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necessary for Yang-Mills

guided us towards universal, diagrammatic calculus



Introduction Generalised ERGs Regularisation for SU(N) Gauge Theory SU(N) Gauge Theory

The Seed Action

What is it?

A non-universal input which controls the flow

Same structure and symmetries as S

Example
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necessary for Yang-Mills

guided us towards universal, diagrammatic calculus



Introduction Generalised ERGs Regularisation for SU(N) Gauge Theory SU(N) Gauge Theory

The Seed Action

What is it?

A non-universal input which controls the flow

Same structure and symmetries as S

Example
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Cancellation of non-universal quantities is so constrained, it
can be done diagrammatically

Isn’t a General Ŝ just Scaffolding?

Having discovered diagrammatics why not use simplest Ŝ?

The question seems moot!

Can prove, to all orders that β function coefficients have no
explicit dependence on Ŝ

Hints at a more direct framework, where Ŝ operates entirely in
the background
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Isn’t a General Ŝ just Scaffolding?

Having discovered diagrammatics why not use simplest Ŝ?
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Gauge Theory

U(1) Gauge Theory

Simply replace ϕ with Aµ

−Λ∂ΛS =
1

2

δS

δAµ
·∆̇·

δΣ1

δAµ
−

1

2

δ

δAµ
·∆̇·

δΣ1

δAµ

δ/δAµ is gauge invariant
Flow equation is manifestly gauge invariant

SU(N) Yang-Mills

δ/δAµ transforms homogeneously under adjoint representation

Choose Ψ =
1

2
{∆̇}

δΣg

δAµ

{∆̇} is a covariantisation of the kernel, ∆̇
g is scaled out of the covariant derivative: Σg = g2S − 2Ŝ .

Regularisation fails at one loop
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Regularisation fails at one loop



Introduction Generalised ERGs Regularisation for SU(N) Gauge Theory SU(N) Gauge Theory

Gauge Theory

U(1) Gauge Theory

Simply replace ϕ with Aµ

−Λ∂ΛS =
1

2

δS

δAµ
·∆̇·

δΣ1

δAµ
−

1

2

δ

δAµ
·∆̇·

δΣ1

δAµ

δ/δAµ is gauge invariant
Flow equation is manifestly gauge invariant

SU(N) Yang-Mills

δ/δAµ transforms homogeneously under adjoint representation

Choose Ψ =
1

2
{∆̇}

δΣg

δAµ

{∆̇} is a covariantisation of the kernel, ∆̇
g is scaled out of the covariant derivative: Σg = g2S − 2Ŝ .
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SU(N |N) Regularisation

Covariantisation + Pauli-Villars = Regularisation

Embed physical SU(N) in spontaneously broken SU(N|N)

Heavy fields act as Pauli-Villars!

Defining rep.: Aµ =

(

A1
µ Bµ

B̄µ A2
µ

)

+ A0
µ1l

a supergauge field valued in SU(N |N)

Hermitian
supertraceless: strAµ = trA1

µ − trA2
µ

∇µ = ∂µ − iAµ

the physical gauge field
an unphysical copy (with wrong sign action)

has coupling, g2, which renormalises separately from g .

PV fields, which acquire a mass ∼ Λ
central term
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Introduction Generalised ERGs Regularisation for SU(N) Gauge Theory SU(N) Gauge Theory

Symmetries

local invariance

δAµ = [∇µ,Ω(x)] + λµ(x)1l

local SU(N|N) invariance

‘no-A0 symmetry’

Symmetry Breaking: SU(N|N) → SU(N) × SU(N) × U(1)

Superscalar C =

(

C 1 D

D̄ C 2

)

Mass of B tracks Λ if

C dimensionless
Effective Potential of Ŝ has min. at

< C > = σ :=

(

1l 0
0 −1l

)

S has min. at σ
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Particle Content

Massive Higgs fields C 1 and C 2

Composite field FR = (Bµ,D)

five index
B and D gauge transform into each other
B eats D in unitarity gauge

Massless fields A1 and A2

Ignore A0 ⇒ convenient diagrammatic prescription

Decoupling in the limit Λ → ∞

A1 and A2 communicate via massive fields

Theory renormalisable in D ≤ 4

Lowest dimension effective interaction is irrelevant

A2 Decouples (Appelquist-Carazonne theorem)
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A Manifestly Gauge Invariant, Regularised Flow Equation

