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Figure 8. Snapshots showing the time evolution of the density (top half of the panels) and ionization fraction (bottom half of the panels) in a simulation of a BH of
mass Mbh = 100 M⊙, gas density 104 cm−3, and temperature T∞ = 104 K moving at M = 2.7. The dense gas shell upstream of the bow shock forms and gets
destroyed with a quasi-periodic behavior. When the dense shell breaks and falls onto the BH, the accretion rate shows peak luminosities which are much higher than
the average depending on the density of the shell, and thus the Mach number M.
(A color version of this figure is available in the online journal.)

Since the dense shell is located outside the inner Bondi
radius, the gravitational acceleration on the shell is relatively
small and hence the timescale for Rayleigh–Taylor instability
is long. In addition, the radiation has a stabilizing effect as it
tends to smooth out the growth of linear perturbations on small
scales that have the faster grow rate. However, when vbh ! cs,in
(i.e., M ∼ MR/2) the ram pressure becomes comparable to
the thermal pressure inside the H ii region and the I-front is
pushed closer to the BH. In this case, the increased gravitational
acceleration on the shell and the increased sharpness of the
pressure gradient seem to trigger the growth of instabilities.
Also the column density of dense shell is roughly constant as
a function of the BH velocity, hence because ρsh ∝ M2 the
thickness of the dense shell is ∝ M−2. A thin shell is well
known to be unstable (Vishniac 1994; Whalen & Norman 2008a,
2008b).

As shown in Figure 5, in simulations at intermediate densities
(nH,∞ = 103–104 cm−3) the Mach number in the dense shell is
close to but slightly larger than MD while for higher densities
(105 cm−3) is always less than MD . This implies that a
D-type solution for 105 cm−3 exists for all M since Msh < MD

while a transition between D- and R-type is expected for
nH,∞ = 103–104 cm−3. As shown in Figure 9, for simulations
with nH,∞ = 103 cm−3 the interval between the bursts of
accretion is fairly constant ∆t ∼ 3000 years.

In Paper I and Paper II, we found a linear relationship between
the average size of the Strömgren spheres ⟨Rs⟩ and the period
between oscillations for stationary BHs, which is of a few 103

years for Mbh = 100 M⊙ and η = 0.1. We have shown that this
timescale is proportional to the sound crossing time of the H ii
region and have provided analytical relationships for the period.
The same argument can be applied for interpreting the period
between intermittent bursts for moving BHs and in the next

section we provide a model that describes the size and shape of
the H ii region around moving BHs.

4.4. Size of H ii Region in the Up/Downstream

The gas inflow in the direction of the polar axis θ = 0
(upstream) and θ = π (downstream) can be approximated
by a 1D flow with the H ii region being supplied with neu-
tral gas with constant velocity vbh. The total number of ion-
izing photons emitted by the BH must equal the number of
hydrogen recombinations inside a radius ⟨Rs⟩ in addition to
the flow through the I-front of neutral gas of density n and
velocity vbh:

Nion = 4π

3
⟨Rs⟩3

θαrecn
2
e + 4π⟨Rs⟩2

θnvbh cos(θ ), (17)

where Nion is the number of emitted ionizing photons, being
directly related to the luminosity of the BHs (which is a function
of Mach number). When the magnitudes of the two terms on the
right side of Equation (17) are compared, at θ = 0 the first term
is dominant over the second term due to the BH motion. The
electron number density inside the H ii region for 1 < M < MR

is

ne ∼ xenH,in = M2

(2∆T )5/2
nH,∞. (18)

Since ⟨λrad⟩ ∝ n
1/2
H,∞ (for nH,∞ " 105 cm−3 and Mbh =

100 M⊙), the average size of the H ii region in the upstream
direction is

⟨Rs⟩θ=0 ∝ η1/3n
−1/6
H,∞ . (19)

Figure 10 shows the size of the H ii region at θ = 0 as a function
of Mach number for simulations with various densities (nH,∞ =
102–105 cm−3) and radiative efficiencies (η = 0.1, 0.01). The
model is a good fit to the simulation results.
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ABSTRACT
Using time-dependent linear perturbation theory, we evaluate the dynamical friction force on a

massive perturber traveling at velocity V through a uniform gaseous medium of density andM
p

o0sound speed This drag force acts in the direction and arises from the gravitational attractionc
s
. [VŒ

between the perturber and its wake in the ambient medium. For supersonic motion the(M 4 V /c
s
[ 1),

enhanced-density wake is conÐned to the Mach cone trailing the perturber ; for subsonic motion
(M \ 1), the wake is conÐned to a sphere of radius centered a distance V t behind the perturber.c

s
t

Inside the wake, surfaces of constant density are hyperboloids or oblate spheroids for supersonic or sub-
sonic perturbers, respectively, with the density maximal nearest the perturber. The dynamical drag force
has the form We evaluate I analytically ; its limits are I ] M3/3 for M > 1,FDF \ [I ] 4n(GM

p
)2o0/V 2.

and for M ? 1. We compare our results to the Chandrasekhar formula for dynamicalI ] ln (V t/rmin)friction in a collisionless medium, noting that the gaseous drag is generally more efficient when M [ 1,
but is less efficient when M \ 1. To allow simple estimates of orbit evolution in a gaseous protogalaxy
or protoÈstar cluster, we use our formulae to evaluate the decay times of a (supersonic) perturber on a
near-circular orbit in an isothermal o P r~2 halo, and of a (subsonic) perturber on a near-circular orbit
in a constant-density core. We also mention the relevance of our calculations to protoplanet migration
in a circumstellar nebula.
Subject headings : hydrodynamics È ISM: general È shock waves

1. INTRODUCTION

The process of dynamical friction (DF), deÐned as
momentum loss by a massive moving object due to its
gravitational interaction with its own gravitationally
induced wake, arises in many astronomical systems. Exam-
ples of systems in which such e†ects are known to be impor-
tant include stars in clusters or galaxies, galaxies in galaxy
clusters, and binary star cores in the common envelope
phase of evolution. In the Ðrst two examples, the surround-
ing background medium in general consists of a com-
bination of collisionless matter (stars, galaxies, dark matter)
and gas, while in the third example the surrounding
medium is entirely gaseous. In all these cases, as a corollary
to the DF process, the background medium is heated at an
equal and opposite rate to the energy lost by the perturber.

The analytic theory for the gravitational drag in colli-
sionless systems was developed by Chandrasekhar (1943),
and over the decades since, it has enjoyed widespread
theoretical application, extensive veriÐcation by numer-
ical experiments, and well-documented embodiment in
observed astronomical systems. The variety of important
consequences of gravitational drag in collisionless astrono-
mical systems includes mass segregation in star clusters,
sinking satellites in dark matter galaxy halos, orbital decay
of binary supermassive black holes after galaxy mergers,
etc. ; see, e.g., Binney & Tremaine (1987).

Less well developed is the corresponding theory of DF in
a gaseous (i.e., collisional) medium.1 For supersonic motion,
analytic linear theory estimates of the gravitational drag

1 Instead, most studies of the gravitational interaction between a
moving massive body and the surrounding gaseous medium have focused
on the problem of accretion, following on the analysis of Hoyle & Lyttle-
ton (1939), Bondi & Hoyle (1944), and the early numerical work of Hunt
(1971).

under assumption of a steady state were obtained by Doku-
chaev (1964), Ruderman & Spiegel (1971), and Rephaeli &
Salpeter (1980). The resulting estimates for the drag force in
the steady supersonic case take the form

FSS \ 4n(GM
p
)2o0

V 2 ln
Armax

rmin

B
, (1)

where and correspond, respectively, to the e†ectivermax rminlinear sizes of the surrounding medium and the perturbing
object, similar to the drag formula obtained for a collision-
less medium. Although there is some ambiguity in the deÐ-
nition of and the estimate (eq. [1]) appears consis-rmax rmin,
tent with calculations of the gravitational drag that are
obtained as a by-product of numerical hydrodynamic inves-
tigations focused on the Bondi-Hoyle-Lyttleton accretion
problem; see, e.g., Shima et al. (1985), Shankar, Kley, &
Burkert (1993), and Ru†ert and collaborators (see Ru†ert
1996, and references therein).

For steady state, subsonic motion of the perturber, the
front-back symmetry of the perturbed density distribution
about the perturber led Rephaeli & Salpeter (1980) to argue
that gravitational drag is absent in the subsonic, inviscid
case. Considering that the drag force for the supersonic case
increases proportionally to V ~2 with decreasing perturber
speed V , it seems counterintuitive for the dynamical drag to
become exactly zero when V becomes inÐnitesimally
smaller than the sound speed. In this paper, we reconsider
the linear-theory drag as a time-dependent rather than a
steady state problem, and we arrive instead at a nonzero
value for the DF for the subsonic case while still verifying
that the drag force is maximized for perturbers with V B c

s
.

