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1 T NTRODUCTION J

THIS TALK 'S ABOUT THE BPS

SPECTRUM O0F W= 2 D=4 FIFLD
THEORIES,

“THE B’PS SPECTRUM OF THE THEORY
ON RY 1S A "PIECEWBE CONSTANT

FUNCTION OF THE ROUNDART CONDITIONS
AT OO0,

RECENTLY THERE HAS REEN SaMt

PROGRESS IN UNDERSTANNNG
PRECISELY How THE SPECTRUM

‘DEPENDS oN RouNDARY ADIMONS

THESE ARE CALLED WALL-CROSIING

“ORMULAE (WCE ) THIS Talk WILL GIVE

A PAYSICA (L INTERPRETATION AND
PROOF OF A FAMoUS WcCrF  oF
KONTSEVICH + SOIRELMAN.



R REVIEW N=2D=Y WALL c&osswcﬂ

ConsER A THERY oN TRY
WITH AN'=2 SUPERPOINCARE’ SYMMETRY b

LET #H BE THE ONE-PARTICLE
H/lRERT SPACE.

AS A REPRESENT ATION oF &

DEPENDS oSN THE ROONDARY CoNDMMONS
C+ FIELDS AT o0

THESE 20UNDARY CONDITIONS ARE VALUED
N THE ™MODUL|L SPACE 6F vAcua: My

FOR  ue M, , WRITE x., .



=1

—oR ALL uwe M, THERE IS AN

UNBRoKEN ABELIAN GAUGE SYMMETRY

OF RANK ¥, So 1S GRADED

BY THE STYMPLECTIC LATIICE [

OF ELEC .+ MAG. CHARGES, (6F RANK &r ).

= %,

U
¥Ye T

ON EAcH SuRsPaCE ¥y, THE
CENTRAL CHARGE OPERATOR

Z e A (S A STALAR,

TENCTE THE VAWE ZyW)



RECALL THE W=2, D=4 Susty ALGERA

A= A, e A,

AQZ (S'thQ,z) %Rﬂ@ w) & IR
M)‘W (P/“ =
Al = ES?I'MH' @@L—l R
QK:F_ , @E(I

— J
{Quz, @473 aRols &
1Quz,Qpr f= RZ €y 6z

UN T ARY |RREPS SATISFY BPS BOUND :

M > \2Z|



DET. P = SUBSPAE SATURATING
| THE 2PS BOUND

= 1ZXQ/{.)1

7]

ON THIS SURSPACE

SOME ®PS PARTICLES CAN BE VIEWED AS

B OONDSYATES oF GTHERS : DECAY WHEN
ROUNDITATE ENERGY E([U) — O.

[Cewii et.ol. ) Seiberq e Witten ]
ZyW) 1S LINEAR IN ¥ =¥+ SO

Ew) = 1 z2wl- (Zmlrzaml) € o

—> DECAY oNLY MHFAPPENS ALING
WA LLS OF MARGINAL STARILITY

MS (NAHX %M) ZXQ*)/Z (MGA"\ }



W REN Y‘a ¥, ARE PRIMITIVE
@rsS
DENEF 4 MookE  DESCRIBED HoW .

C HANGES ACROSS A WALL: w:\.u-

X LT - e H, ok,

YU+

T (e

<X, ¥X.> = SYMPLECTIC PRODUCT
) .

/
BASED on DENEFES SUGRA
QoNS’TRUc:TLoN o RAUNDSTATE SOLUTIONS:

eL——>0
RAA)

THERE IS A GENERALIZ2ATION FOR
DECAYS o0k THE FoRkM

K——xl-‘-NXz y [\/>\



R3UT- T oR DECAYS oFTHE TORM
Y= Nl X, -\—NLXL N‘JNL>\

THE  METHeDS oF ™M ARE DIFFICULT
TO USE,

I ONTSEVICH {l So IBELHAN PROPAED

A- REMARKABLE FoRMULA TOR ThHE
CHANGE OF THE INDEX:

QCX, U.>'-= —%—F , (2:)-3>2 ("DZJ‘S

B?S
¥, U

WHICH /ANcLUWES ALL CASES,

EH\J SUPERGRAV ITIES ARIS/ING FRoM CY
comMPAacTIFcaTIoN S20¥,u) =
YGENERALIZED DONALISON ~THOMAS N T, ”



