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Hamiltonian for the complete system of N, electrons and N, nuclei

=T,(R)+W,,(R)+T,(r)+ W, (r) + V., (R,T)

with  (r, rNe)EL (R,-Ry )=R
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Born-Oppenheimer approximation

solve

(7. (1) + Wi (1) + V2 (1) + ¥, (1. R) J020(r) =< (R) %°(r)

for each fixed nuclear configuration R.

Make adiabatic ansatz for the complete molecular wave function:

Pe°(r,R)=@°(r) x*°(R)
~— Ty T~

and find best yB° by minimizing <WBO|H |W¥BO> w.rt. ¢BC:




Nuclear equation

ﬁ, (R) + Wiy (R) + Vi (R) + XA RV, ) + <2

L

o5 ()T, RIOEP(e)er |1°(R) - £

Berry connection

AP(R)=[@p°(r)¢-iv,)®@°(r)dr

VBO(C) = fCABO(R)- dR isa geometric phase

In this context, potential energy surfaces &°° (R) and the Berry potential ABO(B)

follow from an APPROXIMATION (the BO appﬁnximation).



GOING BEYOND BORN-OPPENHEIMER

Standard procedure:

Expand full molecular wave function in complete set of BO states:

¥(R)=2083(r) %, (R)

and insert expansion in the full Schrodinger equation — standard
non-adiabatic coupling terms from T, acting on d)i% ([)
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Standard procedure:

Expand full molecular wave function in complete set of BO states:

¥(R)=2083(r) %, (R)

and insert expansion in the full Schrodinger equation — standard
non-adiabatic coupling terms from T, acting on d)i% ([)

Drawbacks:

* 13k depends on 2 indices: — looses nice interpretation as
“nuclear wave function”
* In systems driven by a strong laser, many BO-PES can be coupled.



¥, (LR ) = oo 5)(1)32 (r) +o ( 5)(1)52 (r)

For few degrees of freedom, BO PES provide essential insight in
the dynamics of molecules, and can even be measured by femto-second
pump-probe spectroscopy: A. Zewail, J. Phys. Chem. 104, 5660, (2000)



Example: NaI femtochemistry
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Example: NaI femtochemistry
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Effect of tuning pump wavelength (exciting to different

points on excited surface)
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T.S. Rose, M.J. Rosker, A. Zewail, JCP 91, 7415 (1989)

Different periods
indicative of anharmonic
potential



For larger systems one would like to (one has
to) treat the nuclei classically.



For larger systems one would like to (one has
to) treat the nuclei classically.

But what's the classical force when the nuclear
wave packet splits??



For larger systems one would like to (one has
to) treat the nuclei classically.

But what's the classical force when the nuclear
wave packet splits??

A A —1- A-




For larger systems one would like to (one has
to) treat the nuclei classically.

But what's the classical force when the nuclear
wave packet splits??

A A —1- A-

There is a unique answer!




Outline
 Show that the factorisation

LP(L 5) =0y (E) X(B)

can be made exact

« Concept of exact PES and exact
Berry phase

o Concept of exact time-dependent PES
 Mixed quantum-classical treatment

e Concept of time-dependent PES
acting on the electrons



THANKS

Ali Abedi

Federica Agostini

Yasumitsu Suzuki

Seung Kyu Min

_Neepa Maitra (CUNY)

Nikitas Gidopoulos
(Durham University)




Theorem |

The exact solutions of

He(r,R)=E¥(r.R)

can be written in the form

?(L.R)=Pg(r) 1(R)

where jdL‘@B(L) ‘2 =1 foreach fixed R.

N.l. Gidopoulos, E.K.U. Gross,
Phil. Trans. R. Soc. 372, 20130059 (2014); arXiv cond-mat/0502433



Proof of Theorem I:

Given the exact electron-nuclear wavefuncion ¥ ( £,§)

Then, by construction, Idi‘q)g(i)r =1

N.l. Gidopoulos, E.K.U. Gross,
Phil. Trans. R. Soc. 372, 20130059 (2014); arXiv cond-mat/0502433



Immediate consequences of Theorem I:

1. The diagonal F(B) of the nuclear N, -body density matrix is identical

with‘x(g)‘z -
proof: 1“(5): _"dﬂ‘l’(g,i)‘z = .[dﬁ‘(DR(L)‘Z‘X(R)‘Z - ‘X(B)‘Z

7

4

1

= in this sense, X(B) can be interpreted as a proper nuclear wavefunction.