In ° 2 we derive results for the perturbed density distribu-
tions created by, and dynamical drag on, a massive per-
turber on a constant-velocity trajectory through a uniform,
inÐnite medium. In ° 3 we relate our results to the classical
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FIG. 3.ÈSolid lines : DF force in a gaseous medium as a function of
Mach number Curves correspond to 6, 8, . . . ,M \ V /c

s
. ln(c

s
t/rmin) \ 4,

16. Dashed lines : Corresponding DF force in a collisionless medium with
particle velocity dispersion andp \ c

s
rmax 4 V t \ Mc

s
t.

with The integrals are straight-k
C

4 (1 [ M2 [ x2)/(2xM).
forward ; the result is

Isubsonic \ 1
2

ln
A1 ] M

1 [ M

B[ M . (14)

The implicit assumptions in deriving this equation are that
exceeds the e†ective size of the perturber and(c

s
[ V )t (rmin),that is smaller than the e†ective size of the sur-(c

s
] V )t

rounding gaseous medium Under these conditions,(rmax).the dynamical drag is time independent and nonzero. The
steady state result that zero net force results from the front-
back symmetry of the density distribution is misleading ;
because of the long-range nature of the Coulomb potential,
the total drag force at any time depends on the unchanging
ratio between the(c

s
t ] vt)/(c

s
t [ vt) \ (1 ] M)/(1 [ M)

semiminor axes of the furthest and closest perturbing partial
spheroids. The gravitational drag is always dominated by
the far Ðeld, and at any time the perturber is located ahead
of center of the sonic sphere. Physically, we can associate
the energy loss arising from the drag force with the rate at
which the expanding sound wave does work on the back-
ground medium. In the limit of a very slow perturber
M > 1, so that the drag force is pro-Isubsonic ] M3/3,
portional to the perturberÏs speed V .

For the supersonic case, the whole of the perturbed
density distribution lags the perturber. The angular integra-
tion limits are k \ [1, for to (M2 [ 1)1@2,k

M
x \ rmin/(cs

t)
and k \ [1, for x \ (M2 [ 1)1@2 to M ] 1 ; takes onk

C
S
Hvalues 2 and 1 in regions 2 and 1. The result of the integra-

tion is

Isupersonic \ 1
2

ln
AM ] 1

M [ 1
B] ln

AM [ 1
rmin/cs

t
B

\1
2

ln
A

1 [ 1
M2

B] ln
A V t

rmin

B
. (15)

We have assumed that and that the e†ec-V t [ c
s
t [ rmin,

tive size of the background medium exceeds InV t ] c
s
t.

the limit M ? 1, we have withIsupersonic ] ln (V t/rmin) ;this recovers the steady state result.4V t ] rmax,In Figure 3, we plot the DF force as a function of the
Mach number for several values of c

s
t/rmin.

3. DISCUSSION

The main formal result of this paper is the evaluation, in
linear perturbation theory, of the gravitational drag force

on a massive perturber moving on a straight-lineFDF M
ptrajectory through an inÐnite, homogeneous, gaseous

medium of density and sound speed Together with theo0 c
s
.

deÐnition in equation (12), equations (14) and (15) give the
DF drag forces on subsonic and supersonic perturbers,
respectively. Figure 3 presents the same results graphically,
showing how the drag force varies with the Mach number
M of the perturber, and the time over which the perturber
has been moving with Ðxed speed V \ c

s
M.

For comparison, we have also included in Figure 3 the
result for the gravitational drag on a particle of mass M

pmoving through a collisionless medium with the same
density as the gaseous medium we have considered, ando0with a Maxwellian distribution of particle velocities with

From equation (7-18) of Binney & Tremaine (1987),p \ c
s
.

the collisionless DF drag force is given by equation (12)
with

Icollisionless \ ln
Armax

rmin

BC
erf (X) [ 2X

Jn
e~X2D , (16)

where From Figure 3, it is clear that (1) forX 4 V /(pJ2).
M ? 1, the collisionless and gaseous DF forces are identical
(as has been previously noted) ; (2) for M \ 1, the drag force
is generally larger in a collisionless medium than in a
gaseous medium, because in the latter case pressure forces
create a symmetric distribution in the background medium
in the vicinity of the perturber ; (3) the functional form of the
gaseous DF drag is much more sharply peaked near M \ 1
than it is for the collisionless DF dragÈperturbers moving
at speeds near Mach 1 resonantly interact with the pressure
waves that they launch in the background medium; and (4)
for a given value of the peak value ofln(") 4 ln(rmax/rmin),the gaseous DF force is much larger than the corresponding
peak value of the collisionless DF force ; at M B 1, there is a
factor of 4 di†erence in the force between the two cases. We
explore some potential consequences of these results in a
variety of astronomical systems below.

As a consequence of the stronger gaseous DF force than
collisionless DF drag force for supersonic motion, massive
objects may make their way more rapidly to the center of a
star cluster or galaxy if they arrive at the outer edge before,
rather than after, the gas is turned into stars. For a particu-
lar example, we consider the decay of a massive perturberÏs
near-circular orbit in a spherical density distribution with a
singular isothermal sphere proÐle soo(r) \ c

s
2/(2nGr2),

(here denotes the sound speed or theM(r) \ 2c
s
2 r/G c

svelocity dispersion for a gaseous or stellar distribution,
respectively). For this density proÐle, the circular speed is
constant, By equating the rate of decrease ofV \ c

s
J2.

angular momentum to the torqued(M
p
V r)/dt qDF \ rFDF,

4 As pointed out by the referee S. Tremaine, the notion that the
maximum impact parameter increases as V t was earlier introduced
by Ostriker & Davidsen (1968) in a time-dependent analysis of stellar
relaxation.
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semiminor axes of the furthest and closest perturbing partial
spheroids. The gravitational drag is always dominated by
the far Ðeld, and at any time the perturber is located ahead
of center of the sonic sphere. Physically, we can associate
the energy loss arising from the drag force with the rate at
which the expanding sound wave does work on the back-
ground medium. In the limit of a very slow perturber
M > 1, so that the drag force is pro-Isubsonic ] M3/3,
portional to the perturberÏs speed V .

For the supersonic case, the whole of the perturbed
density distribution lags the perturber. The angular integra-
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B
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linear perturbation theory, of the gravitational drag force
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deÐnition in equation (12), equations (14) and (15) give the
DF drag forces on subsonic and supersonic perturbers,
respectively. Figure 3 presents the same results graphically,
showing how the drag force varies with the Mach number
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ABSTRACT
Using time-dependent linear perturbation theory, we evaluate the dynamical friction force on a

massive perturber traveling at velocity V through a uniform gaseous medium of density andM
p

o0sound speed This drag force acts in the direction and arises from the gravitational attractionc
s
. [VŒ

between the perturber and its wake in the ambient medium. For supersonic motion the(M 4 V /c
s
[ 1),

enhanced-density wake is conÐned to the Mach cone trailing the perturber ; for subsonic motion
(M \ 1), the wake is conÐned to a sphere of radius centered a distance V t behind the perturber.c

s
t

Inside the wake, surfaces of constant density are hyperboloids or oblate spheroids for supersonic or sub-
sonic perturbers, respectively, with the density maximal nearest the perturber. The dynamical drag force
has the form We evaluate I analytically ; its limits are I ] M3/3 for M > 1,FDF \ [I ] 4n(GM

p
)2o0/V 2.

and for M ? 1. We compare our results to the Chandrasekhar formula for dynamicalI ] ln (V t/rmin)friction in a collisionless medium, noting that the gaseous drag is generally more efficient when M [ 1,
but is less efficient when M \ 1. To allow simple estimates of orbit evolution in a gaseous protogalaxy
or protoÈstar cluster, we use our formulae to evaluate the decay times of a (supersonic) perturber on a
near-circular orbit in an isothermal o P r~2 halo, and of a (subsonic) perturber on a near-circular orbit
in a constant-density core. We also mention the relevance of our calculations to protoplanet migration
in a circumstellar nebula.
Subject headings : hydrodynamics È ISM: general È shock waves

1. INTRODUCTION

The process of dynamical friction (DF), deÐned as
momentum loss by a massive moving object due to its
gravitational interaction with its own gravitationally
induced wake, arises in many astronomical systems. Exam-
ples of systems in which such e†ects are known to be impor-
tant include stars in clusters or galaxies, galaxies in galaxy
clusters, and binary star cores in the common envelope
phase of evolution. In the Ðrst two examples, the surround-
ing background medium in general consists of a com-
bination of collisionless matter (stars, galaxies, dark matter)
and gas, while in the third example the surrounding
medium is entirely gaseous. In all these cases, as a corollary
to the DF process, the background medium is heated at an
equal and opposite rate to the energy lost by the perturber.