3 KS ToRMULA

o T NTRODUCE THE SYMPLECTIC TORUS
T - T¥® C¥
Ye ' = FONCTION Xh’ . T — ¥

. CHoosING A BaSis ¥, , DEFINE:

w0 = —jié""s d)({/\d—x—‘j

€;J’ = <¥,’, XJ>

o CHOOSE A QUADRATIC REFANEMENT

O-—(Xl-}h"z.) _ <K X>
G 08 &) o T

o DEFNE “"KS TRANSFORMATIONS

<Y YD

U, Xy — X (1= otnXy)



To EACH YeT' ASSOCIATE
T2 3PS RAY ' IN THE COMPLEX PLANE

Jyi= {5| sezpaR_7T

C HooSE A CONVEX CoNE VN
THE S—- PLANE

E-] 1

ASSECIATE THE SYMPLECTIC TMN

2 QlYwn)
A= T U

,Qy <)



FOR LATER CoONVENIENCE
NOTE THAT ITF ¥, =N ¥, 4 N>o0
THEN Ly = Ly, SO DEFNE

SL(X3M>
Y

S,= [T U
g 'Q.g’='ey

AND WR|TE

—>

Ay = 1T S,

¥ PRIM
Q’Y CV

;

= <2(Yu) DEPEND oN w..



=1

—oRMULA  STATES THAT

THE KS

g TT ’ QY;w)

L=V

'S CoNsTANT IN W AS LoNG

AS NO BPS RAY ENTERS OR
LEAVES TTHE SECTHR "V

TN PARTICULAR , ACROSS WALLS

O MARGINAL STARILITY
Q-Y' Lm—f 271—

s

U+
—> WALL CROSSING oMU LA



4 CoMPACTIFICATION OF N=2, D=
TIELD THEGRIES

A. SEIRERG- Wi+TEN SoLuTIoN

G - CompAcCT S.S. GAUGE GROUP RANK= T
R — EN DML, REP.

@ D= 4, N= 2 FIELD THEORY

G
My =) 2 € (u=TrEs upme )

< é W  GAVE FoRMULAE TFoR
o Zy()
« LOW ENERGY ABELIAN GAUGE THRY

/N TERMS oF

SPEC/IAL KAHLER., GEOMET2RT




REVIEW SPECIAL KAHLER GEoM:

c £ D FREED, hep-th /97120472
VIEW T AS A LOCAL SYSTEM ovEr M,

ﬁu — M @<7/9u
| \

W <, \L(.v -
4 = T Bz ) = 00O

FIBERS = ABELIAN VARETIES

—

TN REGIoNS oF M, CHOOSE A
POALITY TRAME:

r-l: ’_;165 r:V\-&j Tﬂm.ﬁ:ré

= Spen{ 2} © Bpan{ 7}

<°<z,°<g>=<(§’r;#¢>=c <o 958 7



CHOOSING A DuaLITY FRAME

1.

HAS PERI0D MATRIX T,

— X —_—

4. Low ENGRGY LAGRANGIAN:

X

- T
= m’C:a'<0Lo.I*oLE.$ + F *FU)

U
1 T g
+ Re Toy F oAk
QI = Z(M’) o = l) -,
oy

2.

LoCAL CooRDS ON WM,

CENTRAL CHARGE TuNcT/oN

Zx(u) — Q. - \622 + O‘D'X\MJ /
3@3: 32'3:

p—

Do = dardad




3%\/\/ DENTIFY %M AS  JACRIANS
oF AN EXPLIC|IT FAMILY OF RIEMANN
SURF ACE S

BAS|C EXAMPLE: G = SU®)
m

Zwi Y + %—': x“— 2u

-----




SPECTRUM !

2%~ D HM(an, 1) ® VH(z0)

WE
o nNeZ

D CoNJUEATR

YA
R e = HM(2-1)@UM (o))
P ConNITUGATE

KS [DENTITY:

=2

Uz,—\ Uo,| = UOJI Uz,lu%rm UZ.o-“ UG,—lU‘t Y

ozl

T 'S Trog L




B CoMPACTIFY oN A CIRCLE .

. NOW CoAsDER THE THEoRY ON

2 1

TR™x Sa .

.« L OW ENERGY THEORY IS A 3D
o-MeDEL ¢ R:P— WM

ol (R,x1) — oF (%)

Qp-i = S lA? Ax
)

CPm,I = S,S|%\.D"01 dx*

PERIODIC ]

e SUPERSYMMETRY =>
WAL MUST CARRY A HYPERKAHER METRIC

LET US TRY TO DESCRIBRE (T



TOPOLOGCICALLY UM IS A TORUS
rBRATION OVER W, !




