
PHASE FACTOR AVERAGING 
 
Special care is taken to reduce the numerical error that 
causes proteins to energetically favor lattice locations. 
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The following description is derived in [2] 
 
 
 
 
 
 
 
 
We compare this result to our simulated results in Fig. 4.  
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FIGURE 1. Describes how the proteins are locally 
coupled to the membrane 
 

FIGURE 2.  Proteins embedded in a lipid bilayer 
membrane.  

FIGURE 4. Effective bending stiffness of membrane, 
simulation results compared to the analytic 
description Eq. (2) derived in [2].  

FIGURE 3.  Membrane fluctuations for different area 
fraction of flat proteins in membrane including a 
fitting of Eq. (1). The inset shows the full spectrum of 
the fluctuations. 
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EFFECTIVE STIFFNESS 
 
For the homogenous membrane we have the following 
relationship between the fluctuations of the membrane in 
Fourier space and membrane bending modulus 
 
 
 
 
We use this expression to fit the fluctuations of the 
heterogeneous membrane, which gives us an estimate for 
the effective bending stiffness of the membrane with flat 
protein inclusions. See Fig. 3.  
 

ABSTRACT 
 
We use computational approaches, consistent with 
statistical mechanics and accounting for bi-directional 
membrane-protein coupling, to study the effective stiffness 
of a membrane with embedded proteins.  As the number 
of proteins increases, protein inclusions increase the 
effective elastic stiffness of the bilayer membrane.  We 
demonstrate how Phase Factor Averaging can be used to 
increase the numerical accuracy in a computationally 
efficient way. 
 

Homogenous	  

FIGURE 6. Diffusivity of one curved protein,  
Cp = 0.15nm-1.  

FIGURE 5. Energy landscape for minimum 
configuration as protein location is varied with respect 
to lattice locations, Cp = 0.15nm-1. 

Fig. 5 shows that this error is greatly reduced by making 
our spatial mesh finer. But making the spatial mesh finer 
by a factor of N1 will result in N1

3 reduction in the time step 
in addition to the N1

2 additional computational cost of each 
step. The additional cost due to the time step reduction 
can be avoided by introducing a Phase Factor Averaging 
method. Namely, 

Fig. 6 shows the effect that this change in error has on the 
effective diffusivity of a curved protein in the membrane. 