The analytic theory for the gravitational drag in colli-
sionless systems was developed by Chandrasekhar (1943),
and over the decades since, it has enjoyed widespread
theoretical application, extensive veriÐcation by numer-
ical experiments, and well-documented embodiment in
observed astronomical systems. The variety of important
consequences of gravitational drag in collisionless astrono-
mical systems includes mass segregation in star clusters,
sinking satellites in dark matter galaxy halos, orbital decay
of binary supermassive black holes after galaxy mergers,
etc. ; see, e.g., Binney & Tremaine (1987).

Less well developed is the corresponding theory of DF in
a gaseous (i.e., collisional) medium.1 For supersonic motion,
analytic linear theory estimates of the gravitational drag

1 Instead, most studies of the gravitational interaction between a
moving massive body and the surrounding gaseous medium have focused
on the problem of accretion, following on the analysis of Hoyle & Lyttle-
ton (1939), Bondi & Hoyle (1944), and the early numerical work of Hunt
(1971).

under assumption of a steady state were obtained by Doku-
chaev (1964), Ruderman & Spiegel (1971), and Rephaeli &
Salpeter (1980). The resulting estimates for the drag force in
the steady supersonic case take the form

FSS \ 4n(GM
p
)2o0

V 2 ln
Armax

rmin

B
, (1)

where and correspond, respectively, to the e†ectivermax rminlinear sizes of the surrounding medium and the perturbing
object, similar to the drag formula obtained for a collision-
less medium. Although there is some ambiguity in the deÐ-
nition of and the estimate (eq. [1]) appears consis-rmax rmin,
tent with calculations of the gravitational drag that are
obtained as a by-product of numerical hydrodynamic inves-
tigations focused on the Bondi-Hoyle-Lyttleton accretion
problem; see, e.g., Shima et al. (1985), Shankar, Kley, &
Burkert (1993), and Ru†ert and collaborators (see Ru†ert
1996, and references therein).

For steady state, subsonic motion of the perturber, the
front-back symmetry of the perturbed density distribution
about the perturber led Rephaeli & Salpeter (1980) to argue
that gravitational drag is absent in the subsonic, inviscid
case. Considering that the drag force for the supersonic case
increases proportionally to V ~2 with decreasing perturber
speed V , it seems counterintuitive for the dynamical drag to
become exactly zero when V becomes inÐnitesimally
smaller than the sound speed. In this paper, we reconsider
the linear-theory drag as a time-dependent rather than a
steady state problem, and we arrive instead at a nonzero
value for the DF for the subsonic case while still verifying
that the drag force is maximized for perturbers with V B c

s
.

In ° 2 we derive results for the perturbed density distribu-
tions created by, and dynamical drag on, a massive per-
turber on a constant-velocity trajectory through a uniform,
inÐnite medium. In ° 3 we relate our results to the classical
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Figure 3. Projected mass-weighted gas density maps of the isolated galaxy at time t = 3.92 × 107 yr after BH recoil. The three panels show simulation results
where the BH does not accrete, nor it exerts feedback (left-hand panel), where the BH accretes but has zero feedback efficiency (central panel), and where the
BH is allowed both to accrete and inject feedback energy (right-hand panel). The dotted lines show the BH orbits from the start of the simulation. Note that the
colour maps display different density ranges, as given by the individual colour bars.

3.1.2 Properties of recoiled BHs

In Fig. 3, we show three illustrative examples of recoiled BH or-
biting in the gas-rich galactic disc after t = 3.92 × 107 yr. In all
the three simulations, the initial BH mass is 5 × 108 h−1 M⊙ and
the recoil velocity is 700 km s−1 ∼ 0.5vesc along the x-axis. In the
left-hand panel we show the case where the BH is not accreting,
in the central panel we present the case where BH accretion is
switched on but there is no feedback, while in the right-hand panel
we illustrate the case where both BH accretion and feedback are
followed. As can been seen from the left-hand panel, the motion
of the BH through the high-density gas creates a density enhance-
ment in its wake (Ostriker 1999) that propagates outwards, as has
been previously reported in numerical simulations of a single BH
moving through a uniform gas cloud (Escala et al. 2004), as well
as in simulations of BH binaries in gaseous discs during the initial
evolutionary phase (Escala et al. 2005). We further found that the
local potential of the stellar disc at the position of the BH becomes
notably deeper, over a typical size of order ≤500 h−1 pc. The shape
of the stellar potential deformation is roughly spherical, but shows
a tendency to be more elongated behind the BH for a fraction of the
time. The reason for a more prominent gaseous wake in respect to
the stellar wake behind the BH lies in the collisional nature of the
gas which is allowed to radiatively cool.

When we allow the BH to accrete, the BH orbit is considerably
different (central panel). Even though the BH is moving with a high
relative velocity with respect to the surrounding gas, it does manage
to accrete a substantial amount of gas, allowing it to almost double
its mass to MBH = 9.1 × 108 h−1M⊙ at t = 3.92 × 107 yr after the
kick. The larger dynamical mass and the considerable drag forces
from gas accretion act in the same direction and prevent the BH
from reaching similar apocentric distances as in the case without
accretion. The orbit also circularizes more efficiently in the direction
of galaxy rotation when BH accretion occurs.5 While initially the
accreting BH also generates a high-density wake, after it has gained
enough mass some of the gas particles actually become bound to it
and create a high-density blob around the BH.

5 While dynamical friction tends to circularize a BH orbiting within a galac-
tic disc – as it happens in the case where the BH is not accreting; see panel
(a) of Fig. 4 (see also Dotti et al. 2007, for BHs on initially eccentric orbits)
– BH accretion can cause much more efficient circularization.

If in addition to BH accretion we include BH feedback, the BH
orbit is again different (right-hand panel). Instead of a high-density
wake, we now observe a low-density wake, which similarly prop-
agates outwards from the BH orbit. This low-density wake is due
to the BH feedback, which creates a hot expanding gas plume.
Whereas the gas drag from accretion tends to bend the BH orbit in
the prograde direction from the initially radial orbit, the BH orbit
is here deflected in the retrograde direction after reaching the apoc-
entre (opposite to the rotation of the galaxy). Note also that due to
the BH feedback the BH does not grow much in mass, reaching
only MBH = 5.1 × 108 h−1 M⊙ at t = 3.92 × 107 yr. As a result, the
gas drag from accretion is much smaller than in the previous case.
The effect of the hot, expanding density plume on the evolution of
the BH orbit turns out to be very important, as we discuss in detail
below.

In Fig. 4, we show the BH orbits and distances from the centre
of the host galaxy during the simulated time-span for four different
runs. In panel (a) the case with vkick = 700 km s−1 in the galactic
plane without BH accretion is shown. The BH orbit is initially
radial, and after the BH reaches the apocentre, its trajectory is bent
in the prograde direction due to gravitational drag. The BH describes
four precessing loops with decreasing apocentric distances and then
quickly spirals inwards reaching the minimum of the gravitational
potential at ∼1.7 × 108 yr after the kick. The orbit is essentially
completely contained in the galactic disc, with excursions in the
z-direction of less than 100 h−1 pc.

When BH accretion but no feedback is included (panel (d)), the
BH returns to the galactic centre on an even shorter time-scale, in
only ∼1.2 × 108 yr. Without self-regulating feedback the BH mass
grows rapidly, making dynamical friction more effective. Moreover,
the drag force the BH is experiencing from accreted gas particles is
efficiently circularizing the BH orbit and causing it to corotate with
the galactic disc. These two processes acting together lead to rapid
spiralling in.

BH feedback can none the less have an impeding impact on the
return time-scale of gravitationally recoiled BHs (panel (b)). As an-
ticipated above, the BH heats the surrounding gas, which then forms
a hot plume that propagates outwards and expands, compressing the
gas in a thin rim and generating a low-density wake within. To un-
derstand in more detail the nature of the resulting BH orbit, Fig. 5
shows unsharp masked maps of the gravitational potential of the
gas at the moment when the BH reaches the apocentre for the first
time. The unsharp masking has been performed by subtracting from

C⃝ 2011 The Authors, MNRAS 414, 3656–3670
Monthly Notices of the Royal Astronomical Society C⃝ 2011 RAS

3660 D. Sijacki, V. Springel and M. G. Haehnelt

Figure 3. Projected mass-weighted gas density maps of the isolated galaxy at time t = 3.92 × 107 yr after BH recoil. The three panels show simulation results
where the BH does not accrete, nor it exerts feedback (left-hand panel), where the BH accretes but has zero feedback efficiency (central panel), and where the
BH is allowed both to accrete and inject feedback energy (right-hand panel). The dotted lines show the BH orbits from the start of the simulation. Note that the
colour maps display different density ranges, as given by the individual colour bars.

