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(PRD)

The Hidden Sterile Neutrino and the (24-2) Sum Rule there are three further phases for Majorana neutrinos; since these three phases do not

enter into oscillation probabilities, we omit them. The six angles parametrize independent

Four-flavar mixing is described by six angles and three CP-violating phases. In addition

Heinrich Piis,! * Liguo Song,? ! and Thomas J. Weiler” ! rotations in the six planes of four-dimensional space. For our purposes, it is useful to order
1 Institut fiir Theoretische Physik und Astrophysik, Universitit Wiirzburg, these rotations as’

Am Hubland, 97074 Wiirzburg, Germany

U= RZS(HH)R’M((nu)RM(Eu:)}tlﬂ(tee)RM(ga‘m)Rlz(g:un) 4 (5)
? Department of Physics and Astronomy, Vanderbilt Universily
o Nashville, TN 37235, USA Unitary U transforms from the mass basis (my, e s, my) to the flavor basis (v, vr, Vs, ve).
cgq In suggestive notation, the ¢’s are small angles limited by the short-bascline (SBL) data,
% . Oy and 6, are the angles dominantly responsible for solar and atmospheric oscillations,
bstract ; . ;
v respectively, and 4,, is a possibly large angle parametrizing the dominant mixing of the v, ? vk,
b5 Explicit] -vy mixi i T - ;
o™l We discuss oscillations of atinespheric and solar neutrinos into sterile neutri- plicitly, the v,-1, mixing resulting from RE(0,,) is
(= nos in the 242 scheme. A zero' order sum rule requires equal probabilities v, cosle, —aindi "
- = 9 6
e for oscillation into », and w; in the solar+atmospheric data sample. Data 5 alaly oouls i (6)
R does not favor this claim. Here we use scatter plots to assess corrections of o
As shown in [18], the three phases may be assigned to the double-generation skipping
8 the zero™ order sum rule when (i) the 4 x 4 neutrino mixing matrix assumes :
8 rotations Ry and Rys and any one of the single-generation skipping rotations, in the following
its full range of allowed values, and (i) matter effects are included. We also
2 E manner: equal and opposite phases are attached to the two non-diagonal elements of the
o introduce a related “product rule”. We find that the sum rule is significantly
é‘ . rotation matrix. For the single-generation skipping complex rotation, we choose R4 Since
o relaxed, due to both the inclusion of the small mixing angles (which provide
all, this amounts to assigning an arbitrary phase
"E a short-baseline contribution) and to matter effects. The product rule is also the three angles of Ry, Rus, and Ryq are sm - STng 'Y.ip
s ~ v h he diagonal and €} to the left. T
'>'E dramatically altered. The observed relaxation of the sum rule weakens the to each of the sin(e;) ~ €;s, with ¢; to the right D“ Bgo pse=
o~ g " —— We note that with this parameteru_nhon the nonzero phases are associated exclusxvely with
= case against the 2+2 model and the sterile neutrino. To invalidate the 2+2

small les, making th IlIness of b ble CP-violation in the 242 sch im-
model, a global fit to data with the small mixing angles included seems to be b e A B ek s o
: mediately evident.
required.

When the CP-violating phases are allowed to range from 0 to w, all angles may be
restricted to the interval [0,7/2]. However, when the phases are neglected, the #’s still range

over [0, 7/2], but the €’s now range over [—x/2,7/2] (or over [0,7]).
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The two large-angle mixings on the right in eq. (5) are given by

o8Oy sin Oy 0 0
— 8l Oaym  COS Bapm 0 0
Us = Raa(fu) Rra(0oun) = . i ' (8)
0 0 cos gy, sin By,
0 0 —sinfu, cosly,

This matrix independently mixes each of the two mass doublets in the 242 spectrum. U,
approximates the full mixing matrix in the (v, »,v_, %) basis. The advantage of locating
U, to the left of Uy is that in the full mixing matrix U, the angle &pm appears only in the
first two columns, and 8, appears only in the last two columns. Consequently, atm/LBL
amplitudes do not depend on #,,,, and solar amplitudes do not depend on Bym. Of course,
in any parameterization, the SBL ampliludes are insensitive to mixing within either mass
doublet, and so depend on neither 8., nor on O,

Recent global fits of the 242 model to solar and atmospheric data [15-17] have focused on
the seven-parameter set {€u,, frs, Gsun, Gatm, SMEgnp, SM2y, Sm2,, }, neglecting the two small
angles cye, e, and the three CP-violating phases.® The investigation of the dependence of
the sterile nentrino sum rule on the small angles (¢'s) in this paper suggests that neglect of
these small angles, especially ¢,,, may not be warranted.

o
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ITI. SUM AND PRODUCT RULES
A. Zero" order in ¢’s

Let us first discuss the oscillation probabilities in vacuum in the limit where the ¢'s are
set to zero. This limit results when (u[uy) = 0 = (v.[1y), and (v, |} = 0= {(vu|m).

