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Phenomenology of damage failure

2 / 22



Characteristic features

(acoustic emission in compressed sandstone)
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Definition of damage
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Damage affects the elastic properties

• Simple model: E(d) = E0 × (1− d), ν = ν0.

• More realistic expressions: Kachanov, Ponte-Castañeda and Willis.
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Damage evolution
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Damage evolution
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Heterogeneous elastic properties redistribute the stress

• The stress field around an ellipsoidal inclusion can be found. [Eshelby PRSL A 1957]

• General case E(r): requires numerical resolution.

• If heterogeneities are weak, Eshelby result may be used as a Green function to
compute the stress field to the first order in the heterogeneities (superposition
principle)

σ(r) = σ0 + ΨE ∗ δE(r).
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General structure of a damage model
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1d model: fiber bundle with interactions
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1d model: numerical simulations

• Load sharing: α(x) = exp
(
−|x |

l

)
cos

(κx
l

)
.

• Quasistatic evolution.
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1d model: homogeneous damage evolution
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1d model: heterogeneous damage evolution
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1d model: conclusion

• Initial model: no linear elastic kernel.
• Linear elastic kernel:
◦ Obtained by expanding the initial model for a weakly heterogeneous damage

d(x) = 〈d〉+ δd(x):

Y [∆, d(x)] = Y (∆, 〈d〉) + Ψ〈d〉 ∗ δd(x)

◦ Stability analysis in Fourier space: sign of Ψ̃〈d〉(q).

• 2 possible cases:
◦ ∂Y (∆,d)

∂d ≥ 0 first: homogeneous instability.
◦ Ψ̃〈d〉(qc) ≥ 0 first: localization with wavelength λc = 2π/qc.

• Different from usual depinning transitions (brittle failure. . . ):
◦ Kernel evolves with damage: Ψ〈d〉.
◦ Kernel instability, weak effect of the disorder.
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2d model

• Energetic criterion for damage evolution (no friction, applies to traction, shear),

Y (ε, d) = − ∂

∂d

(
Tr(σε)

2

)∣∣∣∣
ε

− Yc0.

• Stress redistribution from continuum mechanics (2d - plane strain),

div(σ) = 0,

εij ,kl − εjk,li + εkl ,ij − εli ,jk = 0 ∀i , j , k, l .
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2d model: stress redistribution
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2d model: kernel behavior

• The kernel depends only on the angle ω of the wavevector q:

Ψ̃d(q, ω) = ψ̃d(ω).

• At instability, all the wavelength with the same angle diverge: localization along
bands.

• The critical damage for localization and the orientation of the localization band can
be predicted.
◦ 45o for shearing, 57o for uniaxial tension.
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Conclusion

For any damage model, the elastic kernel can be computed

⇒ Elastic interface model for damage evolution.

Localization comes from an elastic kernel instability.
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Future work

How is this new kind of transition related to the observed avalanches statistics?
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