3.1.2 Properties of recoiled BHs

In Fig. 3, we show three illustrative examples of recoiled BH or-
biting in the gas-rich galactic disc after t = 3.92 × 107 yr. In all
the three simulations, the initial BH mass is 5 × 108 h−1 M⊙ and
the recoil velocity is 700 km s−1 ∼ 0.5vesc along the x-axis. In the
left-hand panel we show the case where the BH is not accreting,
in the central panel we present the case where BH accretion is
switched on but there is no feedback, while in the right-hand panel
we illustrate the case where both BH accretion and feedback are
followed. As can been seen from the left-hand panel, the motion
of the BH through the high-density gas creates a density enhance-
ment in its wake (Ostriker 1999) that propagates outwards, as has
been previously reported in numerical simulations of a single BH
moving through a uniform gas cloud (Escala et al. 2004), as well
as in simulations of BH binaries in gaseous discs during the initial
evolutionary phase (Escala et al. 2005). We further found that the
local potential of the stellar disc at the position of the BH becomes
notably deeper, over a typical size of order ≤500 h−1 pc. The shape
of the stellar potential deformation is roughly spherical, but shows
a tendency to be more elongated behind the BH for a fraction of the
time. The reason for a more prominent gaseous wake in respect to
the stellar wake behind the BH lies in the collisional nature of the
gas which is allowed to radiatively cool.

When we allow the BH to accrete, the BH orbit is considerably
different (central panel). Even though the BH is moving with a high
relative velocity with respect to the surrounding gas, it does manage
to accrete a substantial amount of gas, allowing it to almost double
its mass to MBH = 9.1 × 108 h−1M⊙ at t = 3.92 × 107 yr after the
kick. The larger dynamical mass and the considerable drag forces
from gas accretion act in the same direction and prevent the BH
from reaching similar apocentric distances as in the case without
accretion. The orbit also circularizes more efficiently in the direction
of galaxy rotation when BH accretion occurs.5 While initially the
accreting BH also generates a high-density wake, after it has gained
enough mass some of the gas particles actually become bound to it
and create a high-density blob around the BH.

5 While dynamical friction tends to circularize a BH orbiting within a galac-
tic disc – as it happens in the case where the BH is not accreting; see panel
(a) of Fig. 4 (see also Dotti et al. 2007, for BHs on initially eccentric orbits)
– BH accretion can cause much more efficient circularization.

If in addition to BH accretion we include BH feedback, the BH
orbit is again different (right-hand panel). Instead of a high-density
wake, we now observe a low-density wake, which similarly prop-
agates outwards from the BH orbit. This low-density wake is due
to the BH feedback, which creates a hot expanding gas plume.
Whereas the gas drag from accretion tends to bend the BH orbit in
the prograde direction from the initially radial orbit, the BH orbit
is here deflected in the retrograde direction after reaching the apoc-
entre (opposite to the rotation of the galaxy). Note also that due to
the BH feedback the BH does not grow much in mass, reaching
only MBH = 5.1 × 108 h−1 M⊙ at t = 3.92 × 107 yr. As a result, the
gas drag from accretion is much smaller than in the previous case.
The effect of the hot, expanding density plume on the evolution of
the BH orbit turns out to be very important, as we discuss in detail
below.

In Fig. 4, we show the BH orbits and distances from the centre
of the host galaxy during the simulated time-span for four different
runs. In panel (a) the case with vkick = 700 km s−1 in the galactic
plane without BH accretion is shown. The BH orbit is initially
radial, and after the BH reaches the apocentre, its trajectory is bent
in the prograde direction due to gravitational drag. The BH describes
four precessing loops with decreasing apocentric distances and then
quickly spirals inwards reaching the minimum of the gravitational
potential at ∼1.7 × 108 yr after the kick. The orbit is essentially
completely contained in the galactic disc, with excursions in the
z-direction of less than 100 h−1 pc.

When BH accretion but no feedback is included (panel (d)), the
BH returns to the galactic centre on an even shorter time-scale, in
only ∼1.2 × 108 yr. Without self-regulating feedback the BH mass
grows rapidly, making dynamical friction more effective. Moreover,
the drag force the BH is experiencing from accreted gas particles is
efficiently circularizing the BH orbit and causing it to corotate with
the galactic disc. These two processes acting together lead to rapid
spiralling in.

BH feedback can none the less have an impeding impact on the
return time-scale of gravitationally recoiled BHs (panel (b)). As an-
ticipated above, the BH heats the surrounding gas, which then forms
a hot plume that propagates outwards and expands, compressing the
gas in a thin rim and generating a low-density wake within. To un-
derstand in more detail the nature of the resulting BH orbit, Fig. 5
shows unsharp masked maps of the gravitational potential of the
gas at the moment when the BH reaches the apocentre for the first
time. The unsharp masking has been performed by subtracting from
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Wake evacuation by accreting BHs (big and small)

Mbh = 100M⊙ BH, immersed in T∞=104 K gas w/ n∞ = 105 cm-3
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Figure 3. Top: density (top half of the panel) and ionization fraction (bottom half of the panel) for simulations of a BH of mass Mbh = 100 M⊙, gas density
nH,∞ = 105 cm−3, and temperature T∞ = 104 K moving at M = 1, 2, and 4 (from left to right). Each panel shows a large-scale view of the cometary-shaped
H ii region and the dense shell in the upstream direction for simulation with different Mach numbers. The size of the Strömgren sphere in the downstream direction
increases roughly linearly with increasing Mach number but remains roughly constant as a function of Mach number in the upstream direction. With increasing Mach
number, the density of the shell in the upstream direction increases ((nH,sh/nH,∞) ∝ M2) and the density behind the dense shell also increases nH,in/nH,∞ ∝ M2 for
1 < M < MR . Bottom: the same simulations as in the top panel but showing the gas density field and gas velocity vectors adopting logarithmic scale in the radial
direction to emphasize the gas flow at small scales.
(A color version of this figure is available in the online journal.)

discussed in Paper I and Paper II. This implies that introduc-
ing small systematic subsonic velocity to spherically symmetric
accretion does not significantly alter the oscillatory behavior
of the accretion. However, the average accretion rate ⟨λrad⟩ de-
creases steeply as a function of Mach number in this Mach
number range, and ⟨λrad⟩ at M ∼ 1 is roughly one order of
magnitude smaller than for non-moving BHs (including radia-
tion feedback), and three orders of magnitude smaller compared
to stationary BHs with no radiative feedback, when all the other
parameters are held constant. This decrease of the accretion rate
with increasing velocity found for subsonic BH velocities is
only qualitatively similar to Bondi–Hoyle–Lyttleton accretion,
but does not have the same scaling with BH velocity.

The spherically symmetric accretion model fails for super-
sonic BH motion (M ! 1). The shape of the H ii region makes
a transition to a well-defined axis-symmetric geometry, elon-
gated along the direction of the gas flow in the downstream
direction, while a bow-shaped dense shell develops in front of
the H ii region in the upstream direction, significantly affecting
the velocity field of the gas inflow. In most simulations, steady-
state accretion is achieved for supersonic BH motion, since gas
is continuously supplied to the BH without interruption.

Interestingly, as the BH motion becomes supersonic and a
bow-shock and dense shell form, ⟨λrad⟩ increases as a function
of Mach number. This is clearly at odds with the results
expected from the classical Bondi–Hoyle–Lyttleton model. A
Mach number of M ∼ 1 is roughly the turning point where
⟨λrad⟩ has a minimum, while there is a maximum value of the

Mach number M = MR (MR ∼ 4 for T∞ = 104 K), at which
⟨λrad⟩ reaches a maximum value, before starting to decrease with
increasing BH velocity. An instability of the dense shell that
leads to bursts of accretion rate is observed in some simulations
in this Mach number range. This result will be discussed in
Section 4.3. At higher Mach numbers (M > MR), a steady-
state solution is achieved once again since the dense shell does
not form due to the high velocity of the gas inflow (as shown
in Section 4.1, the I-front transitions from D-type to R-type).
For M > MR , ⟨λrad⟩ decreases monotonically as a function
of Mach number and converges to the Bondi–Hoyle–Lyttleton
solution (with no radiative feedback) shown as a dashed line
in Figure 2. In this high velocity regime, the I-front becomes
R-type and the gas flow is weakly affected by radiative feedback.

