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method: 
n-body re-simulations of CDM halos

refined initial conditions (GRAFICS, Bertschinger 2001)

evolve from z~50 to present with PKDGRAV (Stadel 2001)

small sample sizes, results depend on halo selection

no hydro; no stars, no galaxies ...

much higher resolution 
(relative to uniform resolution CDM cubes and halos with hydro)

ideal for convergence tests

no hydro; no recipes for sub-grid physics, no free parameters, no overcooling, ...



a Milky Way halo simulated with over 200 million particles
 our latest run: “Via Lactea”



 largest DM simulation to date at these scales. 
 
 
 

320,000 cpu-hours on NASA's Project Columbia supercomputer.

 213,217,920 high resolution particles, embedded in a periodic 90 Mpc box 
sampled at lower resolution to account for tidal field.

 WMAP (year 3) cosmology: 
Omega_m=0.238, Omega_L=0.762, H0=73 km/s/Mpc, ns=0.951, sigma8=0.74.

 force resolution: 90 parsec

 mass resolution: 20,900 M⨀





Sub-Subhalos in all well resolved subhalos
Msub=9.8 109 M⨀
rtidal=40.1 kpc
Dcenter=345 kpc

Msub=3.7 109 M⨀
rtidal=33.4 kpc
Dcenter=374 kpc

Msub=2.4 109 M⨀
rtidal=14.7 kpc
Dcenter=185 kpc               JD, Kuhlen, Madau, ApJ submitted

Msub=3.0 109 M⨀
rtidal=28.0 kpc
Dcenter=280 kpc



www.ucolick.org/~diemand/vl

http://www.ucolick.org/~diemand/vl
http://www.ucolick.org/~diemand/vl


Milky Way halo mass form stellar halo radial velocities?

cosmological stellar halo 
kinematics fit the 
observations well

The outer halo and 
therefore the virial mass 
are not well constrained

low Mvir / high c
high Mvir / low c
both possible

beta(r) follows relates to
tracer profile slope as in 
Hansen&Moore, 2004

 
JD,Madau, Moore 2005



numerical convergence of density profiles
eg. Moore etal 1998, Klypin etal 2001, Power etal 2003, Fukushige etal 2004, JD etal 2004

1) convergence radius ~ 3 force softening lengths

2) Numerical flattening due to two body relaxation:
    slow convergence, r ~ N-1/3 
    1 million to resolve 1% of Rvirial
    1000 to resolve 10%

14 million
6 million
1.7 million
0.2 million

JD, Moore, Stadel, MNRAS, 2004, 353, 624



numerical convergence of density profiles
eg. Moore etal 1998, Klypin etal 2001, Power etal 2003, Fukushige etal 2004, JD etal 2004

1) convergence radius ~ 3 force softening lengths

2) Numerical flattening due to two body relaxation:
    slow convergence, r ~ N-1/3 
    1 million to resolve 1% of Rvirial
    1000 to resolve 10%

3) about 15 time-steps per 
    local dynamical time

    Note: the empirical criterion
            
                     scales much slower

    with radius than the local
    dynamical time
    

JD, Moore, Stadel, MNRAS, 2004, 353, 624



numerical convergence of density profiles
eg. Moore etal 1998, Klypin etal 2001, Power etal 2003, Fukushige etal 2004, JD etal 2004

1) convergence radius is limited to at least 2 to 3 force softening lengths

2) Numerical flattening due to two body relaxation:
    slow convergence, r ~ N-1/3 
    1 million to resolve 1% of Rvirial
    1000 to resolve 10%

3) about 15 time-steps per 
    local dynamical time

    Note: the empirical criterion
            
                     scales much slower

    with radius than the local
    dynamical time

caution: a) effects of finite force, mass and time resolution are not independent
             b) different codes might have different requirements
             c) “convergence radius” is the largest of the the radii above
                 at r_conv the error in local density should be < 10%
                 larger errors in Mencl, vc, slopes. subhalo abundance, shape, ...  



scatter in CDM cluster density profiles
eg. Fukushige etal 2004, Navarro et al 2004, JD etal 2004

CDM density profiles are close to universal (e.g. NFW), but individual halo 
density profile shapes have scatter:

Our clusters (PKDGRAV)
Fukushige et al. 2004 (treecode on GRAPE)
Hayashi et al. 2004, Navarro et al. 2004 (GADGET)
Tasitsiomi et al. 2004 (ART)
Wambsganss, Bode, Ostriker 2004 (TPM)

JD, Moore, Stadel,
 MNRAS, 2004



scatter in CDM cluster density profiles

    NFW                                                  1.12            1.32
    Moore et al.                                      1.54            1.65

why are profiles nearly universal? what causes the scatter?

