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1. Introduction

e The couplings of BPS D-branes to Ramond-Ramond
fields hold the key to their stability and dynamics.

e A collection of N BPS Dp-branes r:r::-uples to all RR
forms, via the formula:

up [Tr (P[e* 1oie > c(M B eF )

Here, ip is an inner product between the transverse
matrix-valued scalar and a form index: igC ~ ®'C; .

o We will ignore gravitational couplings localised on the
brane.

e In general, the above formula has derivative corrections.
However, there are some cases where the correction is
known to be absent or can be absorbed into a field
redefinition.

e Turnon a constant B field. We would like to know what
is the analogue of the above formula in noncommutative
variables.
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e This is interesting for various reasons:

(i) Much insight was gained by asking the same question
for the DBI part of the brane action.

(i) The Chern-Simons action tells us about interesting
physical effects such as anomaly inflow, bound states,
the dielectric effect etc. How are these effects desribed
in noncommutative variables?

(ili) The investigation reveals interesting mathematical
identities in noncommutative field theory.

e We will address this problem in two parts: constant
fields (analogue of the DBI approximation), and spatially
varying fields.

¢ Generalisations to unstable non-BPS branes will also be
discussed.

e The starting point is matrix theory. We will make heavy
use of the ideas in:
J. Liu, hep-th/0011125
S. Das and S. Trivedi, hep-th/0011131
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2. Noncommutative RR Couplings (in DBI
Approximation)

e Let us start with N D-instantons, whose RR couplings
are:

p—1Tr (ei ol %C[“})
Here we keep the O-form part.

e For infinite IV, we can build up a Euclidean 9-brane by
choosing the classical configuration

P = gt [}, 27] = i6Y

This configuration carries the charge of all p-branes if gt
has maximal rank. Thus it is a D9-brane with induced
lower-brane charges.

e Parametrising the fluctuations by
X' =g+ Qijﬁj[ﬂ:)
it is easy to check that
(X%, X9 =i (8% — 6F Fry6t) = i QY

where

Fij = 8;A; — 0;4 —i[4;, Aj.
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e Here, * denotes the Moyal product:

(@) @) = £(2) 1995 ()
e Now in the exponential pre-factor we can use

Iplep — %i@
where ig C' ~ Qj“'(?ij__, Then the D-instanton coupling
is
1-
p_1Tr e 20 EC{R)
T

e As QY is a 10 x 10 antisymmetric matrix, we can define
its Pfaffian by

PfQ = 255|

It is easy to see that

€iy...i10 Q42 ... Q4o

Tre-2iey o™ =Ty PFQ%C{“} @
T
where 1
-1 _ -1 1 j
Q! = Qi da' A da

and le is the matrix inverse of Q;;. On the RHS, the
rule is to expand the exponential in wedge products, and
take the 10-form part of the expression.
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e Thus the RR couplings on the D9-brane are, for constant
fields, simply given by:

1 n 1
p— 1TfF'fQEC[”‘} Q" —#gf Ffﬂ PIQ s ot ¢ @

where the right side follows from:

1

Tr — [dPtlg
/ (27) %% Pf6

e To see the equivalence to the commutative couplings,

note that
1 _ / 1 )
" \g — 0F0/i;
|IIl T
=(3),+ (Fr=5p)
"-.H ] 1 - QF LX)
= B;‘j + Fij
where
1 P |
= -, F=F
7, 1—-0F

The first equation defines the DB-field in the
“background-independent” formulation of noncommu-
tativity. The second is the Seiberg-Witten map for
constant U(1) field strengths.
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¢ Thus the noncommutative CS action becomes

PIQ (. (n) B+

9 Jz Pfo %

which is equal to the original commutative CS action
upto the factor

PtQ
Pfo

for constant field strengths.

= 1 + total derivative terms

(Compare with

PfQ -
TgfdeEt (Q-U + Q.ﬁjl)

for the DBI case.)

e For lower-dimensional BPS Dp-branes, the noncommu-
tative CS term for constant fields is:

PfQ) i i 1
”?.[1: Pfﬂplilm 1::}2(}(71} Q-

Here Q@ = 8 — 8F8 is of rank p + 1 rather than 10, and

®* are the 9 — p transverse scalars. Note the * product
between these scalars.
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3. Gauge Invariant Operators on Noncommutative
D-Branes

e For spatially varying RR fields and gauge field strengths,
the above couplings are not gauge invariant. We must
introduce open Wilson lines to make gauge invariant
couplings.

e The open Wilson line for a noncommutative gauge
theory is defined as follows:

W(,0)= Peesp i ar 2D AiGe +r)

where £¥(1) = gijij_ Under noncommutative gauge
transformations, it transforms as:

W (z,C) — U(z') W(z,C) U'(z* + 67k;)

Since UT(z" + 6%k;) eih-® = ¢tk 4 (%), it follows
that the Fourier transform:

d;u-t-l

W(k,C) = [ 1 )P

W(z,C) x k=

is gauge-invariant.
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¢ Given local operators Op(x) transforming in the adjoint,
one can formally make a composite local operator

