
Electronic properties of corrugated graphene.

Outline
z Disorder and the Dirac equation
z Lattice strains, topological defects and curvature
z Effective magnetic fields
z Random gauge fields
z Zero modes, interaction effects
z Strains in suspended samples
z Mesoscopic effective magnetic fields
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Effective gauge fields

A modulation of the hoppings leads to 
a term which modifies the momentum:  
an effective gauge field.
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The induced “magnetic” fields have 
opposite sign at the two corners of the 
Brillouin Zone.

These terms are forbidden by symmetry in 
clean graphene.
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Lattice frustration as a gauge potential.

z A fivefold ring defines a disclination.
z The sublattices are interchanged.
z The Fermi points are also interchanged.
z These transformations can be achieved by 
means of a gauge potential.

J. González, F. G. and M. A. H. Vozmediano, Phys. Rev. Lett. 69, 172 (1992)
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The flux Φ is determined by the total rotation induced by the defect.
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Continuum model of the fullerenes.

z Dirac equation on a spherical surface.
z Constant magnetic field (Dirac monopole).
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half integer angular momenta

integer angular momenta

six heptagons

Topological defects

J. González, F. G., J. Herrero, arXiv:0901.1557
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Effective gauge fields
In plane elastic deformations

Elastic strains imply deformations of bonds, 
and modulations of hoppings.

A. Fasolino, J. H. Los, and M. I. Katsnelson, Nature Mat. 6, 858 (2007)
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Effective gauge fields
Misalignment of π orbitals

A. H. Castro Neto and E.-A. Kim, Europhys. Lett. 84, 57007 (2008), 
see also E. Mariani and F. von Oppen, Phys. Rev. Lett. 100, 249991 (2008)
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A finite curvature induces the mixing of π 
and σ orbitals, and modifies the effective 
hoppings. 
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Non abelian gauge potential II.

Dirac hamiltonian for the two valleys, with Umklapp scattering.

Intervalley scattering acts as a gauge potential which rotates the valley index. 
It plays a similar role to the potential induced by pentagons and heptagons.
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Gauge potentials

Elastic strains
Mixing of σ and π bands (extrinsic curvature)

Topological defects (intrinsic curvature)

Elastic strains
Intravalley scattering

Intervalley scattering (non commuting gauge fields)

Effects

Physical origin

Strains also induce scalar potentials, S. Ono and K. Sugihara, Journ. Phys. Soc. Jap. 61, 861 
(1966), H. Suzuura and T. Ando, Phys. Rev. B 65, 235412 (2002), see also J. Jiang , R. Saito, A. 
Grüneis, G. Dresselhaus, M.S. Dresselhaus, Chem. Phys. Lett. 392, 383 (2004), T. O. Wehling, A. 
V. Balatsky, A. M. Tsvelik, M. I. Katsnelson, and A. I. Lichtenstein, Europhys. Lett. 84, 17003 
(2008))
Scalar potentials which vary on scales longer than λ      k    will be screened

FT F
-1
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J. C. Meyer, A. K. Geim, M. I. Katsnelson, K. S. Novoselov, T. J. Booth and S. Roth, 
Nature 446, 60 (2007).
J. C. Meyer, A. K. Geim, M. I. Katsnelson, K. S. Novoselov, D. Obergfell, S. Roth, C. Girit
and A. Zettl, Sol. St. Commun. 143, 101 (2007).

Ripples in graphene 12



M. Ishigami, J. H. Chen, W. G. Cullen, M. S. Fuhrer and E. D. Williams, Nano Letters 7, 6 (2007)
E. Stolyarova, K. T. Rim, S. Ryu, J. Maultzsch, P. Kim, L. E. Brus, T. F. Heinz, M. S. Hybertsen and G. W. 
Flynn, Proc. Nat. Acad. Sci. 104, 9209 (2007)

The graphene layer 
follows the corrugation 
of the substrate

Ripples in graphene
Single layer graphene on SiO2
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Weak (anti)localization in graphene

S. V. Mozorov, K. S. Novoselov, M. I. 
Katsnelson, F. Schedin, D. Jiang, and
A. K. Geim,  Phys. Rev. Lett. 97, 
016801 (2006)

F. V. Tikhonenko, D. W. Horsell, D. V. 
Gorbachev, and A. K. Savchenko, Phys. 
Rev. Lett. 100, 056802 (2008)

See also E. McCann, K. Kechedzhi, V. I. Fal'ko, H. Suzuura, T. Ando and B. L. Altshuler, 
Phys. Rev. Lett. 97, 146805 (2006). 
X. Wu, X. Li,  Z. Song, C. Berger and W. A. de Heer, Phys. Rev. Lett. 93, 136801 (2007).