In the limit of vanishing €’s, one can use eq. (8) to read off immedialely that LBL /atm
oscillations of the v, are zero and v, oscillates into pure vy; at the solar-scale, v, — v,

oscillations are zero, and v, oscillates into pure v_; and there are no SBL oscillations.

Explicitly, the nonzero oscillation amplitudes for v, due to W

are
Asm(¥y, — 1) = 8in?(204) cos?® O, (12)
Asm(Vye — V5) = 8in?*(20,m) sin® b, (13)
Agtm (v — vy) = sin®(20y) (14)

while for v, due mwmey are
A!llll(‘u! el V'r) - sz(zalun) sin? Orp (15)
Agn(ve = v,) = sin®(28,,,) cos® b, (16)
Agun(ve — 1’9‘) - Sin2(28m) (17)

We note that matter effects cannot alter the texture of the off-diagonal elements of the
mass-squared matrix in the flavor basis, because the matler potential is diagonal in this
basis. Consequently, the block-diagonal structure of the diagonalizing matrix in eq. (8)
is maintained in the presence of matter. This further implies that egs. (12) to (16) are

unchanged in form by matter, although the angles (and mass-cigenvalues) assume different
values.
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The neutrinos arriving at earth from the sun are incoherent mass eigenstates.” Thus,
the densily operatar describing the decoherent ensemble of nentrinos arriving at earth from
Lthe sun is diagonal in the mass basis. In the adiabatic approximation, it is simply
-8 ~1r7s?
Piass = LlUnji 'uj >< y.l" ) {20)
]
Here, /¥ is the mixing matrix at the center of the sun where the solar neutrinos originate.
Let us label the solar neutrino “v;" to signify its . — vgpy solar history. The probability
to measure neutrino flavor J at earth is then given by
P TS 2 v
Ps(vp — vg) =< v |p°| vg >= 2, |U¢JI [Ugsl” (21)
[
after applying eqs. (1) and (2). The vy = v, approximation® consists of setting |UZ|* equal

to &, yielding
Prgry = |Ukl* [V = 14, adiabatic] (22)
In the absence of €'s, we have from eqs. (6), (8), and (22), that
vy = €08 Bgun (8in Or gty + 08 Brytry) — 8iN By 2 . (23)

iFrom this equation, we may read off the values of U}, to obtain the oscillation amplitudes

for solar neutrinos arriving at the earth in the vy = vy approximation:
—

Auun(ve — vr) = cos?(B,un) sin? 6, (24)
An(Vo — v5) = c0s* (Bya) cos” b, (25)
Amn(”o - I ) - mz(gnuu) (2{’)

In these foirinlas, the angles are tiily vachim' angles.

$1n our numerical work we will go beyond the v = vy approximation. Nevertheless, vg, = 1y is
a good approximation offering simple results. Numerically, we find that |Ues:|'a = 00%, 8%, and

99% for E, = 5, 10, and 15 MeV, respectively, for zcro ¢'s, and with little change for nonzero ¢'s.

Thus, unitarity in the context of the 2+2 mass spectrum has led one to a sum rule [9]

_and a product rule at zero™ order in e:

Plyg — 1) P(Vﬂ -3 1/_,2
P(VE) - Vlf) e ‘U(Vu = Vn‘)

} = (cos? rg)v + (sin®0,0) > 1 (27)
atm

and

[Ploul] x [Bean)

Plyg — vy) Py, — V')]nm = (cot? B, )y x (tan’@,,)p — 1 (28)

where the subscripts V and E signify “vacuum” and “earth-matter”, and the arrows hold
in the limit of negligible earth-matter effects. In the figures to follow and the discussion
thereof we will refer to the ratio terms in eqgs (27) and (28) as R,,, and Rutm, respectively.
We emphasize that the sum and product rules are not required by any underlying symme-
try or principle. Rather, they are accidents of the block—dingonal structure of eq. (8), which
results when the small angles are neglected. The values on the right-hand sides of these two

rules, eqs. (27) and (28), will differ from unity when the small mixing angles are included,
even il matter-effects are absent. Furthermore, although their values are intimately related
at zero™ order in the ¢’s, they are not so simply related at higher order in ¢'s.