Requirements

SU(N|N) Invariance at high energies

No-A0 Invariance

Treats A1 and A2 asymmetrically

Construction

−Λ∂ΛS = a0[S ,Σg ] − a1[Σg ],

a0[S ,Σg ] =
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All non-universal contributions cancel, diagrammatically!
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Isolate and process any diagrams which can be manipulated
using the flow equation

Employ the effective propagator relation

Process the gauge remainders diagrammatically

Iterate

Cancellations to all orders

All explicit instances of Ŝ

All explicit details of the covariantisation
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A Universal β Function?

What does βn depend on?

Wilsonian effective action vertices

effective propagators

gauge remainders

Cancellation of Remaining non-Universality

Trivial, at one loop

Iterative, diagrammatic procedure at two loops

Iterative, diagrammatic procedure at n loops??

Strong suggestion that all βn can be arranged to depend only
on the universal details of this ERG



Introduction Generalised ERGs Regularisation for SU(N) Gauge Theory SU(N) Gauge Theory

Future Directions

Perturbative



Introduction Generalised ERGs Regularisation for SU(N) Gauge Theory SU(N) Gauge Theory

Future Directions

Perturbative

Complete analysis of universality of βn



Introduction Generalised ERGs Regularisation for SU(N) Gauge Theory SU(N) Gauge Theory

Future Directions

Perturbative

Complete analysis of universality of βn

Expectation values of gauge invariant operators



Introduction Generalised ERGs Regularisation for SU(N) Gauge Theory SU(N) Gauge Theory

Future Directions

Perturbative

Complete analysis of universality of βn

Expectation values of gauge invariant operators

Non-Perturbative



Introduction Generalised ERGs Regularisation for SU(N) Gauge Theory SU(N) Gauge Theory

Future Directions

Perturbative

Complete analysis of universality of βn

Expectation values of gauge invariant operators

Non-Perturbative

Truncations



Introduction Generalised ERGs Regularisation for SU(N) Gauge Theory SU(N) Gauge Theory

Future Directions

Perturbative

Complete analysis of universality of βn

Expectation values of gauge invariant operators

Non-Perturbative

Truncations

Strong coupling expansion



Introduction Generalised ERGs Regularisation for SU(N) Gauge Theory SU(N) Gauge Theory

Future Directions

Perturbative

Complete analysis of universality of βn

Expectation values of gauge invariant operators

Non-Perturbative

Truncations

Strong coupling expansion

Assume g(Λ) → ∞ as Λ → 0



Introduction Generalised ERGs Regularisation for SU(N) Gauge Theory SU(N) Gauge Theory

Future Directions

Perturbative

Complete analysis of universality of βn

Expectation values of gauge invariant operators

Non-Perturbative

Truncations

Strong coupling expansion

Assume g(Λ) → ∞ as Λ → 0

S =
1

g2
S̃1 +

1

g4
S̃2 + · · ·



Introduction Generalised ERGs Regularisation for SU(N) Gauge Theory SU(N) Gauge Theory

Future Directions

Perturbative

Complete analysis of universality of βn

Expectation values of gauge invariant operators

Non-Perturbative

Truncations

Strong coupling expansion

Assume g(Λ) → ∞ as Λ → 0

S =
1

g2
S̃1 +

1

g4
S̃2 + · · ·

Dimensional transmutation: p/ΛQCD



Introduction Generalised ERGs Regularisation for SU(N) Gauge Theory SU(N) Gauge Theory

Future Directions

Perturbative

Complete analysis of universality of βn

Expectation values of gauge invariant operators

Non-Perturbative

Truncations

Strong coupling expansion

Assume g(Λ) → ∞ as Λ → 0

S =
1

g2
S̃1 +

1

g4
S̃2 + · · ·

Dimensional transmutation: p/ΛQCD

Signature of confinement: S1 1
µν (p) =

1

g2
2�µν(p) + O(p4)



Introduction Generalised ERGs Regularisation for SU(N) Gauge Theory SU(N) Gauge Theory