A. Morpurgo and F. G., Phys. Rev. Lett. 97, 196804 (2006)

Gauge fields
break the effective
time reversal
invariance at each
valley: 
antilocalization
effects are 
suppressed
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Scattering by ripples
F. G. J. Low Temp. Phys. 153, 359 (2008)

z The cross section does not 
have a monotonous dependence 
on the carrier density.
z The angular dependence 
reflects the trigonal symmetry of 
the lattice.

Born approximation

σ

kF

Strong scatterers

Weak scatterers

Ripples
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Modulation of the hoppings

Effect of a magnetic field
Effective 1D model with two hoppings

Model of the electronic structure of rippled graphene

The ripples modulate the hoppings and change 
the electronic wavefunctions.

F. G., M. I. Katsnelson, M. A. H. Vozmediano, Phys. Rev. B 77, 075422 
(2008)
see also T. O. Wehling, A. V. Balatsky, A. M. Tsvelik, M. I. Katsnelson, and A. 
I. Lichtenstein, Europhys. Lett. 84, 17003 (2008)
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l=1200a=168nm

δt/t=0

δt/t=0.02

δt/t=0.04

Results

There are well defined 
midgap levels

The Dirac bands are recovered 
at high energies.
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Results. (Real) magnetic fields

K point

K’ point

A real magnetic field breaks the
symmetry between the two
valleys: valleytronics.
A. Rycerz and J. Tworzydo and C. W. J. 
Beenakker, Nature Physics 3, 172 (2007)

Electrons move around different
cyclotron orbits, and are deflected
differently by barriers.

V. V. Cheianov and V. I. Fal'ko, Phys. Rev. B 
74, 041403 (2006)

B=10T, δt/t=0.02
See also: E. Perfetto, J. González, F. G., S. Bellucci
and P. Onorato, Phys. Rev. B 76, 125430 (2006)
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Φ is the number of Landau 
levels that fit into one ripple

F. G., M. I. Katsnelson and M. A. H. Vozmediano, Phys. Rev. B 77, 075422 (2008)
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Electron-electron interactions.
The electronic compressibility in clean graphene is zero. The electronic
compressibility in graphene with ripples can be very large: tla

t
ta

e
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e tatl
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δκ
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≈
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≈
Φ

2

Electronic interactions will induce 
magnetic or charge ordering.
The high electronic compressibility
favors a first order transition and
electronic phase separation.
F. G., G. Gómez-Santos and D. P. Arovas, Phys. 
Rev. B 62, 391 (2002)

The n=0 Landau level leads to many instabilities, see
M. O. Goerbig, R. Moessner and B. Doucot, Phys. Rev. B 74, 161407 (2006)
K. Nomura and A. H. MacDonald, Phys. Rev. Lett. 96, 256602 (2006)
H. A. Fertig and L. Brey, Phys. Rev. Lett. 97, 116805 (2006)
J. Alicea and M. P. A. Fisher, Phys. Rev. B 74, 075422 (2006)
V. P. Gusynin and V. A. Miransky and S. G. Sharapov and I. A. Shovkovy, Phys. Rev. B 74, 
195429 (2006)
V. A. Apalkov and T. Chakraborty, Phys. Rev. Lett. 97, 126801 (2006)
J.-N. Fuchs and P. Lederer, Phys. Rev. Lett. 98, 016803 (2007)
D. A. Abanin, K. S. Novoselov, U. Zeitler,  P. A. Lee, A. K. Geim and L. S. Levitov, Phys. Rev. 
Lett. 98, 196806 (2007)
V. Lukose and R. Shankar, arXiv:0706.4280

An obvious possibility is a ferromagnetic state.
P. Esquinazi, D. Spemann, R. Höhne, A. Setzer, K.-H. Han and T. Butz, Phys. Rev. Lett. 91, 227201 (2003)
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Dirac electrons in a random gauge field
A. W. Ludwig, M. P. A. Fisher, R. Shankar, and G. Grinstein, Phys. Rev. B 50, 7526 (1994)
B. Horovitz and P. Le Doussal, Phys. Rev. B 65, 125323 (2002)
F. G., P. Le Doussal, B. Horovitz, Phys. Rev. B 77, 205421 (2008)
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For ripples, the strength of the 
divergence is controlled by a 
dimensionless parameter:

Random gauge disorder.