3.2. Structure of the Gas Flow and H ii Region

For Mach numbers 1 < M < MR , a dense bow shock forms
in front of the H ii region in the upstream direction, followed by a
D-type I-front (see Figure 3). Most of the gas inflow propagates
through the bow shock without changing direction, while a
small fraction of the gas inflow in the outer parts of the bow
shock is re-directed farther from the axis of symmetry. The
formation of a bow shock in the upstream direction changes
the gas density and velocity behind the shock, while the gas
temperature remains relatively unaffected (isothermal shock).
Note that the H ii region has a cometary shape, with overall
length increasing linearly with increasing Mach number. The
size of the H ii region in the upstream direction is not sensitive to
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Figure 3. Top: density (top half of the panel) and ionization fraction (bottom half of the panel) for simulations of a BH of mass Mbh = 100 M⊙, gas density
nH,∞ = 105 cm−3, and temperature T∞ = 104 K moving at M = 1, 2, and 4 (from left to right). Each panel shows a large-scale view of the cometary-shaped
H ii region and the dense shell in the upstream direction for simulation with different Mach numbers. The size of the Strömgren sphere in the downstream direction
increases roughly linearly with increasing Mach number but remains roughly constant as a function of Mach number in the upstream direction. With increasing Mach
number, the density of the shell in the upstream direction increases ((nH,sh/nH,∞) ∝ M2) and the density behind the dense shell also increases nH,in/nH,∞ ∝ M2 for
1 < M < MR . Bottom: the same simulations as in the top panel but showing the gas density field and gas velocity vectors adopting logarithmic scale in the radial
direction to emphasize the gas flow at small scales.
(A color version of this figure is available in the online journal.)

discussed in Paper I and Paper II. This implies that introduc-
ing small systematic subsonic velocity to spherically symmetric
accretion does not significantly alter the oscillatory behavior
of the accretion. However, the average accretion rate ⟨λrad⟩ de-
creases steeply as a function of Mach number in this Mach
number range, and ⟨λrad⟩ at M ∼ 1 is roughly one order of
magnitude smaller than for non-moving BHs (including radia-
tion feedback), and three orders of magnitude smaller compared
to stationary BHs with no radiative feedback, when all the other
parameters are held constant. This decrease of the accretion rate
with increasing velocity found for subsonic BH velocities is
only qualitatively similar to Bondi–Hoyle–Lyttleton accretion,
but does not have the same scaling with BH velocity.

The spherically symmetric accretion model fails for super-
sonic BH motion (M ! 1). The shape of the H ii region makes
a transition to a well-defined axis-symmetric geometry, elon-
gated along the direction of the gas flow in the downstream
direction, while a bow-shaped dense shell develops in front of
the H ii region in the upstream direction, significantly affecting
the velocity field of the gas inflow. In most simulations, steady-
state accretion is achieved for supersonic BH motion, since gas
is continuously supplied to the BH without interruption.

Interestingly, as the BH motion becomes supersonic and a
bow-shock and dense shell form, ⟨λrad⟩ increases as a function
of Mach number. This is clearly at odds with the results
expected from the classical Bondi–Hoyle–Lyttleton model. A
Mach number of M ∼ 1 is roughly the turning point where
⟨λrad⟩ has a minimum, while there is a maximum value of the

Mach number M = MR (MR ∼ 4 for T∞ = 104 K), at which
⟨λrad⟩ reaches a maximum value, before starting to decrease with
increasing BH velocity. An instability of the dense shell that
leads to bursts of accretion rate is observed in some simulations
in this Mach number range. This result will be discussed in
Section 4.3. At higher Mach numbers (M > MR), a steady-
state solution is achieved once again since the dense shell does
not form due to the high velocity of the gas inflow (as shown
in Section 4.1, the I-front transitions from D-type to R-type).
For M > MR , ⟨λrad⟩ decreases monotonically as a function
of Mach number and converges to the Bondi–Hoyle–Lyttleton
solution (with no radiative feedback) shown as a dashed line
in Figure 2. In this high velocity regime, the I-front becomes
R-type and the gas flow is weakly affected by radiative feedback.

3.2. Structure of the Gas Flow and H ii Region

For Mach numbers 1 < M < MR , a dense bow shock forms
in front of the H ii region in the upstream direction, followed by a
D-type I-front (see Figure 3). Most of the gas inflow propagates
through the bow shock without changing direction, while a
small fraction of the gas inflow in the outer parts of the bow
shock is re-directed farther from the axis of symmetry. The
formation of a bow shock in the upstream direction changes
the gas density and velocity behind the shock, while the gas
temperature remains relatively unaffected (isothermal shock).
Note that the H ii region has a cometary shape, with overall
length increasing linearly with increasing Mach number. The
size of the H ii region in the upstream direction is not sensitive to
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Radiation mediated accretion (1 < ℳ < 4)

where ṀB is the nominal Bondi accretion rate for isothermal
gas (Bondi & Hoyle 1944)
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Combining Equations (3)–(5), we obtain the estimate for the
radius of the H IIsphere
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where we find that RHIIRDF for all values of the Mach
number in the range %< <1 4 and when
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9 3. It follows that in this
regime the dynamical friction wake is likely to be fully ionized
and dispersed by the MBH radiative feedback, especially given
the proximity of the wake mentioned before.

In the next section we examine the detailed structure of the
wake and the H IIregion, and numerically evaluate the
resulting dynamical friction force from radiation hydrodynamic
simulations.

3. Radiation Hydrodynamic Simulations

3.1. Numerical Setup

We run a set of 2D radiation hydrodynamic simulations
using a parallel version of the non-relativistic code ZEUS-MP
(Stone & Norman 1992; Hayes et al. 2006). Simulations are
carried out in a polar coordinate system defined by coordinates
(r, θ) and assuming axisymmetry with respect to the MBH’s
direction of motion. The extent of the computational domain is
given by Î ( )r 0.1 pc, 3.0 kpc and q pÎ ( )0, and other
relevant quantities are shown in Table 1. In the calculation of
gas dynamics we consider only the gravitational potential of the
MBH and neglect the self-gravity of the gas.
An MBH with mass = :M M10BH

6 , located at the origin of
the coordinate system (r=0), is placed in a “wind tunnel.” In
this setup, gas of uniform density =¥

-n 1.0 cm 3 and
temperature =¥T 104 K is assumed to flow into the computa-
tional domain in direction θ=π. We evaluate the accretion
rate onto the MBH by calculating the mass flux through the
inner boundary of the computational domain, defined by the
sphere with radius rmin=0.1 pc, and convert it to MBH
luminosity as = ˙L Mc0.1bol

2. The SED of ionizing radiation is
described as nµn

-L 1.5 using 50 energy bins ranging from
13.6 eV to 100 keV.
The composition of the H–He gas is evolved by following

the species of H I, H II, He I, He II, He III, and e−. The radiation
transport is coupled with hydrodynamics and includes photo-
heating, photo-ionization, Compton heating by UV and X-ray
photons from the BH, and gas cooling (Park &
Ricotti 2011, 2012; Park et al. 2014a, 2014b). We assume
that BH radiation is the only heating source and adopt a simple

Figure 1. Snapshots of gas number density at different times for the HR run
with%=0.5. The flow of gas is from top to bottom and the BH is located at
(x, y)=(0, 0) in each panel. The shape of the H IIregion and dynamical
friction wake reach steady state after 150 Myr in this simulation.

Figure 2. Accretion rate onto the MBH as a function of time shown in units of
Bondi accretion rate defined in Equation (5). Different line styles mark MR
runs with%=0.5, 1.0, and 2.0.

Table 1
Simulation Parameters

ID Nr×Nθ Δr/r % tend (Myr)

HR 400×128 0.026 0.5, 1.0, 2.0 201.0, 74.9, 74.9
MR 300×96 0.035 0.5, 1.0, 2.0 201.0, 201.0, 201.0
LR 200×64 0.053 0.5, 1.0, 1.5, 2.0 201.0, 201.0, 201.0, 201.0
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ambient medium, in which gas dynamical friction is rendered
inefficient by the MBH feedback. We lay out the relevant
physical regimes and scales in Section 2 and evaluate the
efficiency of dynamical friction using local radiation hydro-
dynamic simulations in Section 3. We discuss implications of
our findings and conclude in Section 4.

2. Regimes of Dynamical Friction in the Presence of
Radiative Feedback

Photoionization and radiation pressure exerted by radiation
escaping from the innermost parts of the BH accretion flow can
create the ionized region (the Strömgren sphere or H II region)
around a BH and strongly alter the properties of surrounding
gas. This radiation “response,” also referred to as BH radiative
feedback, has been found to lower the accretion rate by orders
of magnitude relative to a fiducial case in which radiative
feedback is neglected (Milosavljević et al. 2009; Li 2011; Park
& Ricotti 2011, 2012; Pacucci & Ferrara 2015; Park
et al. 2016). In the context of dynamical friction, this accretion
regime is also likely to correspond to reduced efficiency of gas
drag due to the impact of ionizing radiation on the BH’s
density wake.

