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Current-voltage characteristics

The Insulator at T<0.2 K:
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Transition to abrupt I-V
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Superinsulator and quantum synchronization

superinsulating transition, placing BSI at T5 20mK between 2.05
and 2.15 T. Figure 3a displays current I versus B and V on a colour
map. The border enclosing the infinitely resistant superinsulating
domain (in black) visualizes the dependence of the threshold voltage
upon the magnetic field.

Figure 4 summarizes our findings and presents a sketch of the dual
superconducting (coordinates B, T, I), and superinsulating (coordi-
nates B, T, V) phase diagrams. It shows a mirror-like symmetry
between the superconducting and superinsulating phases: both col-
lective states occupy the low-magnitude corners of their respective
phase diagrams. In both cases the relevant variables are the magnetic
field and temperature, the current for a superconductor and the
voltage for a superinsulator. The temperature dependence of the
critical field BSI of the superinsulator shown in Fig. 4b follows
the temperature behaviour of the upper critical field Bc2 of the super-
conductor (Fig. 4a), given that TSI / D/kB / Tc.

In conclusion, we note two things. First, the origin of the duality
between a superinsulator and a superconductor lies in the conjuga-
tion of superconducting phase Q and condensate charge Q5 2en
connected by the uncertainty principle DQDn$ 1, where n is the
number of Cooper pairs involved in the elemental charge transfer
process. The collective phase characterizing a superconductor maps
to the collective charge of a superinsulator. As a result, the duality
between these twomacroscopic quantumphenomenamanifests itself
via the mapping of all the characteristic parameters: Ec«EJ, I«V,
and resistivity«conductivity. Further, the duality manifests itself in
the mirror symmetry of the phase diagram of both states: the upper
critical field Bc2 of a superconductor has its counterpart in the critical
field BSI for a superinsulator. The latter depends on temperature
similarly to Bc2, while the temperature and field dependencies of
the superconducting critical current are mirrored by those of the
threshold voltage for depinning. This dual similarity extends even
further. The Joule loss P5 IV, which is exactly zero in the super-
conducting state, is also exactly zero in the superinsulator. Whereas
the absence of Joule loss in a superconductor is the result of the
nondissipative flow of the current and thus the lack of the voltage
drop V5 0, the zero Joule loss in a superinsulator is ensured by the
absence of the current at V,VT, where VT is the threshold voltage.

Second, our theoretical results were derived for a regular array of
Josephson junctions. However, the experiments revealing a super-
insulating state were carried out on homogeneously disordered films
rather than on the artificially designed Josephson junction patterns.
Our understanding of the origin of the superinsulating state in the

films relies on the formation of the network of superconducting
droplets within the normal matrix. This network of superconducting
droplets is precisely the array of superconducting weakly coupled
islands considered above, provided this network maintains a rela-
tively regular structure. Although the analytical theory of the droplet
state is unknown, we conjecture that the droplet state is an inherent
property of the critical region of the superconductor-to-insulator
transition in the films and that a regular droplet array may emerge
analogously to nucleation of the superconducting vortex lattice on
the other side of the transition.

METHODS SUMMARY
Our analytical derivation of the I–V characteristic is based on the general linear-
response theory, giving the Josephson current across a system confined between
the two superconducting leads as Is5 ÆhH/hQæ, where Q is the phase difference
between the electrodes, H is the hamiltonian of the system of interest, and the
angle brackets denote quantum mechanical and thermodynamic averaging.
Considering a Josephson junction array in the insulating phase, where Ec. EJ,
andmaking use of the perturbation theory with respect to small EJ/Ec, we express
the d.c. Josephson current as a Fourier transform of the time-dependent
Josephson phase correlation function K(t) across the array, where the applied
bias voltage V plays the role of the Fourier parameter. The I–V characteristic of
the Josephson junction array is determined by the instanton phase configuration
in which superconducting phases at all Josephson junctions evolve in a synchro-
nized manner.