Future Directions

Perturbative

Complete analysis of universality of βn

Expectation values of gauge invariant operators

Non-Perturbative

Truncations

Strong coupling expansion

Assume g(Λ) → ∞ as Λ → 0

S =
1

g2
S̃1 +

1

g4
S̃2 + · · ·

Dimensional transmutation: p/ΛQCD

Signature of confinement: S1 1
µν (p) =

1

g2
2�µν(p) + O(p4)



Introduction Generalised ERGs Regularisation for SU(N) Gauge Theory SU(N) Gauge Theory

Future Directions

Perturbative

Complete analysis of universality of βn

Expectation values of gauge invariant operators

Non-Perturbative

Truncations

Strong coupling expansion

Assume g(Λ) → ∞ as Λ → 0

S =
1

g2
S̃1 +

1

g4
S̃2 + · · ·

Dimensional transmutation: p/ΛQCD

Signature of confinement: S1 1
µν (p) =

1

g2
2�µν(p) + O(p4)

A more direct framework



Introduction Generalised ERGs Regularisation for SU(N) Gauge Theory SU(N) Gauge Theory

Future Directions

Perturbative

Complete analysis of universality of βn

Expectation values of gauge invariant operators

Non-Perturbative

Truncations

Strong coupling expansion

Assume g(Λ) → ∞ as Λ → 0

S =
1

g2
S̃1 +

1

g4
S̃2 + · · ·

Dimensional transmutation: p/ΛQCD

Signature of confinement: S1 1
µν (p) =

1

g2
2�µν(p) + O(p4)

A more direct framework

Quarks



Evaluating the Λ-Derivative Terms

Strategy Return

β1�µν(p) =

∫

k

[D1(k , p)]•p2



Evaluating the Λ-Derivative Terms

Strategy Return

β1�µν(p) =

∫

k

[D1(k , p)]•p2

D1 is a set of one loop diagrams



Evaluating the Λ-Derivative Terms

Strategy Return

β1�µν(p) =

∫

k

[D1(k , p)]•p2

D1 is a set of one loop diagrams

external momentum, p



Evaluating the Λ-Derivative Terms

Strategy Return

β1�µν(p) =

∫

k

[D1(k , p)]•p2

D1 is a set of one loop diagrams

external momentum, p

loop momentum, k



Evaluating the Λ-Derivative Terms

Strategy Return

β1�µν(p) =

∫

k

[D1(k , p)]•p2

D1 is a set of one loop diagrams

external momentum, p

loop momentum, k

Interchange −Λ∂Λ|α and
∫

k



Evaluating the Λ-Derivative Terms

Strategy Return

β1�µν(p) =

∫

k

[D1(k , p)]•p2

D1 is a set of one loop diagrams

external momentum, p

loop momentum, k

Interchange −Λ∂Λ|α and
∫

k

β1�µν(p) =

[
∫

k

D1(k , p)

]•

p2



Evaluating the Λ-Derivative Terms

Strategy Return

β1�µν(p) =

∫

k

[D1(k , p)]•p2

D1 is a set of one loop diagrams

external momentum, p

loop momentum, k

Interchange −Λ∂Λ|α and
∫

k

β1�µν(p) =

[
∫

k

D1(k , p)

]•

p2

β1 = Λ∂Λ|α(Dimensionless Quantity)



Evaluating the Λ-Derivative Terms

Strategy Return

β1�µν(p) =

∫

k

[D1(k , p)]•p2

D1 is a set of one loop diagrams

external momentum, p

loop momentum, k

Interchange −Λ∂Λ|α and
∫

k

β1�µν(p) =

[
∫

k

D1(k , p)

]•

p2

β1 = Λ∂Λ|α(Dimensionless Quantity)
Diagrams can pick up IR divergence



Evaluating the Λ-Derivative Terms

Strategy Return

β1�µν(p) =

∫

k

[D1(k , p)]•p2

D1 is a set of one loop diagrams

external momentum, p

loop momentum, k

Interchange −Λ∂Λ|α and
∫

k

β1�µν(p) =

[
∫
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D1(k , p)

]•

p2

β1 = Λ∂Λ|α(Dimensionless Quantity)
Diagrams can pick up IR divergence
Integrals only have support in IR
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