JD, Moore, Stadel,
 MNRAS, 2004, 353, 624



fitting functions
2 parameter functions (only two ‘scaling’ parameters):

NFW

Moore et al 1999



2 parameter functions (only two ‘scaling’ parameters): JD, Moore, Stadel,
 MNRAS, 2004



more fitting functions
2 parameter functions (only two ‘scaling’ parameters):

NFW

Moore et al 1999

3 parameter functions (one additional ‘profile shape’ parameter):

gamma model (cusp)
  JD, Moore, Stadel, 2004

Sersic/Einasto (core)
  Navarro etal 2004
  Merrit etal 2005/2006

Prugniel-Simien (deprojected Sersic)
  Merritt, Navarro, Ludlow, Jenkins, 2005
  Merritt, Graham, Moore, JD, Terzic, 2006
  Graham etal 2006 



3 parameter functions (one additional ‘profile shape’ parameter): JD, Moore, Stadel,
 MNRAS, 2004



3 parameter functions (one additional ‘profile shape’ parameter):

gamma-model

fitted to 
non-parametric
density profiles

Merritt, Graham, Moore, JD, Terzic, AJ in press



3 parameter functions (one additional ‘profile shape’ parameter):

Sersic-model

rms deviations
are often
smaller than 
for the 
gamma-model

both have largest 
deviations in the
outer halo

which one fits the
inner halo better?

Merritt, Graham, Moore, JD, Terzic, AJ in press



resolving the very inner profile
Multi-mass technique:

inner profile is dominated by material
form rare > 2 sigma peaks
(JD, Madau, Moore 2005)

sufficient to sample these regions at the
highest mass resolution

                                                         x   same density profiles with both
                                                        x    Nvir = 6 million and Nvir,effective=6 million
                                                        x  
                                                        x    the later takes 10 times less CPU time

JD, Zemp, Moore, Stadel, Carollo, 
MNRAS, 2005, 364, 665



resolving the very inner profile
physical time-steps:

the empirical                                 , eta=0.25 is no longer sufficient

using                                                                 instead

this ensures step are at least 12 times
smaller than the local dynamical time

but increases CPU time by a factor of two

recently Zemp, Stadel, Moore, Carollo
(2006) have implemented a more
efficient algorithm which scales with
the local dynamical time everywhere.

JD, Zemp, Moore, Stadel, Carollo, 
MNRAS, 2005, 364, 665
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Figure 1. Density profiles in physical (not comoving) coordi-
nates at redshifts 4.4 and 0.8. The two runs have equal mass
resolution but different time-steps and softening. The arrow indi-
cates the resolution limit set by the particle mass. The run with
the larger time-steps and softening underestimates the dark mat-
ter density outside of the resolution scale.

the standard criterion (1) and η = 0.2, for run DM25 we
used the more stringent, computationally more expensive
criterion (2) and η = 0.25. The difference in CPU time is
about a factor of two. At z=0.8 the densities in run DM25lt
are clearly lower out to 0.003 virial radii which also af-
fects part of the region we aim to resolve with this run
(rresolved = 0.0019rvir). Due to the high computational cost
of these runs we cannot perform a complete series of conver-
gence test at this high resolution but due to the monotonic
convergence behavior of PKDGRAV for shorter time-steps
(Power et al. 2003) we are confident that DM25 is a bet-
ter approximation to the true CDM density profile of this
cluster.

Our time-stepping test confirms that the time resolu-
tion in DMS04 was sufficient to resolve the minimum scale
of 0.3% virial radii set by their mass resolution. For the pur-
pose of this work, i.e. to resolve a region even closer to the
center smaller time-steps are necessary. These two runs il-
lustrate nicely how a numerical parameter or criterion that
passes convergence tests performed at low or medium reso-
lution can introduce substantial errors if employed in high
resolution runs.