Full Methods and any associated references are available in the online version of
the paper at www.nature.com/nature.
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Figure 4 | Sketch of dual-phase diagrams for a superconductor and a
superinsulator. a, Magnetic-field–temperature–current (B–T–I)
superconductor phase diagram. b, A dual-phase diagram for a
superinsulator is obtained from the superconductor phase diagram by
interchanging the I and V axes. The threshold voltage VT, the maximal
voltage at which a superinsulator can retain a zero-conductivity state,
corresponds to the critical current of a superconductor. The critical
temperature for a superconductor TSC maps onto the critical temperature of
the ‘normal’ insulator–superinsulator transition TSI.
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Recently, it was predicted that if all one-electron states in a noninteracting disordered system are 
localized, the interaction between electrons in the absence of coupling to phonons leads to a 
finite-temperature metal-insulator transition. Here, we show that even in the presence of a weak 
coupling to phonons the transition manifests itself (i) in the nonlinear conduction, leading to a 
bistable I−V curve, and (ii) by a dramatic enhancement of the nonequilibrium current noise near 
the transition.
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paths increases with V . The critical exponent � depends on
the dimension d and was estimated in Ref. 2 using results on

optimal paths and the KPZ equation.12 For T⌃0, this phase
transition disappears, and leads to a crossover which we pos-

tulate to be of the form ⇥see Ref. 9⇧

I

I0
⌥⌅ V

Vc

⇤1 ⇧ �

F⇥ ⌅ V
Vc

⇤1 ⇧ ⌅ T1
T

⇧ ⌥⇤ ⇥V�Vc⇧, ⇥1⇧

where ⌥ is the crossover exponent, and F a crossover func-

tion, which we determine experimentally. As shown below,

this picture allows us to describe satisfactorily the I-V char-

acteristics of all our samples, at least for temperatures that

are not too low. At very low temperature, however, the tran-

sition becomes first order and hysteretic, as expected in the

presence of some ⇥even very small⇧ heating. This hysteretic
behavior is actually also observed in model quantum dots

systems.3

Let us now describe our experimental results. S3d and

S2d films differ mainly by their thickness h: For S3d , h�7
⇤m while for S2d h�0.04 ⇤m�a ,b ⇥see below⇧. Both S3d
and S2d were made by sputtering from a single Y0.2Si0.8
target onto a substrate cooled at liquid-nitrogen temperature

in order to minimize atomic segregation.13 All reported elec-

trical measurements are two-probe dc results using a voltage

source and detection of current with a Keithley 617 elec-

trometer. Contacts of 2500 ⇤m2 are made by ultrasonic sol-
dering of aluminum wires directly on the surface of the

sample. To ensure that contact resistances are negligible at

low T, we first realized four-probe measurements showing

FIG. 1. I(V) in the semilog

scale for S3d ⇥120 ⇤m long⇧ at
H⌥0 T and various T. Around

Vc�9.0 mV, note the sudden de-
crease of I by a huge factor at low

T. This behavior is hysteretic:

when V rises ⇥see the arrows⇧, the
discontinuity occurs at a voltage

that is strongly T dependent. Inset:

RV⌥0�e2/h in the log scale as a

function of T⇤1. Above Tcross
Mott’s law holds: R⌅exp(T0/
T)1/4. Below Tcross , the divergence

of R is stronger since it is simply

activated: R⌅exp(T1/T).

FIG. 2. Rescaling for S3d using Eq.

⇥1⇧. 2594 I-V points rescaled from T�20
mK to T⌥300 mK and H⌥0 to H�6 T. �,
⌥, and F do not depend on H. T1 is ex-
tracted from Fig. 1. At H⌥0, T1⌥0.37 K,
and Vc⌥8.7⇥0.2 mV. At H⌥6 T, T1⌥0.42
K, and Vc⌥20.0⇥0.5 mV. � is the sim-

plest function allowing a linear regime:

�(V⇧Vc)⌥1⌅Vc/V , and �(V⌃Vc)⌥2.
I0 is a typical current slightly depending

on H. For V⇧Vc scaling fails either when

VRH dominates the measurement ⇥i.e.,
T⌃Tcross�0.15 K and V is small⇧ or in the
low phase current when discontinuity at Vc
is large: these latter points were removed

from the plot. Inset: same kind of rescaling

for the 2d sample ⇥same ranges of H and

T, and arb. units for the log-log plot⇧. T1 is
extracted from R(V⌥0) experiments. At
H⌥0, T1⌥0.57⇥0.05 K, and Vc
�2.5⇥0.05 mV. At H⌥6 T, T1⌥0.8
⇥0.05 K, and Vc�6.5⇥0.15 mV.
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Heat balance equation:

V 2

R(Tel)
=

�(Tph)
⇥e�ph(Tph)

� �(Tel)
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Jumps in current-voltage characteristics in disordered films
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10-8

10-7

10-6

10-5

dI
/d

V
 (Ω

−1
)

6420-2-4-6
Vdc (10-3 V)

B=3T
T=0.01-0.1K

Ja7-70micron
Vac = 1e-5V
2 terminal

€ 

ρ(T) = ρ0e
TI /T

1. Electrons and phonons are decoupled
2. Electrons are strongly interacting

 (electrons can have Tel≠Tph)

3. I-V is linear
(Apparent non-linearity from electron 
heating)

4. R(T) is a fast function



Heat balance equation:

V 2

R(Tel)
= AT 6

el �BT 6
ph

Jumps in current-voltage characteristics in disordered films
B. L. Altshuler, V. E. Kravtsov, I. V. Lerner, and I. L. Aleiner,  

Phys. Rev. Lett. 102, 176803 (2009)

Tel

Tph

     





2

10
-13

10
-12

10
-11

10
-10

10
-9

10
-8

10
-7

| 
I 

| 
(A

)

0.20.10.0-0.1-0.2

V (V)

T (K)
0.50

0.40

0.30

0.20

0.15

0.13

0.11

0.10

0.09

0.08

0.07

0.06

0.05

0.04

0.03

FIG. 1: I-V isotherms measured on the magnetic field-tuned
insulator at B = 11T . The voltage is swept from �0.25V to
0.25V , indicated by the arrows on one of the curves.

using a more sensitive measurement setup, we are able
to extend our I range to values that are much lower than
in previous experiments [13]. This opens the route to a
very stringent test of theoretical models.

There are four central observations that can be made
on these T < 0.1K data. First, large discontinuities in
I at well-defined V thresholds clearly separate a high-R
(HR) and a low-R (LR) state. The R before and after the
jumps can di⇤er by 5 orders of magnitude. Second, there
are two distinct I-jumps for each isotherm that seem non-
symmetric upon V reversal. This apparent asymmetry
reflects the fact that V is swept from �0.25V to 0.25V
in our experiment, so on the V < 0 side the jump occurs
while reducing |V |, while on the V > 0 side it takes place
while increasing |V |. We thus have two V thresholds
for each curve, which we denote by V �th and V +

th for the
V < 0 and V > 0 sides, respectively. Third, V +

th clearly
depends on T , changing from 0.18V to 0.22V for T =
0.1 � 0.011K, while V �th is T -independent in the same
T range. Fourth, the magnitude of the jumps depends
strongly on T for both V +

th and V �th . These observations
must be accounted for by the heating scenario [19] if it
is to describe the results. In what follows we present a
detailed analysis of the I �V data along the lines of this
theoretical framework.

We begin by adopting the assumption in [19], that the
measured I�V ’s nonlinearity results solely from electron
overheating. At V = 0, there is no external heating and
Tel = Tph. As we increase |V | an increasing amount of
power is supplied to the electrons and Tel can become
larger than Tph, producing a change in R that causes the
apparent non-linearity of our I � V ’s. If we now calcu-
late, for each (Ii, Vi) data point on each I � V curve in
Fig. 1, the quantity R = Vi/Ii we can extract the e⇤ec-
tive Tel simply by inverting the independently measured
R(T ) taken near zero V (where it is assumed Tel = T ).
When we plot, in Figure 2(a), the V dependence of the
calculated Tel, we find that at both V +

th and V �th , Tel is
discontinuous. While this is guaranteed by our method of

obtaining Tel from our data (the measured R(T ) is a con-
tinuous function), it is an essential part of this work that
the assignment of Tel shown in Figure 2(a) is a physical
interpretation consistent with our entire data set.

Having obtained, in the manner described above, Tel

for each point on our I � V curves, we are now ready to
test the validity of the heat-balance equation (Eq. 1). In
order to do so we wish to plot I ·V +� ⇥ T �

ph as a function
of Tel, and therefore we must first determine Tph and �.