THE SEM|-FLAT METRIC

| EADING R—>00 APROXIMATION !

USE DIMENSIONAL REDLOCTION
+ DUALIZATION OF 3D GAUGE FLEL

f 7 R T
_ = T T —
— —2—" -—M-C.I_J- d_Ob *OL [0V

_ | wk=] —
TR o) JZI xdz,

OQZI — JSDMJI — —CI'_J‘ 0[9083—

THIS DEFRNES THE SEMIAEAT METRIC

%SF: R @M‘c)\ol.q \Z_\_ L%%?E@MTS\LJZ\Z



C THE KEY IDEA

e THE METRIC %S* RECEIVES QUANTUM

CoRRECTIONS FRoM BPS PARTICLE
LOORID-LINES WRAPPING ST,

o THEREFORE THE QUANTUM CoRRECTIONS
DEPEND onN THE BPS SPECTRLM.

e THE TRUE METRIC 3 SHoulD
BE A SHMooTH METRIQ oN M
AWAY FRoM THE Locus (N My
WHERE BPS PARTICLES BEGME M=0O.

® SMOOTHNESS oF g ACROSS WALLS
oF M.S, IMPLIES A WcF,

CLAIM: |T 1§ THE kS WcCF



[5 TWISTIR SPACE A’P?R@ACHJ

WE WILL USE FITCHIN 'S
THEOREM : KNOWING (WM,3)
IS EQUIVALENT T 0O KNOWING

TWISTOR SPACE Z= W xCP'
AS A HoLoMoRPHIC MANLFOLD.

ThHeEorEeMm @ LF W 1S HK

—

OF MDIMENSIoN Her THEN:



1 g HoLo. FIBRATION

- ' .

P 2 — QP
M. = 7;'<§> (/l/( | N COMPLEX
s =

T SRUTRE S

2 H HoloMeRPHC SECTION

2.
S OF Qz/m, ®@O(2)
@5[ = HOLOMORPHIC SYHMPLECTIC

M
’ ~oRM ON \/VLS

3. ¥xeM T HoloMeRPH(C SECTION
S, CP'— Z  Wrm NoRMAL
BUNDLE 3¢y %"

LI, T ANTI—HoLoMORPHIC T Z =&
COVERING S~ /%



GIVEN |,2,3 4 ONE CAN
RENSTRLUET THE METR\_:
FoR Se C¥:

i ,5
— T W T

KARLER FaRM

OJ_,_ = W, + iwz

OUR STRATEGY 1S TD CoNgTRLLCT
THE HOLOMORM(C SECTINS S,
EXPLICTLY +FoR THE ZBD

C—-MODEL TARGET

=




fﬁii;’w/r

. ~ My

W

. FOoR S=o, 9. 1s HOLOMIRPHC
- FOR S#06,% 9. 1S NEITHER
deL0. ANOR ANTI —1HOLD.

» HoLomorpHic FUNcTionN oN My
|S DETERMINED BY ’RESTRIQ'T\ON

TO SEME (ie. ANY) FIBER G,

e N BASS 0FE € TUNCTIONS oN

A |

HE TORUS 5%\3 L ABELLED BY YeT,

e CALL THE HOLOMORPH/IC FUNCTIONS
IN A NEIGHBORHOOD 5F i .- XY



THE LEADING, NO QUANTUM CoRRESTIONS,

AYRRoXIMAT oN

o

st - ' —
X, = exg|wrE'7, + 6, + RS Z, |

y

| A NETZKE & B. PIGLINE 1

O Tl¥® Rizgnzz — TR/ZT:ZL

yl
e CHECK

e A%, 4%
i s



\ 6 SUNGLE -PARTICLE CoRRECTIONS j

Now WE INCLVDPE THE @RST QC.

& ToR SIMPLICITY CoNSIDER =4,

+ CONSIDER A PoINT U, & WM,

WHERE A S/INGLE HM BECOMES HAS MO

—> DOMINANT CoONTRIBUTION NEAR WUy,

C HoOSE DUALTY PRAME SO T HAS CHAGE
ch,O) J % >0
K K REDUCTION = TARGET

SPACE METRIC I8 A GIBBoNS-HAWKING
ANSATZ 1 [[Seibery Witien; Gogori Ve ; SeibergShenker)

- | 2
q= VRES C—i%’“--ﬁ—A) + V(X)) dR*°

F= %dV xe R*



\+ERTE !
o= X' -I—'Z‘,)<z

Qpe: 2R x° PERIODIC

va) = 7 e
e ZL \/ zz“\z*-(@—— +n)z
m.s-f—
- VT
%‘( e 2"3%)

L

nst ‘Fe
Vo= %_- % K <ZTFR. VLZ )
)

: INSTANTON
CaN TRIBUTION

~ —Zﬂer\%a\l




/\Jow W HAT ARE THE #HoLo.
FUNC"/ONS ON TWISToR SPA cr-—?