2.3 Testing the multi mass technique

Reducing the high resolution region in the way described in
Section 2.1 produces multi mass virialised systems, i.e. halos
where particles of different mass are mixed up with each
other. The inner regions are dominated by light particles
and the region near the virial radius by heavier particles.
But one will find particles of both species everywhere in the
final halo and one has to worry if this mixing introduces
numerical effects, like energy transfer from the outer part
to the inner part (from the heavy to the light particles)

due to two body interactions. This could lead to numerical
flattening of the density profile and make heavy particles
sink to the center (Binney & Knebe 2002; Diemand et al.
2004a).

To check if the multi mass technique works for cosmo-
logical simulations we re-ran the simulations D6 and D9
from DMS04 using a reduced high resolution region. We
call these multi-mass runs “DM6se”, “DM6le” and “DM9”
(see Table 1). The next heavier particles in the surround-
ing region are 216 times more massive in DM6se and DM6le
and 27 times more massive in DM9. The heavier particles in
DM6le and DM9 have larger softening to suppress discrete-
ness effects while DM6se uses the same small softening for
both species. Figure 3 shows that the density profiles of the
fully refined run D9 and the partially refined run DM9 are
identical over the entire resolved range. Figure 2 shows that
the same is true for run DM6le, the larger mass ratio of 216
does not introduce any deviation form the density profile of
the fully refined run.

A small softening in the heavier species (run DM6sl)
does introduce errors in the final density profile (Figure 2).
The total mass profile is shallower near the resolved radius
and has a high density bump below the resolved scale. The
light particles are more extended and the bump is caused by
a cold, dense condensation of six heavy particles within 0.004
rvir. These six heavy particles have a 3D velocity dispersion
of only 273 km/s, while the light particles in the same region
are much hotter, σ3D = 926 km/s. They are hotter than the
particles in the same region in run D6 and DM6le (both
have only light particles in this inner part), the dispersion
are 722 km/s for D6 and 708 km/s for DM6le.

These tests indicate that the reduced refinement regions
work well in runs D9M and DM6le and therefore we used the
same refinement regions to set up the higher resolution run
DM25. In this run the heavier particles are 125 times more
massive than the high resolution particles and they have a
softening of 9 kpc. For run DM50 we refined only the inner
part of the most massive cluster progenitor at z=4.4 in the
same way as the final cluster in runs DM6le, DM6se, DM9
and DM25. In run DM50 the heavier particles are also 125
times more massive than the high resolution particles.

Figure 3 shows how the initially separated species of
light and heavy particles mix up during the the runs DM9,
DM25 and DM50. The density profiles profiles of DM6le
and DM9 do not suffer from numerical effects due to the
multi-mass setup. This indicates that the same is true for
run DM25 which has the same refinement regions. In run
DM50 the amount and location of mixing at z=4.4 relative
to r200 is very similar to the situation if DM9 at z=0.0,
therefore we expect DM50 to have the same density profile
as a fully refined cluster, i.e. as a cluster resolved with a
billion particles.

3 THE INNER DENSITY PROFILES

Here we try to answer the question if the inner density
profiles of dark matter halos have a constant density or
a cusp ρ(r) ∝ r−γ . At resolutions of up to 25 million
particles within the virial radius there is no evident con-
vergence toward any constant inner slope (Fukushige et al.
2004; DMS04).

c© 2005 RAS, MNRAS 000, 1–10



resolving the very inner profile
Via Lactea run:
great for substructure, but
not for very inner profile:

resolved scale is set by the

eta=0.2 time-step, 
not by mass or force resolution

NFW fit with c=15.8 is passable

denser than NFW around 0.01 r_vir,
but shallower below 0.8% r_vir

Caution:
r_converged = 0.34% r_vir
was estimated from cluster scale
convergence tests, requirements
for galaxy halos might differ

JD, Kuhlen, Madau, ApJ submitted

= 5.4 % rS



resolving the very inner profile
inner halo is assembled early:

                                      from Fukushige, Kawai, Makino, ApJ, 2004



resolving the very inner profile
steeper slopes with increasing mass resolution:

the “D” cluster had an inner slope near the mean of our 6 cluster sample

JD, Zemp, Moore, Stadel, Carollo, 
MNRAS, 2005, 364, 665
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Figure 2. Tests of the multi-mass refinement technique. The
upper three lines shows the total density profile at z=0 from the
fully refined run D6 (solid lines) and the multi-mass runs DM6se
(dashed) and DM6le (dashed dotted). The lower lines (same line
styles, offset by two magnitudes for clarity) show the density pro-
files of the two particle species, i.e. of the light ones (lines with-
out symbols) and of the heavier ones (lines with symbols: filled
squares for D6se, open circles for D6le). The vertical dashed line
indicates the innermost resolved scale. In the multi-mass run with
more softened heavier particles (D6lh) the inner profile is dom-
inated by light particles and identical to the fully refined run
of the same cluster (D6). When the heavier particles have short
softenings some of them spiral into the center due to dynamical
friction and transfer heat to the light particles. This affects the
total density profile, i.e. it is lower near the resolved scale and
has a bump due to a condensation of cold, massive particles very
close to the center.

identified in run DM25 at z=4.4. Since the refinement region
needed is much smaller than the one of DM9 or DM25 and
we only run the simulation to z=4.4 it is feasible to go to a
much better mass and force resolution. The high resolution
particles in run DM50 are a billion times lighter than the
final cluster.

Figure 5 shows that the density profile of run DM50
at z=4.4 is cuspy down to the resolved radius (0.1 % of
the final virial radius). As in run DM25 the slopes begin to
shallow just at the converged scale due to numerical flat-
tening. The profile of DM50 at z=4.4 supports the finding
from run DM25 that the inner profile follows a steep power
law ρ ∝ r−1.2. At the higher resolution of run DM50 we find
substantially higher physical densities in the cluster center
at z=4.4 compared to lower resolution runs like DM25. This
suggests that a run like DM50 evolved to low redshift would
also yield substantially higher central densities as currently
resolved in the centers of runs like D12 and DM25.

3.2.1 Estimating the z=0 profile of a billion particle halo

Now we go one step further and use the information from all
the “D”-series runs to try to estimate the density profile one
would obtain if one simulates this cluster with a billion par-
ticle all the way to present time, a run which would be pos-
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Figure 4. Logarithmic slope of the density profile of run DM25
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shown for comparison. The arrows indicates the estimated con-
vergence radii. Note that although the densities at the converged
scales are within 10 percent the density gradients can already be
substantially smaller.
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Figure 5. Logarithmic slope of the density profile of run D5,
DM25 and DM50 at z=4.4. The arrows indicates the estimated
convergence radii. A constant inner slope of about -1.2 is evident
in the highest resolution run DM50. The increase of the slopes
around the resolved radii is due to the onset of numerical flatten-
ing.

sible but extremely expensive with today’s computational
resources. From Figure 6 one finds that the density profile
of run DM25 near its resolution scale shifts upward by a con-
stant factor of 1.4 from z=4.4 to z=0.8. The density around
0.01 rvir,z=0 is constant form z=0.8 to z=0, see run D5 in
Figure 6. The inner density profile slopes are constant even
longer, i.e. from z=4.4 to z=0, see Figures 4 and 5. Therefore
we estimate the z=0 profile of run DM50 by rescaling the

c© 2005 RAS, MNRAS 000, 1–10

Nvir,effective:
125 million
14 million
1 million



resolving the very inner profile
3 parameter fitting functions

Sersic fit tends
to underestimate
the very inner
densities

even within 
R_resolved,
where the 
simulated 
densities are
probably too low

JD, Zemp, Moore, Stadel, Carollo, 
MNRAS, 2005, 364, 665
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Figure 8. Density profile of run DM25 at z=0.8 and fits with
three different functions.

the inner part but we try to fit also the cored profiles for
comparison.