The density of states diverges for sufficiently large 
disorder.
Short range interactions become relevant.
A gap, Δ, can be induced
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Ordered phase at low temperatures.
The transition is first order, leading to electronic phase separation
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Electrostatic interactions and disorder.

( )rˆ rA ( )rˆ ′rA

rr r ′r

z There are selfenergy and vortex corrections.
z The selfenergy induces wavefunction renormalization.
z The vortex corrections depend on the type of disorder.
z The wavefunction renormalization changes the flow of
the coupling constant.

T. Stauber, F. G. and M. A. H. Vozmediano, Phys. Rev. B 71, 041406 (2005)
J. Ye, Phys. Rev. B 60, 8290 (1999).
M. S. Foster and A. W. W. Ludwig, Phys. Rev. B 73, 155104 (2006), ibid 74, 241102(R) (2006)
M. S. Foster and I. L. Aleiner, Phys. Rev. B 77, 195413 (2008)
I. F. Herbut, V. Juricic, and O. Vafek, Phys. Rev. Lett. 100, 046403 (2008)

Smooth random potential

Coarse grained lattice defects

Smooth staggered potential
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Ballistic transport in suspended graphene
M. M. Fogler, F. G., M. I. Katsnelson, ArXiv: 0807.3165

z The graphene layer is 
deformed by the applied electric 
field, slack, …
z Stresses lead to effective 
gauge potentials

Maximum height as function
of carrier density for different
values of the slack
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Vector potential inside the
suspended region as function
of carrier density for different
values of the slack
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Ballistic transport in suspended graphene
M. M. Fogler, F. G., M. I. Katsnelson, Phys. Rev. Lett. 101, 226804 (2008)

-6ä1011 -3ä1011 3ä1011 6ä1011
r, cm-2

50

100

150

200
GHe2êhL

Transmission through a deformed graphene sheet as 
function of density for different values of the slack

Integer Quantum Hall steps in a 
graphene ribbon where part of it is under
a constant stress

G. León, E. Prada, P. San José, F. G., unpublished
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Effective magnetic fields in strained graphene
A. K. Geim, M. I. Katsnelson, F. G., unpublished
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Strain superlattices

In plane displacements 005.0=u 01.0=u

Height modulations
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Wrinkling instability:
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Possible instabilities in graphene on a substrate
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z Fictitious gauge fields can be induced by strains, curvature, 
and topological defects
z Two non commuting gauge fields can be defined
z Height fluctuations can lead to significant fields.

z Interaction effects may induce new phases at low carrier
concentration.
z Strains and gauge fields will exist in suspended graphene
samples under an applied field.
z The orbits in a real magnetic field are modified.
z “Dissipative” Quantum Hall physics may be induced

Conclusions, open questions

( )
( ) la

h
la
h

a
t 22

2
log
log

≈
∂
∂

=σ

Midgap states and charge instabilities in corrugated graphene, F. G., M. I. Katsnelson, and M. A. H. Vozmediano, Phys. 
Rev. B 77, 075422 (2008)
Gauge field induced by ripples in graphene, F. G., B. Horovitz and P. Le Doussal, Phys. Rev. B  77, 205421 (2008)
Pseudomagnetic fields  and ballistic transport in suspended graphene sheets, M. M. Fogler, F. G., and M. I. Katsnelson, 
Phys. Rev. Lett. 101, 226804 (2008)
The electronic properties of graphene, A. H. Castro Neto, F. G., N. M. R. Peres,..A. K. Geim, K. S. Novoselov, Rev. Mod. 
Phys. 81, 109 (2009)
M. A. H. Vozmediano, M. I. Katsnelson, F. G., to be published; A. K. Geim, M. I. Katsnelson, F. G., to be published

29