. (I)B(Qand X(R)are unigue up to within the “gauge transformation”

D (r):=" (1) Z(R)=e""(R)



proof: Let ¢-y and ¢-y be two different representations of an exact eigenfunction

W(rR)= 0, (1)1(R) =, (1)7(R)

|70

R N (RN
= [ao, (1) =[6(R) [drg(r)]




Theorem II: (o ( [) and x( 5) satisfy the following equations:

Eq. © ('T'e + W, + V™ +V, +§2:/| (=iv, =AY
Heo
B (o e, - o (-2 R0y 1)
“ M, x S

Eq. @ &: |\1/| =iV, + AV + W, + V™ +e (R)jx(g)z Ex(R)

where | A, (5)= —i“‘CD*5 <£)Vv®5(£)d[

N.l. Gidopoulos, E.K.U. Gross,
Phil. Trans. R. Soc. 372, 20130059 (2014); arXiv cond-mat/0502433



Theorem II: @5 ( [) and x( 5) satisfy the following equations:

Eq. © ('T'e + W, + V™ +V, +§2:/| (=iv, =AY
Heo
B (o e, - o (-2 R0y 1)
“ M, x S

Eq. @ & ,\1,| iV, +A,f +W,, + V2 +e (R)jx(B)= Ex(R)
Y v \

N

Exact PES

where AV(E)z—iJ‘CD*B(i)VV(DE(E)dL \

Exact Berry potential

N.l. Gidopoulos, E.K.U. Gross,
Phil. Trans. R. Soc. 372, 20130059 (2014); arXiv cond-mat/0502433



Proof of theorem Il (basic idea)

Find the variationally best © (i) and x(ﬂ) by making stationary the total energy

under the subsidiary conditim:fdﬁIDR(Q‘2 =1 . This gives two Euler
equations: ~
)
Ee.® _ O (
5.0 [ Todfor - [dRAR)[ dr] (1) }

N

cne 0 | (@) B
5(R) | (@rler) |




OBSERVATIONS:

 Eq. @ isanonlinear equation in (DR@
« Eg. @ contains x(ﬁ) — selfconsistent solution of @ and @ required

(R x(r)

* Neglecting the 1/M terms in @, BO is recovered
» There is an alternative, equally exact, representation ¥ = ®
(electrons move on the nuclear energy surface)

=

* Egq. @ and ® are form-invariant under the “gauge” transformation

= (B) Exact potential energy surface is gauge invariant.

Mm
—
|70
N —

M
—
| 20
N —

. y(C) = A . dl?{ IS a (gauge-invariant) geometric phase
¢ the exact geometric phase



How do the exact PES look like?




MODEL
S. Shin, H. Metiu, JCP 102, 9285 (1995), JPC 100, 7867 (1996)

R
(1) (2)
o
® O 90
0A
5 A +5 A

Nuclei (1) and (2) are heavy: Their positions are fixed
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= BO-PES #1
= BO-PES #2
— BO-PES #3
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Exact Berry connection

2

A, (R)=Im{fdr ¥’ (r,R) V¥ (r.R)}/|x(R) -V,0

A,(R)=3,(R)/[x(R) -V.0(R)

with the exact nuclear current density J,



Another way of reading this equation:

J.(R)=x(R)[ A.(R)+V.0(R)

Conclusion: The nuclear Schrodinger equation

v v

(im\lﬂ iV, + A,V +W_ + V™ 4e (R))X(B) = Ex(g)

vields both the exact nuclear N-body density and the
exact nucler N-body current density

A. Abedi, N.T. Maitra, E.K.U. Gross, JCP 137, 22A530 (2012)



Question: Can the true vector potential be gauged away,
l.e. Is the true Berry phase zero?




