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WHY THE DIRAC EQUATION?
@ Intense fields drive the electron to relativistic velocities
@ High nuclear charges drive the electron to relativistic velocities

@ High nuclear charges (ions or heavy elements) requires relativistic
structure. E.g. attosecond delays in high-Z elements.

MAGNETIC EFFECTS?

@ Is there any point in solutions of the Dirac equation in the
dipole-approximation?

More QED?

e e em Pair-production for extreme fields - should be a window where
Schrodinger is insufficient and pair-production can be neglected.
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F1ELD & NUCLEAR CHARGE?

Schwinger limit :
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F1ELDS & PHOTON ENERGIES?

Intensity (a.u.)
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F1ELDS & PHOTON ENERGIES?

Al nm]
1000 100 10 1

108 102
4
— 10 102009—
2 g
~
@ 1 1016 &
2 | S
1074 U= | eb | < m || a2
A w? |10
0.01 0.1 1 10 100
@[ a. u.]

Eva Lindroth (Stockholm University) Time Dependent Dirac Equation KITP 6 /31



Wavelength (nm)
10° 102

. 104 10! L
:25 COJ Ti-Sapph ¥ [ . 10% Relat|V|st|c
, 1102
:ZG Relativistic Treatment P Eq |2
- 10 Necessal - e | €kto ‘ 2
3 Yo R U="—%5 ~mc
< o _.—"'— ,-“’ 1072 4mew
%‘10.. - ‘,"‘ 110" o
8102 fe="" Magnetic Field .~ 10 2 . .
£l Importang, .+ mzis’ Should be included if
10 o Magnetic Field " U, ~ 2 1
K 110 mc 0
10° - Can Be Neglected " p /
10 Kd 110
07 2" {10
102 102 107 10°

Field Frequency (a.u.)

Magnetic part cannot be
neglected if the magnetic

F, = @ =) drift per cycle ~ ag.

|eEo | 1
Xg~ —————

~y ao
2 3

m Ccw
/

Eva Lindroth (Stockholm University) Time Dependent Dirac Equation KITP 7/31



THE TIME-DEPENDENT DIRAC EQUATION

ihaat\ll ={ca-(p+eA(wt—k-r)+ V(Z)+Bmc*} ¥

E.g. electric field in z- direction and magnetic field i y- direction:
A = A(wt — kx)Zz
Solutions with A = 0 & spherically symmetric V

. o Fn,n j,m (r) _ 1 P(r) Xk j,m
Wijom (r) = < iG,,,:L,-,m(r) > T < iQ(r) Xj,w-,m )

with continuum energies from —oco to —mc?, and from mc? to oo

g-p ..
FLarGe ~ Vorel, GsmaLL ~ TmCFLARGEa positive energy states

vice versa for negative energy states.
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PROBLEMS

@ The form of the interaction
@ The negative energy states

@ computer time & space
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THE FORM OF THE INTERACTION

For example a simple pulse in the dipole approximation

t t—k
Agsin? (7%) cos (wt) — Agsin? <7M> cos (wt — kx)

Lorentz inv. wT

with spatial dependence in both carrier and envelope
Standard procedure: expand spatial part of A in plane waves

etiker Z (j:,')kb\ (kr) Y)tu </2> C,i\ (0,9)
Al

o - A leads to matrix elements of:

A+1 L
Gag= Y ... {a-c}
uOéq = Loy O
L=x—1 M=q-+u

A =0,L =1 electric dipole, A =1, L = 1 magnetic dipole, A =1,L =2
electric quadrupole ...
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THE FORM OF THE INTERACTION

Straightforward:

A+1

cos (wt — kx) — Z Z oo (kr) {a : C)\}/L\/I—qu x sin (wt) /cos (wt)

Ap L=A—-1

@ truncate the sum over A, L?
e expand jy (kr) - ok for kr < 17
@ Amj; = M - the number of couplings increases very fast.

BUT, what to do with the envelope?

@ Just skip the spatial part in the envelope? Should be OK for long
pulses.