11 O5(z)
I=1

MNow, to this composite we can associate a gauge-
invariant operator of momentum k', obtained by
“smearing” the original operators along an open Wilson
line:

drtl.
20 = g fl, 6 47

P [W(@,0) i Orfe +€(m)| + 2

e As a result of the various T-integrals, one finds that new
kinds of % products arise when expanding this. Indeed,
we have

k)= f pH Qm(z) e

m=

where
Om(z) = %{ﬁa)ﬁ....(aa}w
{ﬂl(m]: reey mﬂ{:ﬂ]: ‘a’h(m]: raey ‘a'f-m(m]}*m+n
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o We see that new commutative, nonassociative products
called *, have appeared for every n. The simplest one

is #5, defined as:

(f(x),9(z)}s = f( ]'mnf*(?_—{ii i ]Q( )

e These products are quite ubiquitous, because of
identities like:

1
ﬁ; dr(*r + c.C) = %9
where *; is the Moyal product with parameter g,

o We will apply this procedure to find gauge-invariant RR
couplings.
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4. Gauge Invariant RR Couplings and the
Seiberg-Witten Map

¢ We have seen that for constant fields on a p-brane, the
highest-rank RR form C{P*1) couples to the operator

PfQ
Pfo

It follows that the gauge-invariant coupling of this RR

= \/det(1 — 0F)

form is;

pp 11 O, (R

1

f {gﬂr]p-l-l

Ly[/det(1 — 0F) W (z, C)] * ek

where the symbol L, stands for the smearing and path-
ordering of everything inside the bracket.

e Now, however, this must agree precisely with the
commutative coupling, not just up to total derivative
terms. The commutative coupling is simply

ppeit- it O (k) 6D (k)
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e Thus we predict the identity:

d;tH—l

)Pl L.[y/det(1 — 6F) W(z, C)]xei*=

§PHL(k) = = [ [

e This is easily checked to lowest order in A:

Jdex(1— 0F) ~ 1 - St (6F)

and B
W(z,C) ~ 1+ 69,4

. ~3 .
We have checked it to O(A"), and have also given a
recursive proof to all orders for the special case where

9% has rank 2.

e Recalling, that X! = x* + Bijﬁj, it is easy to show that
our identity takes the following neat form:

tr (Pf[xi,xj] E‘ik.x) — Str (Ff[}{“,.‘:{-"‘] Eik.x)

where Str is the symmetrised trace.
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e Next let us consider the coupling of the brane to the RR
form C(P=1). Recall that for constant fields the coupling

was:

[ {det(1 — 0F)CcP~1) A Q71
With spatially varying fields the corresponding coupling

must therefore be:

s Y (ks

1
/ (dp: w1 Ls[\det(1 — 0F) (@Y i, W (=, C)] e

e Compare this with the commutative coupling:

+1,,
Iy En Ap+1 CI:IJ 1} ( k)f[f)p—l—l (B+F]zpz I{I] Etk:x:

11.edpg—1

Recall that we had
Q=B+ F1-6/)"1

Using the previous identity, we can cancel off the
terms proportional to B on both sides. That leaves
a relation between commutative and non-commutative

field strengths.
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¢ Thus we obtain the new identity:

drtly
1.? k} f (E?T}F"'l {

Lu[{det(1 — 0F) (£(1 — 6£) 1), W(z, C)] * )

We recognise this as a closed-form expression for the
[J(1) Seiberg-Witten map. It was conjectured recently
by Liu (who extended the conjecture to U(N)).

e This comparison between commutative and non-
commutative couplings makes sense despite the
possibility of derivative corrections on both sides,
because it is known that the derivative corrections can
be absorbed into a field redefinition in this case. The
SW map is anyway defined only up to a field redefinition.
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5. Transverse Scalars

e So far we have largely ignored the dependence of the
CS action on the transverse scalars. These make an
appearance in the commutative CS action in several
ways:

(i) The dependence of C:

Ci) an = O 0n(®) = €*%C{Y) 4, (0)

(ii) The pullback of C:

P[Gﬂ(.iljﬂﬂ] = C&?jﬂn 'I' .Dalq)il C{ﬁ} + 2

. . 11705

(iii) Commutator terms, involving e*'¢'e,

e This dependence on scalars gives rise to interesting
generalisations of the previous results. | will focus on
two of them.
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e Consider first the dependence of C. In momentum
space, the commutative coupling incorporating this is:
" ..Ir P +1 . i
fip el Lp—l—l(','_‘gjlmip_'_l(_k}q} {E{F_l_l}(k]-]-iqﬂ'i’ﬂ{k]-l"' . }
where ¢ is the momentum transverse to the brane.

e In the noncommutative description, the dependence on
g arises through a generalisation of the open Wilson line
which now becomes:

W'(2,0) = Presp i [ dr{ 3o +) + b+ )|

e Like the Wilson line at g = 0, this too has an expansion
in terms of *, products:

' B o0 l m {m
Wm0 = Xy kgu(ff] g

(69)1...(00)™ (ig)ap,; - - - (12)am X
{A@l{m}, Tt j’ik(m]! $Gk+l{$]1 rery {Bﬂm{m]}*m

e This gives a prescription to find the Seiberg-Witten
map for the transverse scalars. Write down the
noncommutative coupling of the RR field to this Wilson
line, expand to linear order in g and compare with the
commutative one,
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e Explicitly, to third order in open-string fields, we find:

B(k) = &% + 04 (4;, 0,69,
+ 565, 1Ay, ),
+ %giiaﬂ{ﬁ,g, O A;, D)y
— 06 (A;, 8; A, D).
n %ﬁfiﬂ“{ﬁj, A, 8;019%) .,
4.

To this order, this agrees with the SW map obtained
from that of A by dimensional reduction.
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