For the values of Tph we use the reading of the re-
frigerator thermometer and assuming that the phonons
are well-coupled to the refrigerator bath. The observa-
tion of similar discontinuous I � V curves in diverse sys-
tems cooled in refrigerators with widely varying cooling
environments is a good indication that the thermal cou-
pling of the sample to the refrigerator bath is strong,
and that we can safely identify Tph with the refrigerator
thermometer.

To determine � we plot, in the inset of Figure 2(b),
P = I · V vs Tel for the I � V taken at T = 0.05K.
At low P , Tel approaches T (vertical arrow). For large
P , when Tel >> Tph, Tph can be neglected in Eq. 1,
P ⇤ T �

el, and � = 6 can be determined from the slope
(dotted line in the figure).

The main result of our work is evident in Figure 2(b).
By adjusting the parameter � ⇥ we obtain a collapse of
the entire data set onto a single power-law curve with
slope � = 6 on a log-log scale (the dotted line in the fig-
ure has slope of 6, and is shifted for clarity). We wish
to emphasize that this plot contains the entire data of
Figure 1 including the several-orders-of-magnitude dis-
continuities of I at Vth. The prefactor of T �

el obtained in
this way is also equal to �⇥, thus satisfying Eq. 1.

While the data presentation of Figure 2 constitutes a
convincing case for the validity of the electron overheat-
ing approach to our I � V data, it obscures the physical
bistability that exists in the model [19]. To clarify this
aspect of the data, we plot Tel as a function of Tph in
Figure 3. Blue circles correspond to data measured while
increasing |V | and red crosses represent data taken while
decreasing |V |. The data are clearly separated into two
regimes. The first is at Tph > 0.1K, where Tel is contin-
uous, ranging from Tel = Tph (diagonal line in Fig. 3)
and increasing with |V | as greater power is injected into
the electron system. In this regime, the Tel(Tph) data is
also symmetric with respect to sweep direction (the blue
and red data overlap).

In contrast, in the Tph < 0.1K regime, discontinuities
in Tel appear alongside with the development of hys-
teretic behavior. Upon increasing |V | (blue circles), Tel

jumps to higher values as Tph is lowered, corresponding
to the V > 0 side of the I � V in Figure 1. When |V |
is then decreased towards V = 0 (red crosses), lower Tel

can be sustained in the high-Tel state before the discon-
tinuous jump to the low-Tel state. As seen in the V < 0
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using a more sensitive measurement setup, we are able
to extend our I range to values that are much lower than
in previous experiments [13]. This opens the route to a
very stringent test of theoretical models.

There are four central observations that can be made
on these T < 0.1K data. First, large discontinuities in
I at well-defined V thresholds clearly separate a high-R
(HR) and a low-R (LR) state. The R before and after the
jumps can di⇤er by 5 orders of magnitude. Second, there
are two distinct I-jumps for each isotherm that seem non-
symmetric upon V reversal. This apparent asymmetry
reflects the fact that V is swept from �0.25V to 0.25V
in our experiment, so on the V < 0 side the jump occurs
while reducing |V |, while on the V > 0 side it takes place
while increasing |V |. We thus have two V thresholds
for each curve, which we denote by V �th and V +

th for the
V < 0 and V > 0 sides, respectively. Third, V +

th clearly
depends on T , changing from 0.18V to 0.22V for T =
0.1 � 0.011K, while V �th is T -independent in the same
T range. Fourth, the magnitude of the jumps depends
strongly on T for both V +

th and V �th . These observations
must be accounted for by the heating scenario [19] if it
is to describe the results. In what follows we present a
detailed analysis of the I �V data along the lines of this
theoretical framework.

We begin by adopting the assumption in [19], that the
measured I�V ’s nonlinearity results solely from electron
overheating. At V = 0, there is no external heating and
Tel = Tph. As we increase |V | an increasing amount of
power is supplied to the electrons and Tel can become
larger than Tph, producing a change in R that causes the
apparent non-linearity of our I � V ’s. If we now calcu-
late, for each (Ii, Vi) data point on each I � V curve in
Fig. 1, the quantity R = Vi/Ii we can extract the e⇤ec-
tive Tel simply by inverting the independently measured
R(T ) taken near zero V (where it is assumed Tel = T ).
When we plot, in Figure 2(a), the V dependence of the
calculated Tel, we find that at both V +

th and V �th , Tel is
discontinuous. While this is guaranteed by our method of

obtaining Tel from our data (the measured R(T ) is a con-
tinuous function), it is an essential part of this work that
the assignment of Tel shown in Figure 2(a) is a physical
interpretation consistent with our entire data set.