@ Fourier expansion? - Note! gives trains of pulses. Problem for long
propagations times.
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THE SPATIAL PART OF THE ENVELOPE?

Agsin? <M> cos (wt — kx)

wT

w = 2a.u.
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Eva Lindroth (Stockholm University)

The dipole field. Atomic units

Time Dependent Dirac Equation KITP

12 /31



THE SPATIAL PART OF THE ENVELOPE?
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The actual field. Atomic units. Envelope purely time-dependent.
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THE SPATIAL PART OF THE ENVELOPE?

x/c

x/c
o
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4

The actual field. Atomic units. Fourier expansion

Propagation from t =0 — T?7 Expanding atom — interaction time > T
risk for interaction with the next (unphysical) pulse. Keep more Fourier
components...
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NEG. ENERGY STATES/(VIRTUAL) PAIR PROD.

Atomic structure
— 72 — 24 " 374
Enrel ~ Z%a.u. AEDirac ~a“Z%a.u. AEvirtuaIpairs ~«a’Z%a.u.

Thomson scattering: relativistic versus non-relativistic frame work

2
m 2m?
ecar - A

Low photon energy limit: The whole contribution arises from negative
energy state. (Dirac 1930)
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NEG. ENERGY STATES/(VIRTUAL) PAIR PROD.
Dirac equation:

(ca-(p+eA)+ V(Z)+ (B —1)mc*) ¥ = (E — mc*) ¥
In two-component form:

VF+co-(eA+p) G=¢cF
co-(eA+p)F+ (V—-2mc?) G=¢G

Foldy-Wouthuysen type expansion (PR78, 29, 1950):

1
FLarRGE = WV prel, GsmaLL = e (eA +p) FLarGE
mc

gives the Schrodinger equation back

1
V FLarGE + 5 (eA + p)? Frarce = eFLaRGE,

A? term reappearing - through the small-component contribution
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NEG. ENERGY STATES/(VIRTUAL) PAIR PROD.

(e | ca- A | by ) (e | ca- A | the) ~
AE
(Fo lco Al GL)(GL |co A|F)
AE =1

—i—...%’Ao ’2

(Ye— | ca- Al ) (Wey | co- Al pe) N
AE
(Fe— | co-A| Ggy)(Gey [ co- A Feo)
AE ~ 2mc?

+.. x| A )?
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NEG. ENERGY STATES/(VIRTUAL) PAIR PROD.

Probability for initial state.l .. =5

EXampIe. 10 — 50 steps per cycle
Survival probability in
hydrogen ground state 0.8 |
| =3 x 10* W/cm? 06
5 cycle pulse (~ 380as), g
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NEG. ENERGY STATES/(VIRTUAL) PAIR PROD.
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o Negative Energy States
as defined by A=10

@ Spatial dependence in
both carrier and
envelope.
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NEG. ENERGY STATES/(VIRTUAL) PAIR PROD.
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GAUGES

AND THE IMPORTANCE OF NEGATIVE ENERGY STATES

@ Substantial matrix elements between positive and negative energy
states for operators mixing upper & lower wave function components.
o Gauge transformations?

eca - A, negative energy states in leading order

ou
UHp Ut + in—=Ut
D + 1 ot 5

Negative energy states in relative order a>? Use:

, A
U=e®*"/" 5 er E+ ec(a-k) <r-aa>,n:wt—kx
n

Negative energy states in relative order a*? Use:

2 h -A
U=ebohme o Cpppyr Z pA2 1+ “gs B O (T
m 2m 2m mc
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NEG. ENERGY STATES/(VIRTUAL) PAIR PROD.

2 |
tme o Filled negative energy state - compare

inaccessible core!

@ Pauli principle excludes admixture of
the field dressed states (A # 0) - not of
the field free states (A = 0).

—-mc? —fge®®
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NEG. ENERGY STATES/(VIRTUAL) PAIR PROD.

1.5 : ‘ 20

5 o Filled negative energy
state - compare
inaccessible corel!

@ Pauli principle excludes
admixture of the field
dressed states - not of

0 1 > 3 4 5 the field free states
Time (optical cycles)

Population of negative energy states to (defined
with A = 0) during the pulse.