We use a general αβγ-profile that asymptotes to a cen-
tral cusp ρ(r) ∝ r−γ :

ρG(r) =
ρs

(r/rs)γ(1 + (r/rs)α)(β−γ)/α
. (3)

If one takes α, β and γ as free parameter one encounters
strong degeneracies, i.e. very different combinations of pa-
rameter values can fit a typical density profile equally well
(Klypin et al. 2001). Therefore we fix the outer slope β = 3
and the turnover parameter α = 1. For comparison the
NFW profile has (α, β, γ) = (1, 3, 1), the M99 profile has
(α, β, γ) = (1.5, 3, 1.5). We fit the three parameters γ, rs

and ρs to the data.
Navarro et al. (2004) proposed a different fitting func-

tion which curves smoothly over to a constant density at
small radii:

ln(ρN(r)/ρs) = (−2/αN) [(r/rs)
αN − 1] (4)

αN determines how fast this profile turns away from a power
law in the inner part. Navarro et al. (2004) found that αN

is independent of halo mass and αN = 0.172 ± 0.032 for all
their simulations, including galaxy and dwarf halos.

Another profile that also curves away from power law
behavior in the inner part was proposed by Stoehr et al.
(2002):

ρSWTS(r) =
V 2

max

4πG
10

−2aSWTS

[

log
(

r

rmax

)]

2 1
r2

×

×

[

1 − 4 a log
(

r
rmax

)]

(5)

where Vmax is the peak value of the circular velocity, rmax

is the radius of the peak and aSWTS determines how fast
the profile turns away from an power law near the center.
Stoehr (2004) found that cluster profiles are well fitted with
this formula using aSWTS values between 0.093 and 0.15.

These three functions were fitted to the data from z=0.8
by minimizing the relative density differences in each of
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Figure 9. Density profile of run DM50 extrapolated to z=0.0
and fits with three different functions.

about 20 logarithmically spaced bins in the range resolved
by DM25 (i.e. form 0.0019rvir,z=0 = 3.3 kpc to rvir,z=0 =
1750 kpc). At z=0 we use the resolved range of D12 for
the fits (i.e. form 0.0039rvir,z=0 = 6.8 kpc to rvir,z=0). The
resulting best fit values and the root mean squares of the
relative density differences are given in Table 2.

At z=0.8 the average residuals of the three fits are sim-
ilar, but they are dominated by the contribution from the
outer parts of the cluster (see Figure 6 in DMS04). Figures
8 and 9 show that in the inner part the cuspy profile de-
scribes the data better. Both cored profiles underestimate

the measured density at the resolution limit both at z=0.8
and in the estimated z=0 profile. These profiles lie below the
measured density profiles even inside of rresolved where one
has to expect that the next generation of simulations will be
able to resolve even higher densities.

Figures 10 and 11 show the slopes of the simulated pro-
file in comparison with the slopes of the best fits. Again it
is evident that in the inner part the cuspy profile describes
the real density run better.

4 CONCLUSIONS

The main conclusions of this work are the following:

• It is possible to use different mass particles to resolve
one halo in cosmological CDM simulations without affecting
the resulting density profiles.

• This “multi-mass” technique allows a reduction of the
necessary number of particles and the computational cost by
at least one order of magnitude without loss of resolution in
the central region of the halo.

• We confirm that the inner profile of a typical CDM
cluster does not evolve since about redshift one.

• The logarithmic slope of the dark matter density pro-
file converges to a roughly constant value in the inner part
of cluster halos. This probably holds also for smaller sys-

c© 2005 RAS, MNRAS 000, 1–10

Sersic

Nvir,effective:
125 million



resolving the very inner profile
using enclosed mass to estimate the maximum inner slope?

JD, Zemp, Moore, Stadel, Carollo, 
MNRAS, 2005, 364, 665

Textenclosed mass converges
slower (further out) than
the local density

estimate biased low



Conclusions
 CDM density profile shapes are not exactly universal: 

  inner slopes at a give fraction of the scale radius have about 
      0.2 rms halo to halo scatter 
  outer slopes (near Rvir) are very noisy

 most halos are denser than NFW at 0.01 Rvir, 
but not as dense as the Moore et al 1999 fits

 CDM cluster profiles resolved with around 20 million particles can be
fitted equally well with a cuspy gamma-model and with the
cored Sersic function

 the one halo resolved with substantially higher mass, force and time-
resolution is consistent with a -1.2 cusp. 
its inner halo is denser than the best fit Sersic-model