Having obtained, in the manner described above, Tel

for each point on our I � V curves, we are now ready to
test the validity of the heat-balance equation (Eq. 1). In
order to do so we wish to plot I ·V +� ⇥ T �

ph as a function
of Tel, and therefore we must first determine Tph and �.

For the values of Tph we use the reading of the re-
frigerator thermometer and assuming that the phonons
are well-coupled to the refrigerator bath. The observa-
tion of similar discontinuous I � V curves in diverse sys-
tems cooled in refrigerators with widely varying cooling
environments is a good indication that the thermal cou-
pling of the sample to the refrigerator bath is strong,
and that we can safely identify Tph with the refrigerator
thermometer.

To determine � we plot, in the inset of Figure 2(b),
P = I · V vs Tel for the I � V taken at T = 0.05K.
At low P , Tel approaches T (vertical arrow). For large
P , when Tel >> Tph, Tph can be neglected in Eq. 1,
P ⇤ T �

el, and � = 6 can be determined from the slope
(dotted line in the figure).

The main result of our work is evident in Figure 2(b).
By adjusting the parameter � ⇥ we obtain a collapse of
the entire data set onto a single power-law curve with
slope � = 6 on a log-log scale (the dotted line in the fig-
ure has slope of 6, and is shifted for clarity). We wish
to emphasize that this plot contains the entire data of
Figure 1 including the several-orders-of-magnitude dis-
continuities of I at Vth. The prefactor of T �

el obtained in
this way is also equal to �⇥, thus satisfying Eq. 1.

While the data presentation of Figure 2 constitutes a
convincing case for the validity of the electron overheat-
ing approach to our I � V data, it obscures the physical
bistability that exists in the model [19]. To clarify this
aspect of the data, we plot Tel as a function of Tph in
Figure 3. Blue circles correspond to data measured while
increasing |V | and red crosses represent data taken while
decreasing |V |. The data are clearly separated into two
regimes. The first is at Tph > 0.1K, where Tel is contin-
uous, ranging from Tel = Tph (diagonal line in Fig. 3)
and increasing with |V | as greater power is injected into
the electron system. In this regime, the Tel(Tph) data is
also symmetric with respect to sweep direction (the blue
and red data overlap).

In contrast, in the Tph < 0.1K regime, discontinuities
in Tel appear alongside with the development of hys-
teretic behavior. Upon increasing |V | (blue circles), Tel

jumps to higher values as Tph is lowered, corresponding
to the V > 0 side of the I � V in Figure 1. When |V |
is then decreased towards V = 0 (red crosses), lower Tel

can be sustained in the high-Tel state before the discon-
tinuous jump to the low-Tel state. As seen in the V < 0
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FIG. 1: I-V isotherms measured on the magnetic field-tuned
insulator at B = 11T . The voltage is swept from �0.25V to
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using a more sensitive measurement setup, we are able
to extend our I range to values that are much lower than
in previous experiments [13]. This opens the route to a
very stringent test of theoretical models.

There are four central observations that can be made
on these T < 0.1K data. First, large discontinuities in
I at well-defined V thresholds clearly separate a high-R
(HR) and a low-R (LR) state. The R before and after the
jumps can di⇤er by 5 orders of magnitude. Second, there
are two distinct I-jumps for each isotherm that seem non-
symmetric upon V reversal. This apparent asymmetry
reflects the fact that V is swept from �0.25V to 0.25V
in our experiment, so on the V < 0 side the jump occurs
while reducing |V |, while on the V > 0 side it takes place
while increasing |V |. We thus have two V thresholds
for each curve, which we denote by V �th and V +

th for the
V < 0 and V > 0 sides, respectively. Third, V +

th clearly
depends on T , changing from 0.18V to 0.22V for T =
0.1 � 0.011K, while V �th is T -independent in the same
T range. Fourth, the magnitude of the jumps depends
strongly on T for both V +

th and V �th . These observations
must be accounted for by the heating scenario [19] if it
is to describe the results. In what follows we present a
detailed analysis of the I �V data along the lines of this
theoretical framework.