Question: Can the true vector potential be gauged away,
l.e. Is the true Berry phase zero?

ook at Shin-Metiu model in 2D:

(1) (2)
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* Non-vanishing Berry phase results from a non-analyticity
in the electronic wave function ®=° ( r) as function of R.

 Such non-analyticity is found in BO approximation.



* Non-vanishing Berry phase results from a non-analyticity
in the electronic wave function ®=° ( r) as function of R.

 Such non-analyticity is found in BO approximation.

Does the exact electronic wave function show such
non-analyticity as well (in 2D Shin-Metiu model)?

Lookat  D(R)= jr(I)R (r)dr

as function of nuclear mass M.

S.K. Min, A. Abedi, K.S. Kim, E.K.U. Gross, arXiv: 1402.0227 (2014)
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Open Question: Can one prove in general that the exact molecular
Berry phase vanishes? Are there systems where
the non-analyticity associated with the molecular
Berry phase survives as true feature of nature.




Time-dependent case




Hamiltonian for the complete system of N, electrons with coordinates
(rl T 8 )EL and N, nuclei with coordinates (Rl Ry )55, masses
M, --- My,, and charges Z; --- Zy

n:

H=T,(R)+W,,(R)+ T,(r) + W, (1) + V., (R, 1)

N VZ N VZ 1N
h _ AN — v
with T, = Z; 2M, ¢ & 2m " ZMZR -R,|
p#
A~ 1N 1 ~ Ne Ny Z
Wee:_ Ven: -
22T 2.2 R

Time-dependent Schrodinger equation

igw@,z,o:m@z) (6RO WY

j=1 v=1




Theorem T-I

The exact solution of

0¥ (1R t)=H(r.Rt) ¥(r.R,t)
can be written in the form

F(LR1)=g (1) 2(R.t)

where J‘dL‘CD5 ( L,t) =1 foranyfixed R,t

A. Abedi, N.T. Maitra, E.K.U.G., PRL 105, 123002 (2010)
JCP 137, 22A530 (2012)




Theorem T-I|I

(Dg(Lt) and X(Q, t) satisfy the following equations

Eq. @
[fe W + 0,0+ 0, (0 R)+ YL (9, - A RO
—~ = oM,
O R CURP M RCY O RN
Eq. ®

3 9, AR W (&) V(R < (R DR 00

v v

A. Abedi, N.T. Maitra, E.K.U.G., PRL 105, 123002 (2010)
JCP 137, 22A530 (2012)




Theorem T-I|I

(Dg(Lt) and X(i, t) satisfy the following equations

Nn

r,t)+ V., (rnR)+ Zﬁ(‘ iv, -A,Rt)f

e
~— e v
—_—

7~ N\

—{>

_|_
>

_|_
>
2
r\

O R CURP M RCY O RN

Eq. ®  Exact Berry potential / Exact TDPES
\\ —
(i 2|\1/| =iV, + A (R, t)f + W, (R)+ V™ (R, th e (R,t)jx R, t)=io (R, 1)

A. Abedi, N.T. Maitra, E.K.U.G., PRL 105, 123002 (2010)
JCP 137, 22A530 (2012)




e (R,t)=[drag(r t)(HBo(t)+ ﬁz—,\lﬂv(— v, - AR )f - iat}DR(Lt)

EXACT time-dependent potential energy surface

A, (5, t) - —ijd)R ( r,t)V CI)5 (L, t) dL EXACT time-dependent
Berry connection

N-body version of Runge-Gross theorem guarantees that
¢(R,t) and A(R,t) are UNIQUE (up to within a gauge transformation)



How does the exact
time-dependent PES look like?




Example: Nuclear wave packet going through an
avoided crossing (Zewail experiment)

A. Abedi, F. Agostini, Y. Suzuki, E.K.U.Gross,
PRL 110, 263001 (2013)

F. Agostini, A. Abedi, Y. Suzuki, E.K.U. Gross,
Mol. Phys. 111, 3625 (2013)
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Exact TDPES (a.u.)
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Exact TDPES (a.u.)
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Exact TDPES (a.u.)
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Exact TDPES (a.u.)
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Potential Energy Surfaces for
electronic motion (ePES)




Traditionally: Electrons provide a soup that modifies the
Interactions between bare nuclei leading to the
BO (or exact) potential energy surface.