The purpose of this paper is to evaluate these sum rules, including the small angles
neglected in previous work, and including possible earth-matter effects. litlhe-tont-seetion,

Page 5
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FIGURES
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FIG. 1. The zero® order sum rule compared to the 90% and 99% exclusion boxes obtained
from fits to data with small angles set to zero. The vertical axis is Ry, and the horizontal axis is

Rsun.

33

3 ways o Vielate 2 rule:
7

2, Some 2 > Ry

= 2.6 y ,‘ P
wiHh A = 2.6 6—%/ qg&‘ L
= 6ok & 55V‘ L
o = hn () CHE) « Comre
=-'.7¢t.v¢r7¢d
= VL)
- o eV
Pyim, = 8620 kn (E.) 3‘%:-7;'5,,‘) pA
= NeT W“‘j‘J

e 2
Ausdp = 28 I‘MC;;%(/)(%%:;)' avmyec(

3. Maiter effPectt,

esy. Swppressrvi o Vs

<. SCc.Ic.-mn':b s e Small awgfes'hfn‘

\m pertout priewse gpa.) and Ct.)‘.“o




Dr. Tom Weiler, KITP & Vanderbilt University (KITP Neutrinos 3-26-03) Why the Sterile Neutrino is not Dead Page 7

In our notation, the SBL oscillation amplitudes to order |¢|* are

Asr(ve — vg) = 4 [|epe]® + lece|?] (30) Next we turn to the amplitudes for solar neutrino oscillations. We employ again the
PRanr (v, — vy) = 4fleel® + |E“E' (31) adiabatic approximation valid for large solar-mixing solutions, and simplify the discussion
Agpr(vy — ve) = 4 |epe j (32) here with the v = u; approximation. To O(e?), the expansion of 1, in flavor states is
Aspr (v - 1) = dle,| sin’ 0r, e (33) (€ €08 Oy —2;51;19,,_) [ >
@" = 1) = Al 005 0, )| AL m %‘ (34) ‘ 6 + (8in04[cos Ouuu (1 — Flep,l?) + sin 0,...,.«’;,#3,.] ~ cos B, 8in 0....":2) |oy > (38)
Agpp, (Ve = 1) = 4|cee|* 08 Oy (35) + (008 874[c0s Oaun (1~ leuul*) + sin Glllllc.ﬁ] + 8in 6, sin Osumee) vy >
Agpr(ve = v,) = 4lece|* 5in® O, (36) i Ouna (1 = 3 Jecel* — 3lenel?) ve > .

For solar neutrinos arriving at the “day” hemispliere of the earth, all angles assume vacuum

These amplitudes, and so the values of the small angles €., €, and ¢,,, are bounded from . d
values. This result generalizes eqn. (23) to nonzero e's. (From this, one can easily calculate

above by the experimental limits on v, and v, disaj ance in vacuum, and by atmaspheric )
¥ P! (2 e 3 ) the first term in the sum rule (27),

neutrino oscillation data. The positive result of LSND bounds ¢, from below, but this

constraint is not significant for present purposes. For the allowed LSND region dmg, ~
1.0t00.2 eV?, the BUGEY disappearance experiment [21] provides the 90 % C.L. bound”

{P(uo B v.]J o< ym>P? )

P(um—-’v,») _1"<V¢IV2>|1‘

as a function of the large and small angles. Similarl i
s So——. . m——— e T vy ang imilarly, the first factor in the product rule

h (28),
bounds the amplitude } Agar(vy — V) = |€uul® + €pe|® < 0.2 for dmig;, R 0.3 eV2, In fact, a
more stringent bound on Aggp(¥, — ¥,) results from atmospheric neutrino data (a nonzero [;’E"a =2 V-;] & L< Vylig > |2 (40)
2 Yl < lpliy > 27
value for this amplitude is incompatible with maximal v, mixing at the dm2,, scale). A s Mo | b >
can be readily calculated.

fit to atmospheric data [15] results in Aspy(v, — v) < 0.48(0.64) with 90% (99%) C.L.,
which translates into |e|* + |eul? < 0.12(0.16). We note that the CHOOZ limit on V- A2
disappearance at the atmosphere scale is of order (€., €e)* < 10~* in the context of the . l -

2+2 model, and so is not of interest.

