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4D Weyl Black Hole

m \Weyl coordinates:
dS? = % ds*
ds? = —e®V dt? 4 7Y [62V (dp* + d2?) + p* do?]
= Vacuum Einstein equations:

o*U 10U  0°U
+ =+ 55 =0
opr  p Op 022

V,=pU, ~UL), V.=20U,U_

w Source for a Schwarzschild BH is a thin rod:

AU = M@(z/p), O(z) = { Lo lel=1
P 0, |z[>1

w Schwarzschild solution:

1 ¢ 1 52_ 2
US(p,Z):Ehl (—H/)} VS(pﬂz): §1n (EQ_";Q
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/ Schwarzschild Solution ' \ K ‘ Distorted Black Holes' \

Geroch & Hartle (1981)

w A distorted black hole is described by a static
axisymmetric Weyl metric with a regular Killing horizon.
One can write the solution (U, V') for a distorted black
hole as

L T A S T T
~N e s N =D

U:Us-i-ﬁ, V:VS-!-‘?,

where (Us, Vs) is the Schwarzschild solution with mass
M = ulL

w Both IV and Vs vanish at the axis p = 0 outside the
horizon, hence the function V has the same property

= The function U obeys the homogeneous 3D Laplace
equation

= One of the equations for V is of the form

L T A T T |
~N ;NN -0

m Near the horizon U is regular, while Us , = O(p 1)
and Us ., = O(1). Thus near the horizon V. ~ 2U .

N %
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4 Integrating this relation along the horizon from \ ﬁ» The metric of a distorted black hole takes the form \
z = —pu to z = p and using the relations . 9

" s B . . ds? = =20 (1 _ Ho 142

V(0,—u) = V(0,u) =0, we obtain that U has the same 8 — ] ¢

(&
r
value u at both ends of the line segment H

m By integrating the same equation along the segment L2V G (1 2,{50) -1 »
e - — [
H from the end point to an arbitrary point of H one 7
obtains for —p < z < o )
L2V =Utu) .2 (d&'? L2V sinZHd(;ﬁz) _
V(0,2) = 2 [ff(o, 2) — u}

w The event horizon is described by the equation

= Geroch and Hartle demonstrated that if I7 is a r = 24, and the 2-dimensional metric on its surface is

regular smooth solution in any small open
neighborhood of H (including H itself) which takes the
same values, u, on the both ends of the segment 4, Itis a sphere 52 deformed in an axisymmetric manner
then the solution is regular at the horizon and
describes a distorted black hole

dy? = dps [52([}”) 9% + e 20w gjpy2 qubQ] :

w The horizon surface has area

= We use the coordinate transformation A=16mpiL?.
p=c" \Jr(r—2uq) sinf, = The surface gravity « is constant over the horizon
surface:
z=¢€" (r— ppy) cosd, o — e" -1
409

\ancj we define pg = pe™ j & j
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/ \ / Compactified Schwarzschild Solution (])I \

Israel & Khan (1964); Myers (1987); Korotkin & Nicolai (1994) e,

Compactified Schwarzschild Black Hole

w Periodic solution! Use Fourier decomposition: - _ =

Ulp,z) =Uolp) + Y Ulp) cos(kz)
k=1

Udhdh bbb oo

T T T T T 1 %l
)
i

w Source term for a compactified BH:

O(z/u) = ag + Z ay cos(kz)
k=1

'

ag =", ar= 2 sin(kp)

w Radial mode equation:
d? 1d
Uk N Up KU, a(p)

k=0aF ——

dp*  p dp
w Radial mode functions:

Uo(p) = aoln(p), Uk(p) = —arKo(kp)

w Compactified Schwarzschild solution:

[ Y P
~NoOgsEWn =0 =

o~ sin(ky .
Ulp, 2) = -g— Inp— 22 % cos(kz) Ko(kp)
k=1
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Compactified Schwarzschild Solution (IT)

Far-Away Asymptotic I

w Solution far away:

2
t l

U(p, 2)|pmsoe = g P, V(p,2)|posoe = f—z Inp«uimw
T T

For- mecd, r~ 072,

w Asymptotic metric is Kasner:  [Rindler if i = 7]
At

ng — _pZﬁ— dt2 —FGP_Q%(I_%) (dp2 +d22) +p—2';f p2 d¢)2
= bFov smacd 0, 2 is am A.nﬂ»&? deficit at b?=m sl
. Asymptotic (Komar) mass: m = ;- [&f}) do. = p

Near-Horizon Asymptotic I

m Solution near horizon: /(z) = lim[U(p, z) — Us(p, 2)]

p—0

A R
N R WLN O N

~

0() = 2 tnfam) + 5 I [fE5)1(55)] 1ol <

w Function f(x): N

0
,! - x .
2 flz) = ) sinz T?(Z) _
g AT
5 F Uy e oo —
Ha FO =1, fE =% fm=0 T
M T -

3 flx)~1-—— -

T B
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/ Redshift Factor '|
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w» Redshift factor:

1
u=F In(47) + = In f(p)
™ 2

I 1 ( u)
o 1 —_ —
U~ 111(47r) + 5 n

w The redshift factor « has maximum u,
1
u, = Iln(4m) — 3 [1+1In2+ In(ln(4r))] ~ 1.22

at
= m(1—1/(2In(4m))) ~ 2.52.

w For ;i > i, the function « rapidly falls down,
becoming negative and logarithmically divergent at

~
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/ Properties of the Horizon I

: |
5 "/

08~ T

el
? 0E 1 15 2 23 3

the same approximation are

po = p exp(—u) & p (4m) "= (

1
;L)_'z
Y
e—2u

1 " ft
~ — (2m)%w (l—m)
dp 4u( ™) s

w For i — 7, they behave as jug — oc and v — 0

kR =

w Another invariant is the proper distance | between
the ‘north pole’, = = p, and ‘south pole’, z = —p

l(p) = 2/ dze V02
1

/

11

-

w The irreducible mass 1, and the surface gravity « in

\
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Properties of the Horizon I

L2272 — 12 Blp, k) + 20/ 725 Flo,k) — (7= p)

a

1
p=+1—-p/m, k=
V1= (u/m)?
m |0 particular one has I(0) = 27, (7)) = m/2

w |n the limit ;x — 7, when the coordinate distance Az
between the poles tends to 0, the proper distance
between them remains finite. This happens because in
the same limit the surface gravity tends to 0
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/ Properties of Event Horizon I

w The metric do? (of total area 47) is

, dep?
do® = F(z)dz?
o (2)dz +,u,2F(z)
1 1

Fz)~ p? — z2 +47T2(1 — /)

w The Gaussian curvature is

P 1672 (m — p)?[(2m — p)? + 322
- [(2m — )% = 223

w The Gaussian curvature is positive in the interval

~
A

<
.
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2_
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/ . A \ Is BH in Compactified Spacetime Stable?
ENE — F
~— —~ o~ ik L
S~ o ak N . . . . 9 g
= = | an = Quasi-static adiabatic process: [A oc M fixed|
— | iE :/ \1-:/ {/”\\
- ik \ —M/(wL
T e A" ) 2 v M (4m) /(rL)
& L k { \\\ 3 ! 0 —
2 8% S o /] 1 M/(xl)
o = g I 4? "|q-3' t'/'//—n\l | ’/ ‘
S BERARTNE N - \
g S - I 5 ¥ 5, T / \
sl E= g i gdls 1 iy
g | S G = 2 v g 7 AT j\,\ M/MO /
) am S D o 2 ‘g I 7/’" N .51
3 =l ¢ =03 1| g N -—
TR t 5 + 3 0t / \ 1 D
S > | | \ /
£ = —
8 St ‘\ ‘ ‘ | A /I 0.5 1
o = ! \ ) j/
£ 172} 4 ! L
gl & A J(;-j/ 0 1 2 3 4 5 6 7
g = s 11T )/ MO
3 2, S S \‘\‘ f
= O It T
=l 5 . }\\ e I/ Summary I
_+_
o [
C ™ 4+ . . .
i = l f w Black hole in a compactified spacetime:
L SIE + o Exact 4D solutions found in Weyl coordinates
E = | ,? e BH horizon is deformed due to self-attraction
t \\// e Simple approximation to find size and shape
& j K e Nice solvable toy problem, but what about 5D? /
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