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Main messages:

• Need to focus on simple, realistic models, 

i.e. systems of particles with finite-range 

interactions.

• Recent numerical simulations, especially 

those of Tanaka and coworkers, imply 

Ising-like universality for fragile glass 

formers.  If so, why ??



Viscosity of the bulk metallic glass “Vitreloy 1”

The time-scale problem

Picoseconds

Days





Simulation  of a two-dimensional glass forming liquid by 

T.Haxton and A. Liu, above the glass temperature.  Watch 

occasional irreversible rearrangements.



Inherent structure with molecules fixed in a mechanically

stable configuration



Kinetic/vibrational degrees of freedom superimposed on the inherent structure.  

In a glassy system, these rapid motions are only weakly coupled to the slow 

configurational transitions from one inherent structure to another.



Red tagged particle in its “cage”



Fluctuation



The tagged particle has escaped from its original cage. 

This is a diffusion step to a new inherent structure.    

(Equivalently, an elementary shear transformation.) 





Decreasing T 

or increasing 

density 



The length-scale problem
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Ising-like scaling relations





“From our simulations and experiments of six different glass-forming liquids, 

we find that the heterogeneous dynamics is a result of critical-like 

fluctuations of static structural [bond-orientational] order. The static 

correlation length and susceptibility … show Ising-like power-law divergence 

towards the ideal glass-transition point…. Our results suggest a far more 

direct link than thought before between glass transition and critical 

phenomena. Indeed, the glass transition may be a new type of critical 

phenomenon where a structural order parameter is directly linked to 

slowness.”

See also Mosayebi, Del Gado, Ilg, and Ottinger, PRL 104, 20574 (2010)



Hard-disk systems for a 

range of polydispersities, 

plus one bidisperse system.   





Polydisperse disks: regions of hexatic order (red). 



Hexatically ordered (light) regions on the left coincide with 

the more rigid (dark) regions on the right.  



Ising scaling of the correlation length in 2 and 3 dimensions, 

for several different models of a glass forming liquid. 

Temperature T is equivalent to inverse packing fraction for 

hard-core colloidal models (2DPC, 3DPC).  



Vogel-Fulcher-Tamann law for structural relaxation time 



Why Ising symmetry?

Two-state systems: 

Hypothesized by Anderson, Halperin and Varma (1972) to 

explain low-temperature glassy behaviors.

Another example: STZ’s are two-state flow defects. 

If most local configurations in a disordered system are rigid, 

then the most probable kinds of flexible clusters of particles are 

those with just two-fold near-degeneracies. 



Inherent structure



Inherent structure: second state



Theoretical strategy: JSL PRE 88, (2013)



Statistically relevant internal state variables 

= number of +/- two-state clusters 

= number of “voids”

The volume decreases when clusters of like signs are next to  

each other. Here is a mean-field approximation for that effect: 

J is the analog of the Ising exchange coupling.  



More convenient variables are:

Write the entropy in the form

= Ising entropy

= lattice gas for 

= van der Waals for 



Mean-field equations of state:

Variation with respect to m:

Beyond mean field: m undergoes critical fluctuations





Conclusions:  Issues and open questions

• Are glass-forming fluids generally characterized by diverging 

structural (“static”) correlations?  Or does this behavior 

occur only in special cases?

• Is there always a structural correlation length associated 

with a dynamical correlation length, i.e. with a dynamical 

heterogeneity?  

• What other mechanisms might be relevant?  Rigidity 

percolation?

• How universal is the Ising-like behavior? 