Park et al. (2014a) and Inayoshi et al. (2016) however find a
physical regime at higher gas densities in which the nature of
accretion onto the BH fundamentally changes from this picture,
as the H IIregion collapses under the gravity of the surrounding
gas, and accretion continues unaffected by radiation at super
Eddington rates. The two studies differ in their treatment of
radiation transport: the latter considers the effects of radiation
trapping at high accretion rates (Begelman 1978, 1979) while the
former neglects them. Both nevertheless indicate that conditions
for hyper-accretion arise for a BH immersed in neutral gas with
number density ¥n , when >¥

-
:–n M M10 10 cmBH

9 10 3. This
finding implies that the density distribution of gas in the hyper-
accretion regime is only weakly affected by radiation pressure,
and thus the efficiency of dynamical friction is likely to be
restored to that predicted classically, i.e., in the absence of
radiative feedback.

For moving BHs, accretion rate, and thus accretion
luminosity, also depend on BH velocity. We draw on the
results of Park & Ricotti (2013, hereafter PR13), who used
radiation hydrodynamic simulations to investigate the growth
and luminosity of BHs moving through a uniform gaseous
medium with temperature =¥T 104 K. PR13 show that in this
case the BH radiative feedback causes a formation of an
H IIregion elongated along the direction of the BH motion and
filled with ionized hydrogen (or H–He) gas of temperature,

» ´T 4 10in
4 K (6×104 K). A shell of gas with increased

density, corresponding to %+ ¥( ) n1 2 , forms in front of the
BH as a consequence of the “snowplow” effect caused by
radiation pressure. For a wide range of simulated gas densities
the shell becomes gravitationally unstable and collapses when
% 2 4, restoring the properties of the gas flow around the BH
to the classical Bondi–Hoyle–Lyttleton solution (Hoyle &
Lyttleton 1939; Bondi & Hoyle 1944). While PR13 have not
explicitly investigated the properties of the gas wake in their
simulations, it follows that in this regime the efficiency of
dynamical friction is restored to its classically derived value.

We therefore focus on scenarios described by %- <1 4,
when gas dynamical friction is classically expected to be most
efficient, and %+ <¥

-
:( ) M n M1 10 cm2

BH
9 3, when the

influence of the BH radiative feedback on dynamical friction

wake is expected to be significant. Having established the
relevant regime we estimate the extent of the dynamical friction
wake and compare it to the size of the H IIregion.

2.1. Relevant Scales

The extent of the dynamical friction wake that would form
behind the MBH in absence of radiative feedback can be
estimated as a radius of the gravitational influence of the MBH
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1 4 1 2,

assuming isothermal gas with hydrogen composition character-
ized by the adiabatic index γ=1 and mean atomic weight
μ=1. The constants have their usual meaning. As mentioned
in Section 1, most of the gravitational drag force is contributed
by the gas that resides within an order of magnitude smaller
region than that estimated in Equation (2), so this value can be
considered a conservative upper limit.
The size of the elongated H IIregion sensitively depends on the

MBH accretion rate and velocity. For the purpose of the estimates
presented here, we neglect the elongation of the H IIregion and
estimate the radius of a spherically symmetric ionization sphere
that would form around a stationary MBH accreting hydrogen
gas, pa= ¥

-( ˙ )R N n3 4H rec
1 3 2 3

II (Osterbrock & Ferland 2006).
The number of ionizing photons per unit time emitted from the
innermost parts of a BH’s accretion flow is

ò n
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which is characterized by bolometric luminosity ò n= n
¥

L L dbol 0
and Lν∝ν

−α. Here, α=1.5 is the spectroscopic index
representative of the spectral energy distribution (SED) of active
galactic nuclei in the high accretion state, and hν0=13.6 eV for
hydrogen. αrec=4×10−13 cm3 s−1 corresponds to the Case A
recombination coefficient for hydrogen gas at the temperature

=¥T 104 K, used here to match simulations described in the next
section. Note that the Case B coefficient is a more appropriate
choice for the high gas densities in this problem, which would
result in a small change Strömgren radius being proportional to
a-

rec
1 3. We consider accretion powered BH luminosity,

h= ˙L Mcbol
2, and assume radiative efficiency η=0.1 (Shakura

& Sunyaev 1973).
These ingredients provide an estimate for the size of the

H IIregion, given a known MBH accretion rate. In the case of
moving MBHs with the Mach number in the range

%< <1 4, PR13 find that the accretion rate mediated by
radiation feedback can be expressed as
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Figure 8. Snapshots showing the time evolution of the density (top half of the panels) and ionization fraction (bottom half of the panels) in a simulation of a BH of
mass Mbh = 100 M⊙, gas density 104 cm−3, and temperature T∞ = 104 K moving at M = 2.7. The dense gas shell upstream of the bow shock forms and gets
destroyed with a quasi-periodic behavior. When the dense shell breaks and falls onto the BH, the accretion rate shows peak luminosities which are much higher than
the average depending on the density of the shell, and thus the Mach number M.
(A color version of this figure is available in the online journal.)

Since the dense shell is located outside the inner Bondi
radius, the gravitational acceleration on the shell is relatively
small and hence the timescale for Rayleigh–Taylor instability
is long. In addition, the radiation has a stabilizing effect as it
tends to smooth out the growth of linear perturbations on small
scales that have the faster grow rate. However, when vbh ! cs,in
(i.e., M ∼ MR/2) the ram pressure becomes comparable to
the thermal pressure inside the H ii region and the I-front is
pushed closer to the BH. In this case, the increased gravitational
acceleration on the shell and the increased sharpness of the
pressure gradient seem to trigger the growth of instabilities.
Also the column density of dense shell is roughly constant as
a function of the BH velocity, hence because ρsh ∝ M2 the
thickness of the dense shell is ∝ M−2. A thin shell is well
known to be unstable (Vishniac 1994; Whalen & Norman 2008a,
2008b).

As shown in Figure 5, in simulations at intermediate densities
(nH,∞ = 103–104 cm−3) the Mach number in the dense shell is
close to but slightly larger than MD while for higher densities
(105 cm−3) is always less than MD . This implies that a
D-type solution for 105 cm−3 exists for all M since Msh < MD

while a transition between D- and R-type is expected for
nH,∞ = 103–104 cm−3. As shown in Figure 9, for simulations
with nH,∞ = 103 cm−3 the interval between the bursts of
accretion is fairly constant ∆t ∼ 3000 years.

In Paper I and Paper II, we found a linear relationship between
the average size of the Strömgren spheres ⟨Rs⟩ and the period
between oscillations for stationary BHs, which is of a few 103

years for Mbh = 100 M⊙ and η = 0.1. We have shown that this
timescale is proportional to the sound crossing time of the H ii
region and have provided analytical relationships for the period.
The same argument can be applied for interpreting the period
between intermittent bursts for moving BHs and in the next

section we provide a model that describes the size and shape of
the H ii region around moving BHs.

4.4. Size of H ii Region in the Up/Downstream

The gas inflow in the direction of the polar axis θ = 0
(upstream) and θ = π (downstream) can be approximated
by a 1D flow with the H ii region being supplied with neu-
tral gas with constant velocity vbh. The total number of ion-
izing photons emitted by the BH must equal the number of
hydrogen recombinations inside a radius ⟨Rs⟩ in addition to
the flow through the I-front of neutral gas of density n and
velocity vbh:

Nion = 4π

3
⟨Rs⟩3

θαrecn
2
e + 4π⟨Rs⟩2

θnvbh cos(θ ), (17)

where Nion is the number of emitted ionizing photons, being
directly related to the luminosity of the BHs (which is a function
of Mach number). When the magnitudes of the two terms on the
right side of Equation (17) are compared, at θ = 0 the first term
is dominant over the second term due to the BH motion. The
electron number density inside the H ii region for 1 < M < MR

is

ne ∼ xenH,in = M2

(2∆T )5/2
nH,∞. (18)

Since ⟨λrad⟩ ∝ n
1/2
H,∞ (for nH,∞ " 105 cm−3 and Mbh =

100 M⊙), the average size of the H ii region in the upstream
direction is

⟨Rs⟩θ=0 ∝ η1/3n
−1/6
H,∞ . (19)

Figure 10 shows the size of the H ii region at θ = 0 as a function
of Mach number for simulations with various densities (nH,∞ =
102–105 cm−3) and radiative efficiencies (η = 0.1, 0.01). The
model is a good fit to the simulation results.

9
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B) Wake evacuation is prevented for super-Eddington accretors
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steady hyper-Eddington accretion which overcomes radiative feed-
back is
( n∞

105 cm−3

)
!