ALGEBRA ©F Holo FUNVCTIONI { 'Xg}
oS N TWISTOR SPACE [3 GENERATED

BY:



]

DETERMINE X AND A,

ROM A DIEFEERENT/AL EQUATION

HK_ STRUCTURE ! <= 1,2,3 -

Kol azxx@‘?u A> LV e<BY b Ay

> COMPUTE @ = ——-co +w3—L‘5cu_

[

411' R Xe_ X,

T = — L 4%, ,.]




WE FIND:

Xaz %:{-: ex,]:[_rc—_sﬂ-o\.,.ic]ae.y-wﬁfa‘g

Ul

st st

%= X,

. .
/X‘Ms: EXP{T%-% + 2 4+ TRY ap h&

Op = %Z (aﬂej%\— )

AT,

inst+ _
X = T NSTANTON CoNTRIBUTION



X(S)

EXP,
L. ARGE




KEY FEATURES OF THE SoLUTION

—

1 AS A VWUNCTION oF S) X o

IS "DISCONTINVOUS  ACROSS THE
BPS RAY!

Lem 5| Be

=oR Xz(tl.o)) GENERATRS oF T},

2. ACRosS THIS RAY:

ew ccw
('(Xe')’xw‘v = U\( (XE’-) XW\.)

- (/Xe; Ainr Q— Y:T .>¢7 )ch

st
3. \V/Y) (X?r ~ (Xx (H—CS—(Q)

S—0,%



OBSERVATIN : X, ARE THE

SOLUTIoON o©E A RIEMANN—HILBERT
PROBLEM.

1}—!—1 PROBLEM:

FIND A TPECEWISE HoLo.

FUNCTION WiTh PRESCR IBED
SINGULARITTIES AND ASYMRTETICY,



7 MULTI-PARTICLE c;o/\r—m\au—nows\

TD TAKE INT) ACCOUNT ALL

BPS PARTICLES WE CANNST USE
A LOW ENERGY EFFECTIVE LAG.,
BECAUSE THE PARTICLES WILL BE
MUTUALLY NONLOCAL.

PROPOSAL: THE HOLOMBRPRIC

FUNCTIONS ARE CeNSTRUCTED =RoM
A RIEMANN- BILBERT PROBRLEH IN

THE S- PLANE




TO GIVE THE PRORLEM A

S\IMPLE  FORMULATIoN VIEW THE
CoOLLECTION OF FUNCTIONS

Ay = explity+ - ]
AS A FAMILY OF MAPS

XE): AJ > | = *%";@*

PIRCEWISE  HOLOMORPHIC IN S

® RECALL T HAS TFUNCTIONS

. s X
Xy: T, — C
e RECALL T, 1 SYMPLECTIC
/@JT L = LG;‘; ﬂ_/\d—xi
: = 2 =

J



RIEMANN -HILRBERT PROBLEM -

i-> X(5) 1S DISCoNTINUOUS
AcRoSS TBPS RAYS Ky

ch _ SX(%CCW )

S w)
RECALL: So= 1T ) ol ]
[ ¥ ’QY':QY kg

2.) A(S) BAS ASYMPOTICS
—O0R S— O,X G&GIVEN BY

%54(3‘)) VP TO O-(I) CoRRECTIONS
VA e B G B

Vo= L Y £ Y, = lim Y(5)

Tow

EX) ST



1 TERATING THS EQUATION
(AS A SUM OVER TREES... )

GIVES THE RulLL INSTANTIN
EXPANSION /

S ZYPLCT CONSTRUCTION 0 Twi SRR @RS




« WE RECNSTRUCT THE METRI|C

y 2 |

—ROM

@ = X )

Hw™R

° A S w CROSSES A wWALL ok
M S BPS RAYS 7PILE UP

2 |

Z

BUT THE TUMP orF X N
THE RH PROBLEM 1S CoNTINUOUS

AS A FUNCNON 6F W : THAT
S THE kS FORMULA




THUS: THE KS FRMULA
GUARANTEES THE ONTINUITY
OF THE Hk M™METRIC ACROSS
WALLS OF MS |

THE RESULTING HETRIC PASSES

A NUMRER oOF CNSISTEMY
TESTS .