We begin by adopting the assumption in [19], that the
measured I�V ’s nonlinearity results solely from electron
overheating. At V = 0, there is no external heating and
Tel = Tph. As we increase |V | an increasing amount of
power is supplied to the electrons and Tel can become
larger than Tph, producing a change in R that causes the
apparent non-linearity of our I � V ’s. If we now calcu-
late, for each (Ii, Vi) data point on each I � V curve in
Fig. 1, the quantity R = Vi/Ii we can extract the e⇤ec-
tive Tel simply by inverting the independently measured
R(T ) taken near zero V (where it is assumed Tel = T ).
When we plot, in Figure 2(a), the V dependence of the
calculated Tel, we find that at both V +

th and V �th , Tel is
discontinuous. While this is guaranteed by our method of

obtaining Tel from our data (the measured R(T ) is a con-
tinuous function), it is an essential part of this work that
the assignment of Tel shown in Figure 2(a) is a physical
interpretation consistent with our entire data set.

Having obtained, in the manner described above, Tel

for each point on our I � V curves, we are now ready to
test the validity of the heat-balance equation (Eq. 1). In
order to do so we wish to plot I ·V +� ⇥ T �

ph as a function
of Tel, and therefore we must first determine Tph and �.

For the values of Tph we use the reading of the re-
frigerator thermometer and assuming that the phonons
are well-coupled to the refrigerator bath. The observa-
tion of similar discontinuous I � V curves in diverse sys-
tems cooled in refrigerators with widely varying cooling
environments is a good indication that the thermal cou-
pling of the sample to the refrigerator bath is strong,
and that we can safely identify Tph with the refrigerator
thermometer.

To determine � we plot, in the inset of Figure 2(b),
P = I · V vs Tel for the I � V taken at T = 0.05K.
At low P , Tel approaches T (vertical arrow). For large
P , when Tel >> Tph, Tph can be neglected in Eq. 1,
P ⇤ T �

el, and � = 6 can be determined from the slope
(dotted line in the figure).

The main result of our work is evident in Figure 2(b).
By adjusting the parameter � ⇥ we obtain a collapse of
the entire data set onto a single power-law curve with
slope � = 6 on a log-log scale (the dotted line in the fig-
ure has slope of 6, and is shifted for clarity). We wish
to emphasize that this plot contains the entire data of
Figure 1 including the several-orders-of-magnitude dis-
continuities of I at Vth. The prefactor of T �

el obtained in
this way is also equal to �⇥, thus satisfying Eq. 1.

While the data presentation of Figure 2 constitutes a
convincing case for the validity of the electron overheat-
ing approach to our I � V data, it obscures the physical
bistability that exists in the model [19]. To clarify this
aspect of the data, we plot Tel as a function of Tph in
Figure 3. Blue circles correspond to data measured while
increasing |V | and red crosses represent data taken while
decreasing |V |. The data are clearly separated into two
regimes. The first is at Tph > 0.1K, where Tel is contin-
uous, ranging from Tel = Tph (diagonal line in Fig. 3)
and increasing with |V | as greater power is injected into
the electron system. In this regime, the Tel(Tph) data is
also symmetric with respect to sweep direction (the blue
and red data overlap).

In contrast, in the Tph < 0.1K regime, discontinuities
in Tel appear alongside with the development of hys-
teretic behavior. Upon increasing |V | (blue circles), Tel

jumps to higher values as Tph is lowered, corresponding
to the V > 0 side of the I � V in Figure 1. When |V |
is then decreased towards V = 0 (red crosses), lower Tel

can be sustained in the high-Tel state before the discon-
tinuous jump to the low-Tel state. As seen in the V < 0
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ted due to the large relative noise in I which causes excessive
errors in the calculation of Tel. (b) Plot of I V + � ⇥ T �

ph
versus Tel. A single adjustable parameter � ⇥ is used for all
Tph, and a dotted line with slope 6 is plotted alongside the
data for comparison (shifted for clarity). (b, inset) Plot of
P = I V versus Tel for T = 0.05K. At high P , P ⇤ T 6

el (the
dotted line has slope 6 for comparison).

side of Figure 1, this transition takes place at a Tel which
is nearly independent of Tph.

