormalization method we are using for the back
reaction equation will mimic the direct method of using the cutoft

value for the the multiplicative charge renormalization Z(A,m) | in

analogy the QED result found in Eq.

VII. DOES THE PLASMA THERMALIZE?

In order to discuss whether the plasma thermalizes, one needs to
have a robust enough approximation which leads to thermalization
for non expanding plasmas. It has been shown that the 2-PI 1/N
approximation does have that property. One then needs to discover
whether the expansion rate will preclude or slow-down the thermal-
ization of the quarks and gluons produced. To include interactions
among the quarks and gluons one would solve the coupled Schwinger
Dyson equations using the CTP formalism and a 2-PI Action ex-
panded in 1/N. [31]. Here one would need to keep the background
field formalism also to handle the background Chromoelectric Field.

Below we sketch some features of the calculation that we are about
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to begin in order to answer the important question of whether the
interactions will drastically change the transverse distribution of jets
from that predicted in the case of noninteracting fermions and gluons.
This formalism has already been used in QCD to determine trans-
port coefficients by Aarts and Resco [33] and we follow their notation
here. The action for Ny identical fermion fields ¢, (e = 1,..., Ny)

then reads

S = / [—iFWFW + 1, (1) —m) zpa] + Sgf + Sen,  (120)

with
) =~"D,, D, =0,+ <A (121)

VN

and we use the notation

L_ /Cdxo/d?’x, (122)

where C refers to the CTP contour in the complex-time plane. We
follow the closed time path formalism of Schwinger where all the
Green’s function can be thought of as ordered according to the closed
time path or equivalently as 2 x 2 matrix Green’s functions. The 2PI

effective action is an effective action for the contour-ordered two-point
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)

FIG. 6: NLO contribution to the 2PI effective action in the 1/N; expansion.

ENe!

FIG. 7: Self energies at at NLO in large Ny QCD.

functions

Dyw(x,y) = (|Te (Au(@)Aum) ) Sal@,y) = (|Te (Ya(x)tu(y)) 1),
(123)

and can be written schematically as

IS, D] = %tr D!+ %trDo_l(D — Dy) (124)
—itrln S~ — itrSy (S — Sp) + e[S, D] + ghosts,

(125)

where Dy Iand Sy I are the free inverse propagators.
For the gauge theory the NLO Schwinger Dyson equations that

result from varying the 2-PI action are:

St=51-13, D'=Dy! —11, (126)
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with S the fermion and D the gauge field propagator. The self
energies, depending on full propagators, are shown in Fig 7. The

Back Reaction equation is given by:
V. F" = (j") = —ig°Try"S (127)

To determine the interpolating number densities of quarks and
antiquarks one can follow the procedure of Berges, Borsanyi and
Serreau [34] and define these from the current. Namely the associated
4—current for each given flavor is ~ 1~*1). Fourier transforming with
respect to spatial momenta, the expectation value of the latter can
be written as J J’f (t,p) = tr[y"S=(t,t,p)], In terms of the equal-time

two point function, its temporal and spatial components are
Jp(t.p) = 2[1 = 2Fp(t.t:p)].
To obtain an effective particle number, Berges et. al. identify these

expressions with the corresponding ones in a quasi-particle descrip-

tion with free-field expressions. These are given by
0(QP
Tyt p) = 20+ Qst.p)

Tt p) = —2[1 — 2Ny(t,p))
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where Q¢(t, p) = ny —ny is the difference between particle and anti-
particle effective number densities and N¢(¢,p) = (ny+ny)/2 is their
half-sum. The physical content of these expressions is simple: the
temporal component JY directly represents the net-charge density
per mode Qf(f,p), whereas the spatial part J is the net current
density per mode and is therefore sensitive to the sum of particle
and anti-particle number densities. Identifying the above expressions,

theydefine

3 Qsltop) =~ 6p), (128)

1

5~ N¢(t,p) = Fv(t,t;p). (129)

Using these definitions and solving the backreatction problem to NLO
in 2-PI 1/N we would also be able to discover if there is time for the
produced quarks and antiquarks to thermalize before hadronization
time scale and to see if the constant field result for the transverse

distribution will be modified by the interactions.
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