BUT... WHY 13 oUR PRoPoSAL

THE RicrT owne ¢

WHY 13 THE METRIC THE RICHT oNE
FoR THE PHYSICAL PROBLEM ¢



)L 2. PHYSICAL PROOE oOF THE kS FOEMUL;)

——

RH IS EQUVALENT T0 A DFFEQ S

Ao = % 53X

TS CoNTINUOUS IN S-PLANE:

ACRoSS Ay //

X 53X — (sx)" Ia:(sy)
= X T X

= AS 'S RoLoMoRPHIC FoR Se ¢



:_-> FQS’X: (745,')( 2

STRUCTURE GRouP: S¥MPL(T)

ASVMPTITICY =

,43 = S:\VAHM— 04(;\4— S’AGH)

8 \

SINCE Sy 18 INDPT oF Ru, A ...

SAME ARGUMENTS X SATISEIES A
SET OF TDIFEERENTIAL EQATIONS



c;%?(= Az X
Ase X = AKX
A= X = kg X
Rae X = A X
S 5e X = Ay X

Ai= STUT A9 & AT

KEY PoO/NT: TTHESE EQUATIONS
ALL FOLLOW TFROM THE PHYSICS

OF THE 4D GAUGE THToRY ||




E—X = A X HOLO MORP AY
o ATAfX ON Mf

(l

AlLSo Holo MORPHY. _.

A 7( VIEW A AS

A2 x

b/\

5 A BACKGROUND VEV
ord = A o+ A V™.

ANOMALCV S
R aK ‘A X SCALE AND

S - , R-SYMMETRY



STHkES PHENOMENON

THE $- EE EQ. HAS AN IRREGUAR
SINGULAR POINT AT S=0,%;
SOLUTIONS EXH(18IT STOKES PHENMM,

IN' THIS INTERPRETATION Sy ARE

STOKES FACToRS ASSOCIATED
WET™ Ry

TREMAINING EQUATIONS !
ISOMONODRAMIC DEFORMAT 5N

:> STORKES FACToRS ARE II\/'D’P}T
OF R/ w, A -

)

= CHECk AT LARGE R /N
1— INSTANTDIN APPROXIM ATION.



XQ. "TAKE-HOME SUMMARY K

1 . WE CoNSTRUCT THE Kk METRIC

FoR QIRCLE- CoMPpPACT IElcATION oF
N=2D=Yy FIELD THEORIES

L. QUANTUM CORRECT ION'S TO THE
DIMENSIONAL REDUCTION MET2IC COME
—RoM BPS STATES.

3, CoNTINUITY OF THE QUANTUM- CORRECTED
METRIC \S EQUIVALENT Td THE

KS WcF

4. USE TWISTOR TRANSFRM AND
WRITE HOLOMORPHRIC FUNCTIONS AS AN

EXPLIC T~ SUM OVER BPS INSTANTONS.




L1 0. CoNcLluslioN J

— OTHER THINGS WE RAVE DsNE —

o MASSIVE HM's . GENERAUZES KS.

® THERE ARE STRONG CoNNECTONS

WITH THE +t* T=QUATONS OF

|
CECoTT ¢ VARPA
\

» THE FUNCTIONS X, ARE

YL HOOFT_WILSON - MALDACENA 2007
OPEAATIR vv;v’s5 Mo REOVER THERE

IS A NICE [NTERPRETATION [N TERMS
oF A 3D TET [T ApEAR)



o TTHE MoDULI SPACE WM,q) IS A
MODULL SPACE oF A HITUHN SYSTE M

\
ES. ChERKIS € A, kAP s*r;Nj_ O0R

SU(2) WE HAVE CoNSTRUCTED [T
AS A SPAcE oF SToKES TATRICES

GLUED BY kS TRANSFoRMATIONS.
[ To APPEAR. |



— T O Do —

¢ UNDERSTAND BETTER THE NEED
FOR THE QuUADRATIC REFPNEMENT

e DINGULARITIES AT SUPERCSNFIRMAL
PoINTS REMAN TO BE UANDERSTUOD

¢ RELATIONS TO /INTEGRABLE SVYSTEMS

o TRELATION TO0 THE WORK OF TOVYCE

)
g BRIDGELAND / TOLEDANG LAREDO

o GENERALIZATION TO SUGRA ,

e SHOULD GIVE EXPLIC T T8RQMULATISN

OF Q.C.¢§ To HYPSRMULTIPLET MUl
OPACES .