"T'he KARMEN experiment provides a tighter bound than the BUGEY experiment for dmigyy, >
0.2¢V?, reaching {'ASBL(V_“ — vg) ~ 0.7 x 1072 at dmigyp ~ 1eV2. Iowever, atmospheric ex-
periments average over the SBT. contribution, and so are not sensitive to the value of dmigup-

Accordingly, the appropriate bound to use is the more liberal BUGEY bound, inferred at

dmfgnp ~ 0.2V,

12

< @ Poti@ct, ) 16,01% Ve | £ 0.0
ti) 16y |* 20.)2
= éﬁ‘l €ee £ Jo% ’ eﬂlt < 357 m Vécimn.,




Dr. Tom Weiler, KITP & Vanderbilt University (KITP Neutrinos 3-26-03) Why the Sterile Neutrino isnot Dead

Page 8

Finally, we turn to the oscillation amplitudes for the atmospheric neutrinos. The second

terms in the sum and product rules, namely,

[P("u > V) _ Py o w) HfPspi (v, — w) ()
Pl = wy) | e Puon(ve = vy) APspr (v, — )
and
[P{V‘J o Ux)J _ Dipr(vu = vs) + Ponr{v = 1) (42)
‘p(”y » vy) sdm PLBL(”;: Y ue) A PSBL(”;. » 11,) '

respeclively, are given by inputting the appropriate amplitudes. In the atmospheric data,
the measurement process averages over oscillation scales small relative to the Earth's radius.

Hence il is correct and necessary to include contributions from the LBL length-scale and

smaller, which here includes the oscillation-averaged short baseline amplitudes. One notes

that the SBL amplitudes, given in egs. (30)-(36), contribute to the sum rules at order €* but

not order €. T'he long baseline amplitudes to order ¢ are:

Avpr(#y — vs) = sin® 20y, [sin® 6,4(1 Jeuel® - lecel®) = leanl’]

= sin 49,““[% sin 20, Re(e,,) + Re(eupe,,.) sin? 0, (43)
 o——
AF,BI.(V_u — )= sin® 200tm [“’52 05(1 I‘u:lq - |Ee¢]2} P |Elm|n]
1
+ 8 405 [~ 5in 20, Re(€.) — Re(euuel,) cos” 0,4] (44)
2 —
AvnL(¥ = Ve) = — 5in 20uium [([€pe]? — |€ce|®) 5i0 200iem + 2Re(€],, €0r ) 008 200trm] (45)
ApL(vy = vy) = sin” 20pum (1 = 2l€pel® — 2l€uul’] — 25in 40um Re(epiueye) (46)
m——

With egs. (39)-(42) as vur guide, it is not difficult to write out the explicit analytic expres-
sions for the sum and product rules. It is also not especially illuminating to do so. One
finding is that the order € and ¢? corrections are different for the sum and product rules.
Thus these two rules, containing the same information in zero®® order, contain different
information when the small angles are included. We remind the reader that atmospheric

oscillations occur in the earth, and so the mixing angles that enter eqgs. (41) and (42) are

matter rather than vacuum anﬁies.
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0.5 - 1.5 GeV

FIG. 2. Top: 4,000 points, each averaged over incident neutrino ener-
gies 0.5 GeV < E, < 1.5 GeV and upcoming angles in —1.0 < cos@, < —0.8, scattered over
€upts €pes €opy A0 Br5, with matler effects included. The 90% and 99% exclusion boxes obtained
with small angles set to zero are shown as a crude reference. Bottom: same as ahove but with

earth-matter omitted. In both plots, the vertical axis is Ram and the horizontal axis is gy,

34

T A ia

1.5 - 30 GeV

FIG. 3. Same as Fig. 2, bul energy-averaged over 1.5 GeV< E, < 30 GeV.




Dr. Tom Weiler, KITP & Vanderbilt University (KITP Neutrinos 3-26-03) Why the Sterile Neutrino isnot Dead Page 10

L faae T N T

50 - 150 GeVv
1.5 - 30 GeV ¥ : '

0.2

FIG. 11. Sum rule scatter plot for the antineutrino channel, averaged over the cnorgy range 1.5
to 30 GeV

FIG. 5. Same as Fig. 2, but energy-averaged over 50 GeV< E, < 150 GeV.
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S —— Ratm Product-Rule

10} .

50 - 150 GeVv

~ p.001 0.1 10 1000

FIG. 10. 4,000 points for the product rule, each averaged over incident neutrino cnergies
50 GeV < E, < 150 GeV and upcoming angles in —1.0 < cos@, < —0.8, scattered over €y
€uer €oer and 0, with matter effects included. Here we use the same Ram and Rgy, symbols to
denote the ratios of amplitudes appearing in the product rule eq. (28). The diagonal line is the

result when small angles are set to zero.

FIG. 9. Samc as in Top figure 5, but with only one small-angle (indicated) nonzero. 42

41