(
MBH

104 M⊙

)−1 (
T∞

104 K

)3/2

,

where n∞ and T∞ are the density and temperature of the ambient
gas around the BH. This inequality can be rewritten as

ṀB ! 5000 ṀEdd = 5000 LEdd/c
2. (43)

Below the critical value, the accretion becomes episodic due to
radiative feedback and the average rate is limited to " 10 LEdd/c

2.
Again, we emphasize that energy feedback due to radiative heating
dominates over momentum feedback due to the radiation pressure
force. We give a simple physical explanation of the transition to
hyper-Eddington accretion, by comparing the Bondi radius and the
size of the H II region.

Next, for the hyper-Eddington accretion case, we find a self-
consistent steady solution of the accretion flow from the Bondi
radius inwards extending inside the trapping radius. The solution
consists of two parts: a radiation-dominated central core, where
photon trapping due to electron scattering is effective, and an ac-
creting envelope following a Bondi profile with T ≃ 8000 K. When
the emergent luminosity is limited to the Eddington luminosity be-
cause of photon trapping, radiation from the central region does
not affect the gas dynamics at larger scales. Moreover, we argued
that the hyper-Eddington accretion solution with ṁ ! 5000 and
l ≃ 1 could link to recently computed hyper-Eddington accretion
disc solutions in the central region (" 102 RSch).

We apply our simulation results to the growth of massive seed
BHs in protogalaxies with virial temperature of Tvir ! 104 K. Once
the seed BH forms at the centre of the galaxy, it can grow up
to ∼105 (Tvir/104 K) M⊙ via rapid gas accretion, independent of
the BH initial mass, i.e. Pop III remnant BHs or direct collapse BHs.
The massive BH with ! 105 M⊙ formed by the hyper-Eddington
accretion could grow in mass to explain the z > 6 quasar BHs
by subsequent moderate sub-Eddington growth. Finally, we discuss
observational signatures of rapidly accreting BHs with/without al-
lowance for dust. We suggest that these systems could explain LAE
without X-rays and luminous infrared sources with hot dust emis-
sion, respectively.
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Again, we emphasize that energy feedback due to radiative heating
dominates over momentum feedback due to the radiation pressure
force. We give a simple physical explanation of the transition to
hyper-Eddington accretion, by comparing the Bondi radius and the
size of the H II region.

Next, for the hyper-Eddington accretion case, we find a self-
consistent steady solution of the accretion flow from the Bondi
radius inwards extending inside the trapping radius. The solution
consists of two parts: a radiation-dominated central core, where
photon trapping due to electron scattering is effective, and an ac-
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BHs in protogalaxies with virial temperature of Tvir ! 104 K. Once
the seed BH forms at the centre of the galaxy, it can grow up
to ∼105 (Tvir/104 K) M⊙ via rapid gas accretion, independent of
the BH initial mass, i.e. Pop III remnant BHs or direct collapse BHs.
The massive BH with ! 105 M⊙ formed by the hyper-Eddington
accretion could grow in mass to explain the z > 6 quasar BHs
by subsequent moderate sub-Eddington growth. Finally, we discuss
observational signatures of rapidly accreting BHs with/without al-
lowance for dust. We suggest that these systems could explain LAE
without X-rays and luminous infrared sources with hot dust emis-
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Figure 6. Time evolution of radial profiles of the (a) number density,
(b) temperature and (c) inflow rate (= −4πρvr2) for MBH = 104 M⊙
and n∞ = 105 cm−3 (in the outer region). The curves show the profiles at
(1) t = 3.5 × 104 yr (red solid), (2) 1.9 × 105 yr (green long-dashed),
(3) 2.4 × 105 yr (blue short-dashed), (4) 2.41 × 105 yr (magenta dotted),
(5) 2.42 × 104 yr (orange dash–dotted), and (6) 4 × 105 yr (black solid). The
initial Bondi radius is RB, 0 = 2 × 1018 cm. Note that in panel (c) for clarify,
we do not show positive values (phase 2; green) at r ! 1017 cm. In this case
where the H II region is confined within the Bondi radius (RH II < RB,0), the
big jump of the accretion rate occurs. Finally, the accretion flow becomes a
steady and isothermal Bondi solution with ṁ ≃ 8000.

The results for n∞ < 105 cm−3 are similar to the cases shown in
Section 3.2. For a larger BH mass or higher density, the accretion
rate jumps to the corresponding Bondi rate. On the other hand, for
smaller BH mass or lower density, the accretion rate is limited to
! (1−10) LEdd/c

2. Fig. 7 summarizes our results. Each symbol
indicates whether the final result is steady hyper-Eddington accre-
tion (circle) or sub-Eddington accretion (ṁ ! a few; square). The
dashed line marks the boundary between the two accretion modes:
MBH,4n∞,5 = 1/

√
2 ≃ 0.71.

Figure 7. Summary of the results for different values of the BH mass MBH
and number density of the ambient gas n∞. Each symbol indicates whether
the final result is hyper-Eddington accretion (circle), or constant or episodic
accretion at the rate of " (1−10) ṀEdd (square). The dashed line marks the
boundary between the two accretion modes: MBH,4n∞,5 = 1/

√
2 ≃ 0.71.

The region above the boundary indicates the conditions required to realize
steady hyper-Eddington accretion.

3.4 Analytic argument

We here give a simple analytic argument for the conditions required
for hyper-Eddington accretion. As we explained in Section 3.2,
the relation between the size of the H II region and the Bondi
radius is important to determine whether the transition to the hyper-
Eddington accretion phase occurs. For the lower BH mass case, the
ionizing front propagates outside the Bondi radius and never shrinks
(RH II > RB,0; see Fig. 4b). The radiation heating and pressure in
this case can affect the gas dynamics at the Bondi radius. Thus,
the accretion is suppressed and ṁ ∼ 10 (blue curve in Fig. 5). For
the higher BH mass, the H II region is always confined within the
Bondi radius (RH II < RB,0; Fig. 6b) and shrinks dramatically at t "
2.4 × 105 yr. As a result, the accretion from the Bondi radius cannot
halt due to radiation feedback, and the accretion flow becomes
steady with ṁ ≃ 8000 (see Fig. 5).

The size of an H II region in an uniform-density medium with n∞
is estimated as

RH II =
(

3Qion

4παrec,Bn2
∞

)1/3

, (26)

where Qion(∝ L) is the ionizing photon number flux (in units s−1)
and αrec, B is the H radiative recombination coefficient (case B).
For the trapping model (L ≤ LEdd), the maximum value of Qion is
LEdd/(h⟨ν⟩) ∝ MBH, where h⟨ν⟩ is the average energy of ionizing
photons. We obtain

RH II,max = 1.8 × 1018 M
1/3
BH,4 n

−2/3
∞,5 T 0.28

H II,4 cm, (27)

where TH II,4 ≡ TH II/(104 K) is the temperature inside the H II region
and we set h⟨ν⟩ = 13.6 eV. This value is larger by a factor of ≈2–3
than the actual value because equation (26) neglects the fact that the
density profile has a steep slope (ρ ∝ r−β ; 0 ! β ! 3/2) within RB.
We set RH II ≈ RH II,max/2. Thus, the condition for the transition to
the hyper-Eddington accretion (RH II ! RB) is written as

MBH,4 n∞,5 " 0.64 T
3/2
∞,4 T 0.42

H II,4 (28)

MNRAS 459, 3738–3755 (2016)
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Spherically symmetric accretion flows transition to unimpeded hyper-Eddington 

accretion when RHII < RB  (Park+ 14; figure from Inayoshi+ 16)

This happens when:
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2D RHD simulations of 106 M⊙ MBH moving through a uniform, neutral background medium 
- KwangHo Park & TB 17, 19 (the latter in prep.) - 

 Number density 

analytic form of atomic cooling function Λ(T) due to neutral
and ionized H and He, which includes cooling by recombina-
tion, collisional ionization/excitation, free–free transitions, and
di-electric recombination of He II (Shapiro & Kang 1987).
Molecular cooling is neglected and the cooling rate is set to
zero below T=104 K. The calculation of radiation transport
accounts for the radiation pressure and thus allows us to
accurately capture the effects of both energy and momentum
feedback (see Park & Ricotti 2012, for implementation details).
Hydrodynamic and radiative transfer equations are solved at
every time step defined as D = D D( )t min ,hydro chem , where
Δhydro is the hydrodynamical time step and Δchem is the time
step required to calculate the change of chemical abundances
(Ricotti et al. 2001; Whalen & Norman 2006).