Population of negative energy states to H(t) zero to machine accuracy!
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PrACTICAL CONSIDERATIONS

o Finite basis set: Finite difference or B-splines representation (avoid
spurious states as Froese-Fisher & Zatsarinny CPC. 180, 879)

e Complex rotation (uniform CS for survival rate & ionization rate)
(Complex rotation & Dirac, e.g. Zong, E.L., et al. PRA56, 386,-97)

]
o il 1s survival rate:
06l 50 basis function per /
' 100 basis func. per ¢
0.4 ‘ . ‘ ‘ , Complex scaling:
0 200 400 600 800 1000 20 basis function per ¢
0.1 : :
S
s 0
<
-0.1 ‘ : ‘ w :
0 200 400 600 800 1000
t{a.u.)
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PrRACTICAL CONSIDERATIONS

e Complex rotation (uniform CS for survival rate & ionization rate)

1.0 T

-0.5}
v

0.5 3
0.0 ———\//\.'.. .:

120 140

—1.00 0

Field A(t)

No cs
Uni cs 10 deg
Ext cs10 deg

T T R N N

000000 0OoH
Nwhunow®oo
T

o

20

Eva Lindroth (Stockholm University)

40

60 80
Survival in 1s

Time Dependent Dirac Equation

100

120 140

KITP  25/31



PracTIiCAL CONSIDERATIONS
PROBLEMS WITH NEGATIVE ENERGY STATES!
@ States with large energy differences important — many time steps
At < h/2mc??
@ Time propagation with complex scaling diverges ...

How can NES be avoided?

Expansion in eigenstates to H(t)

W (t+ At) ~ e HOA Y (1) e 37 e TBAT | 68y (6t | W (1))
J
i.e. diagonalization at every time-step?
@ No NES needed until real pair-production sets in
@ only rather sparse time-grid required
Room for improvements
o Fits well with Krylov (exclude energies < —mc?.) Promising test runs.
@ or parallelization: several time steps diagonalized simultaneously
(working)
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MORE TO STUDY

SENSITIVITY TO THE FULL INTERACTION?

Y ik {a- @) 7 Keep A=0-1expand jy (k)7
A\, LM M

0.22 Ground state survival probability

0.20 == 1 order Beyond Dipole
== Selsto et al (PRA-79)

0.18 1
== Non rel. from Morten Farre

0.16}
o]
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o
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MORE TO DO

lonization rates

Z=1 Z=2 Z=10 Z=18
7 2
i = 7% 0.15 0.15 0.15 0.15
r = Zr 0.1 0.1 0.1 0.1
n _ 3
EO — EO/Z 0.05 0.05 0.05 0.05
~ 2
w = w/Z
0 0 0 0
0 1 2 0 1 2 0 1 2 0 1 2
E/Z
. Z=36 Z=54 Z=70 Z=86
"""" TDSE, dip. .15 0.15 0.15 0.15 5
o
TDDE, dip. ° v, s
P 0.1 0.1 7/ N\ 01t of o1t  9f
Circles  TDDE, Beyon dip. R /N /N
N A) A Y A Y
0.05 0.05 0.05 1 0.05
0 0 0 0

lonization rates by monochromatic light calculated with TDSE
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ATOMIC STRUCTURE?

Argon 3p—d

15—
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Phase shift of the Argon photoelectron close to the Cooper minimum

(RPA-caclulation based on the Dirac-Equation).
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CONCLUSIONS

o Negative Energy states are important, but can be handled
@ The main problem is the size of the problem!

@ More to dol
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SPURIOUS STATES?

A problem we know how to handle: For example with
B-splines(Froese-Fisher & Zatsarinny CPC. 180, 879)

n Exact k=4&k=5 k=5& k=5
2 -0.1250020802 ~0.1250020802 —0.5000066566
3 -0.5555629517 -0.5555629518 -0.1250020802
4  -0.3125033803 -0.3125033802 -0.5555629518
5 -0.2000018106 -0.2000016849 -0.3125033803

Table: The four lowest electron eigenvalues for p; /;
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