The striking feature of Figure 3 is that there is a well-
defined region in the Tel � Tph plane from which the
measured data is are excluded (marked by the black dot-
ted curve), and whose boundaries are qualitatively the
same as those in Fig. 1 of [19]. The origin of this ex-
cluded region, and the concomitant appearance of hys-
teresis, can be understood by solving Eq. (1) with the
measured R(T ) and experimentally obtained �⇥. The
resulting Tel(V ) (inset of Figure 3) is “S”-shaped for
V �th < V < V +

th . This gives rise to the bistability since
there is a range of V where two stable solutions are avail-
able for Tel. When the voltage is increased from V = 0
the system is initially in the “cold” HR state, and jumps
to the “hot” LR state at V = V +

th and Tel = T c
el. On the

other hand when the voltage is decreased from a high
value towards V = 0, the system jumps from the LR
state to the HR state at a lower voltage V = V �th and
higher temperature Tel = Th

el. This is the origin of the
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FIG. 3: Tel versus Tph, showing the excluded region of tem-
peratures which appears below Tph = 0.1K, and the accom-
panying hysteresis. Blue circles correspond to data measured
while increasing |V | and red crosses represent data taken while
decreasing |V |. Inset: “S”-shaped Tel(V ) obtained from the
numerical solution of Eq. 1, with the measured R(T ) and at
Tph = 0.05K. The curve is not single-valued, and explains
the hysteretic switching between LR and HR states at the
stability boundaries T c

el and T h
el. The blue arrow depicts the

HR⇥ LR transition and the red one depicts the LR⇥ HR
transition

hysteresis with respect to voltage sweep direction, and
the existence of an excluded temperature region simply
reflects the fact that solutions of Eq. 1 between Th

el and
T c

el are unstable.
Another way of showing the validity of the heating

scenario is by inverting the analysis and calculating the
I �V ’s from our experimentally determined parameters.
Using the previously determined solution of the heat-
balance equation as shown in the inset of Figure 3, and
assuming that R is indeed determined by Tel, we com-
pute I(V ) = V/R(Tel) for a given sweep direction. The
results of this simulation, plotted in Figure 4, were ob-
tained for a V sweep from negative to positive values.
Both V �th and V +

th , as well as the critical Tph ⌅ 0.09 K,
compare well with the data of Figure 1. For instance,
at Tph = 0.05 K, V �th = �0.177 V and V +

th = 0.200 V
for the simulated I � V , close to the measured values
V �th = �0.177V and V +

th = 0.195 V . The fact that the
measured V +

th are lower than the simulated values could
be due to premature triggering of the HR⇤ LR transi-
tion by local inhomogeneities or fluctuations [19]. Due to
the di⇧culty in accurately measuring R(T ) at very low
temperatures, curves for T < 0.05K are not shown.

We can now turn to a quantitative discussion of the
physical parameters obtained from our analysis with re-
spect to the heat balance equation. The approximate
sample volume is ⇥ = 3.45⇥ 10�5 mm3. From the fitted
value of � ⇥ we obtain the electron-phonon coupling con-
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FIG. 1: I-V isotherms measured on the magnetic field-tuned
insulator at B = 11T . The voltage is swept from �0.25V to
0.25V , indicated by the arrows on one of the curves.

using a more sensitive measurement setup, we are able
to extend our I range to values that are much lower than
in previous experiments [13]. This opens the route to a
very stringent test of theoretical models.