Whenever the nucleli move as fast as electrons or faster, nuclei
provide a soup that modifies the potential the electrons
are exposed to.



Question:

Can one write down a purely electronic Hamiltonian with a
suitable PES such that the resulting many-electron

wave function yields the true N-electron density and current
density (that one would get from the full electron-nuclear

wave function ¥(R,r))?




Theorem

The exact solution of
0¥ (1R t)=H(r.Rt) ¥(r.R,t)

can be written in the form
‘P(Li’t)ﬂb(f’t) 7, (R

where B )‘ =1 foranyfixed I,t

Y. Suzuki, A. Abedi, N.T. Maitra, K. Yamashita, E.K.U.Gross,
Phys. Rev. A 89, R040501 (2014)



exact TDPES for electrons

> 5 (9,-A () + W ()+efT1) [o(nt) =00 (n 1)

t)=[dR %, (R.t) (H.[®I(R.r.t)-id, )%, (R.1)

EXACT electronic potential energy surface

Il—i

~/

A (nt)=-[% (R )V (R.t)dR

EXACT electronic Berry connection




Study electron localization in the dissociation of H," in
suitably shaped laser pulse using exact electronic surface.

Experiments by M. Vrakking (Max Born Institute, Berlin)
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Exact electron TDPES (a.u.)
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Exact electron TDPES (a.u.)
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Exact electron TDPES (a.u.)
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with exact electronic TDPES
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New MD scheme:
Perform classical limit of the nuclear equation, but retain
the quantum treatment of the electronic degrees of freedom.

A. Abedi, F. Agostini, E.K.U.Gross, EPL 106, 33001 (2014)
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Nuclear wavefunction

(Rt =" [1(R.1)

Classical limit

Ju(RY) > 8(R-R.(1))
VeS(R,t) > P.(1)

/\

Hence
—1AV oy

h—0 N Pc(t)
X



Expand the exact electronic wave function in the adiabatic basis:

ZC R, t (pRJ
Insert this in the (exact) electronic equation of motion:

¢,(R,1) :fj({ck(R,t)},{chk(R,t)},{vgck(R,t)})

Iin the classical limit:

VeC (R, 1), Vic (R, 1) >0

I.e. in this limit the ¢ (R,t) become independent of R.



In practice we solve the following equations:

cj(t):_%[ggg_(vgﬁmveﬁ )J . Zc

VA Z‘c ‘2 e + PMA i3 > %[ cic, |diY
J

j<k

VAR :__Z:‘J[C Ci |V -di)
J<
P 17
Dy = dif — o ——(V¢ -df) - d)
dgi)(R :<(PRJ‘VR(P§,Ok> dgi)(R) < R(PRJ‘VR(pIE,Ok>
2
and classical EoM for the nuclear Hamiltonian: H,, LAY

2M eff
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Exact nuclear density vs. histogram constructed from distribution
of classical nuclear positions

nuclear density

1=4.84fs t=14.52"fs t=24.20"fs t=31.46"1s
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Exact nuclear density vs. histogram constructed from distribution
of classical nuclear positions

1=4841s t=14.521s t=24201s t=31.461s
T T T T T I T T T T T T T T T m T
15 Muclear density} se— T | T i T | 7
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Algorithm not good enough to reproduce splitting of nuclear density!



Propagation of classical nuclei on exact TDPES

t=24.20fs

t==31.46fs

nuclear density histogram and fit
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Summary:

+#(r,R)=dg(r) 1(R) isexact

Eqgs. of motion for (I)B(r) and X(R) lead to

--- exact potential energy surface
--- exact Berry connection

both in the static and the time-dependent case

« Exact Berry phase may vanishwhen BO Berry phase#0

TD-PES shows jumps resembling surface hopping

reverse the role of electronsand nuclei: Electronic TDPES

mixed quantum classical algorithms
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