We investigate the effect of radiative feedback on the
dynamical friction wake by varying the MBH Mach number
from 0.5 (subsonic) to 2.0 (supersonic), while keeping MBH,
¥n , and ¥T fixed. Each simulation is run for several sound
crossing timescales, defined as = ¥t R cscross H ,II , which
corresponds to 46Myr for the size of the H IIregion defined
by Equation (6). This ensures that the accretion rate onto the
MBH and density distribution of the gas in the dynamical
friction wake reach steady state. The length of each simulation
is recorded as tend in Table 1. We test numerical convergence
with the set of high (HR), medium (MR), and low resolution
(LR) runs. The HR runs are carried out with resolution of

´ = ´q( ) ( )N N 400 128r , MR with (300×96), and LR with
(200×64). The radial bins are logarithmically spaced so that
Δr/r is constant everywhere on the grid while the bins in polar

angle are evenly spaced and have size Δθ=π/Nθ. The outer
boundary of the computational domain is defined as inflow
where 0�θ�π/2 and outflow for π/2<θ�π. We apply
the outflow boundary conditions at the inner domain boundary.

3.2. Evolution of the H II Region and Overdensity Wake

The snapshots in Figure 1 illustrate the evolution of the gas
density in the HR run with% = 0.5. A low density H IIregion
with Tin≈6×104 K forms promptly around the MBH, while
the distribution of gas outside of it reaches steady state 150Myr
after the beginning of the simulation. This timescale is
consistent with ∼7 sound crossing times for the H IIregion
of the size 200 pc. Once steady state is achieved, the shape of
the H II region shows minor deviation from spherical
symmetry.
Figure 2 shows the accretion rate as a function of time for the

MR runs with%=0.5, 1.0, and 2.0. In all simulations MBH
initially exhibits a relatively high accretion rate, which
decreases as the H IIregion expands into the background
medium as a consequence of the MBH radiative feedback. The
expansion of the H IIsphere is brought to a halt at ∼15–30Myr
after the beginning of the simulation, at which point the
accretion rate reaches a turning (minimum) point and readjusts
to a steady state value after ∼20–35Myr. This happens first in
the LR run with%=2.0, followed by%=1.0 and 0.5. This
hierarchy of timescales is determined by the inflow rate of the
gas into the H IIregion as seen by the MBH.

Figure 3. Top: 2D snapshots of the number density of gas at t=150 Myr for MR runs%=0.5, 1.0, and 2.0 (left to right). All snapshots show steady state gas
distributions. Bottom: contribution to dynamical friction from the gas surrounding the MBH, evaluated as the gravitational acceleration per unit volume along the
direction of the MBH motion.
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1.5 kpc

influence and initially suppresses accretion onto the MBH.
Gravitational influence of the upstream gas shell is counter-
balanced by the gas in the downstream of the MBH, where
overdensity wake develops with a delay corresponding to a few
sound crossing times across the elongated H IIregion. Conse-
quently, the MBH acceleration reaches steady state with a
delay of ∼150Myr, long after the accretion rate has settled into
steady state. An inspection of Figure 5 shows that the net
acceleration for the scenario %=1.0 continues to gently
increase even after 200Myr.

For %=1.0 and 2.0 the net end value of acceleration is
positive, indicating a speed-up of the MBH. As expected, the

magnitude of acceleration is smallest for the %=0.5
scenario, where the gas flow around the MBH exhibits a large
degree of front–back symmetry. Figure 5 illustrates that the
sign of net acceleration in this case is resolution dependent,
where the final outcome of the LR run is MBH speed-up and in
the MR and HR runs, deceleration. The net accelerations in the
MR and HR runs track each other closely and differ by only
∼0.05 km yr−2, indicating numerical convergence of the MR
run. We therefore use this value as a measure of error in net
acceleration due to the finite numerical resolution of our
simulations.
Figure 6 shows the values of the dynamical friction force

measured at the end of each simulation for different values of
%. As a comparison, the red dashed line shows the dynamical
friction force in the absence of radiative feedback, as predicted
by Ostriker (1999) for ln( =¥ )c t r 4s, min . As noted before, the
dynamical friction force calculated from simulations presented
in this study is net positive for 1.0�%<4 and negative for
%=0.5. The magnitude of this force is however over ∼9
orders of magnitude lower compared to that experienced by the
MBHs in absence of radiative feedback and is therefore
negligible for all values of the Mach number %<4.
Interestingly, the dynamical friction force in the presence of
radiative feedback appears to mirror its classical counterpart: it
peaks around%≈1 and decreases at larger values of Mach
number.

4. Discussion and Conclusions

We investigate the efficiency of dynamical friction in presence
of radiative feedback from an MBH moving through a uniform
density gas. Ionizing radiation that emerges from the innermost
parts of the MBH’s accretion flow results in the formation of the
H IIregion, which strongly affects the dynamical friction wake
and renders dynamical friction inefficient for a range of physical
scenarios. We summarize our main findings below:

1. We identify a physical regime in which the dynamical
friction wake is likely to be fully ionized and dispersed by
the MBH radiative feedback as a regime in which the
radius of the H IIsphere is larger than the extent of the
dynamical friction wake. This condition is fulfilled
when % < 4 and %+ <¥

-
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9 3.

Outside of this regime the formation of the H IIregion is
suppressed and the properties of the gas flow around the
MBH are restored to the classical Bondi–Hoyle–Lyttleton
solution, thus restoring the effect of dynamical friction.
These criteria can be utilized as a sub-resolution model
for dynamical friction in large scale simulations that
do not resolve the scale of the H IIregion or MBH
density wake.

2. Based on radiation hydrodynamic simulations we find
that the net acceleration experienced by the MBHs in this
regime tends to be positive, meaning that they speed up,
contrary to the expectations for gaseous dynamical
friction in absence of radiative feedback. This reversal
happens because the dominant contribution to the MBH
acceleration comes from the dense shell of gas that forms
in front of the MBH as a consequence of the snowplow
effect caused by radiation pressure.

3. The magnitude of MBH acceleration peaks at% » 1 and
decreases for larger values of the Mach number, similar
to the dynamical friction force in absence of radiative

Figure 5. Evolution of the net acceleration, integrated over the entire
computational domain, for the HR (solid lines), MR (dashed), and LR (dotted)
runs with %=0.5, 1.0, and 2.0. Positive acceleration implies speed-up of
the MBH.

Figure 6. Dynamical friction force as a function of the Mach number. The red
dashed line illustrates the magnitude of the dynamical friction force in the
absence of radiative feedback as calculated by Ostriker (1999). The blue
dashed line is the same as the red one but plotted with a positive sign and
arbitrarily scaled in magnitude to match data points. Different symbols mark
results of the runs with radiative feedback at t=201.0 Myr. Note the different
magnitudes of the positive and negative y-axis.
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MBH Acceleration as a Function of TimeGaseous Dynamical Friction in Presence of BH Radiative Feedback 3

Figure 5. Evolution of the net acceleration, integrated over the entire computational domain, for the HR (solid lines), MR
(dashed), and LR (dotted) runs with M = 0.5, 1.0, and 2.0. Positive acceleration implies speed-up of the MBH. (The magnitude
of the acceleration has been corrected.)

Figure 6. Dynamical friction force as a function of the Mach number. The red dashed line illustrates the magnitude of the
dynamical friction force in the absence of radiative feedback as calculated by Ostriker (1999). The blue dashed line corresponds
to the red one but is plotted with a positive sign (implying speed-up) and is scaled to 60% in magnitude to match data points.
Di↵erent symbols mark results of the runs with radiative feedback at t = 201.0Myr. (The magnitude of the dynamical friction
force has been corrected.)
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Figure 5. Evolution of the net acceleration, integrated over the entire computational domain, for the HR (solid lines), MR
(dashed), and LR (dotted) runs with M = 0.5, 1.0, and 2.0. Positive acceleration implies speed-up of the MBH. (The magnitude
of the acceleration has been corrected.)

Figure 6. Dynamical friction force as a function of the Mach number. The red dashed line illustrates the magnitude of the
dynamical friction force in the absence of radiative feedback as calculated by Ostriker (1999). The blue dashed line corresponds
to the red one but is plotted with a positive sign (implying speed-up) and is scaled to 60% in magnitude to match data points.
Di↵erent symbols mark results of the runs with radiative feedback at t = 201.0Myr. (The magnitude of the dynamical friction
force has been corrected.)
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Conclusions

• Ionizing radiation from MBHs gives rise to negative gas DF for a range of physical 
scenarios. Stellar DF may still operate unaffected but would have to work harder.


• The effect is more severe at the low mass end of BH spectrum => BHs with masses <107 
M⊙ have fewer means to reach the centers of merged galaxies.


• Prescription for sub-resolution model of gas DF for large-scale simulations.


• Not taken into account: gas inhomogeneities, anisotropic outflows, curved BH 
trajectories, other sources of shocks / radiation, magnetic fields, etc.
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