There are four central observations that can be made
on these T < 0.1K data. First, large discontinuities in
I at well-defined V thresholds clearly separate a high-R
(HR) and a low-R (LR) state. The R before and after the
jumps can di⇤er by 5 orders of magnitude. Second, there
are two distinct I-jumps for each isotherm that seem non-
symmetric upon V reversal. This apparent asymmetry
reflects the fact that V is swept from �0.25V to 0.25V
in our experiment, so on the V < 0 side the jump occurs
while reducing |V |, while on the V > 0 side it takes place
while increasing |V |. We thus have two V thresholds
for each curve, which we denote by V �th and V +

th for the
V < 0 and V > 0 sides, respectively. Third, V +

th clearly
depends on T , changing from 0.18V to 0.22V for T =
0.1 � 0.011K, while V �th is T -independent in the same
T range. Fourth, the magnitude of the jumps depends
strongly on T for both V +

th and V �th . These observations
must be accounted for by the heating scenario [19] if it
is to describe the results. In what follows we present a
detailed analysis of the I �V data along the lines of this
theoretical framework.

We begin by adopting the assumption in [19], that the
measured I�V ’s nonlinearity results solely from electron
overheating. At V = 0, there is no external heating and
Tel = Tph. As we increase |V | an increasing amount of
power is supplied to the electrons and Tel can become
larger than Tph, producing a change in R that causes the
apparent non-linearity of our I � V ’s. If we now calcu-
late, for each (Ii, Vi) data point on each I � V curve in
Fig. 1, the quantity R = Vi/Ii we can extract the e⇤ec-
tive Tel simply by inverting the independently measured
R(T ) taken near zero V (where it is assumed Tel = T ).
When we plot, in Figure 2(a), the V dependence of the
calculated Tel, we find that at both V +

th and V �th , Tel is
discontinuous. While this is guaranteed by our method of

obtaining Tel from our data (the measured R(T ) is a con-
tinuous function), it is an essential part of this work that
the assignment of Tel shown in Figure 2(a) is a physical
interpretation consistent with our entire data set.

Having obtained, in the manner described above, Tel

for each point on our I � V curves, we are now ready to
test the validity of the heat-balance equation (Eq. 1). In
order to do so we wish to plot I ·V +� ⇥ T �

ph as a function
of Tel, and therefore we must first determine Tph and �.

For the values of Tph we use the reading of the re-
frigerator thermometer and assuming that the phonons
are well-coupled to the refrigerator bath. The observa-
tion of similar discontinuous I � V curves in diverse sys-
tems cooled in refrigerators with widely varying cooling
environments is a good indication that the thermal cou-
pling of the sample to the refrigerator bath is strong,
and that we can safely identify Tph with the refrigerator
thermometer.

To determine � we plot, in the inset of Figure 2(b),
P = I · V vs Tel for the I � V taken at T = 0.05K.
At low P , Tel approaches T (vertical arrow). For large
P , when Tel >> Tph, Tph can be neglected in Eq. 1,
P ⇤ T �

el, and � = 6 can be determined from the slope
(dotted line in the figure).

The main result of our work is evident in Figure 2(b).
By adjusting the parameter � ⇥ we obtain a collapse of
the entire data set onto a single power-law curve with
slope � = 6 on a log-log scale (the dotted line in the fig-
ure has slope of 6, and is shifted for clarity). We wish
to emphasize that this plot contains the entire data of
Figure 1 including the several-orders-of-magnitude dis-
continuities of I at Vth. The prefactor of T �

el obtained in
this way is also equal to �⇥, thus satisfying Eq. 1.

While the data presentation of Figure 2 constitutes a
convincing case for the validity of the electron overheat-
ing approach to our I � V data, it obscures the physical
bistability that exists in the model [19]. To clarify this
aspect of the data, we plot Tel as a function of Tph in
Figure 3. Blue circles correspond to data measured while
increasing |V | and red crosses represent data taken while
decreasing |V |. The data are clearly separated into two
regimes. The first is at Tph > 0.1K, where Tel is contin-
uous, ranging from Tel = Tph (diagonal line in Fig. 3)
and increasing with |V | as greater power is injected into
the electron system. In this regime, the Tel(Tph) data is
also symmetric with respect to sweep direction (the blue
and red data overlap).

In contrast, in the Tph < 0.1K regime, discontinuities
in Tel appear alongside with the development of hys-
teretic behavior. Upon increasing |V | (blue circles), Tel

jumps to higher values as Tph is lowered, corresponding
to the V > 0 side of the I � V in Figure 1. When |V |
is then decreased towards V = 0 (red crosses), lower Tel

can be sustained in the high-Tel state before the discon-
tinuous jump to the low-Tel state. As seen in the V < 0
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