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We report on experimental studies of the collision process between an incident bead and a three-dimensional
granular packing !made of particles identical to the impacting one". The understanding of such a process and
the resulting ejection of particles is, in particular, crucial to describe eolian sand transport. We present here an
extensive experimental analysis of the collision and ejection process. The analysis is two dimensional in the
sense that we determined only the vertical component Vz of the ejection velocity of the splashed particles and
the horizontal component Vx lying in the incident plane. We extracted in particular the distribution of the
ejection velocities for a wide range of impact angles !i and incident velocity Vi. We show that the mean
quadratic horizontal velocity of the splashed particles is almost insensitive to changes in the impact angle and
velocity, while the mean quadratic vertical velocity slightly increases with increasing impact velocity !as Vi

1/2".
Moreover, the mean number of splashed particles per collision is found to be dependent on both the impact
angle and velocity, and to scale with the impact speed as Vi

3/2. A consequence of these outcomes is that the sum
of the kinetic energy of the splashed particles is directly proportional to the kinetic energy of the incident
particle. Finally, we provide the bivariate probability distribution function P!Vx ,Vz" of the ejection velocities
and show that it can be approximated by the product of a log-normal distribution and a circular normal one.
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I. INTRODUCTION

Sand movement in deserts can cause damage to villages
and seriously perturb the circulation on roads or railways. It
is therefore crucial to understand the mechanisms of sand
transport in order to stop or at least reduce it. Sand grains are
lifted by the wind and accelerated during their flight. These
highly energetic grains, called saltating grains, can travel
over large distance by successive jumps #1,2$. As they im-
pact the sand bed surface, they eject other grains from the
bed. These splashed grains, termed reptating grains, contrib-
ute to the augmentation of the sand flux. Some of them can
be promoted to the saltation motion. We are interested here
in the collision process between a saltating grain and a pack-
ing of identical grains. We focused, in particular, on the en-
ergy redistribution through the rebound grain and the ejected
grains. Note that air flow plays a negligible role in the colli-
sion process, since the latter lasts a very short time in com-
parison with the typical time scale of aerodynamics pro-
cesses. This energy redistribution is described, in the
literature, in terms of the splash function #2$. Previous ex-
perimental studies #3–5$ provided interesting and valuable
information, but the data remain usually sparse and the range
of variation of the impact parameters !like the impact veloc-
ity, approach angle" are relatively limited. The difficulty
comes from the fact that saltation is a stochastic process, and
a great number of experiments is required to accumulate
enough data for good statistics.

The splash process in eolian sand transport is connected
in some way with the formation of impact craters. Recently,
several studies focused on the morphology and size of im-
pact craters formed in granular media #6,7$. The underlying
physical mechanisms governing such processes are indeed of
the same nature as those responsible for the splash. In addi-
tion, the formation of impact craters in granular media cor-
responds to a distinct collisional regime where the impacting

body is much more massive and larger than the particles of
the impacted medium. In the saltation problem, the projectile
and the target are composed of particles of the same nature
and the regime of crater formation is never reached in the
range of impact energy relevant for eolian transport. It is,
however, interesting to note that craters can form at moderate
impact energy in some particular configurations, as at the tip
of a granular heap #8$.

The present study aims at giving an extensive view of the
splash function thanks to new data recently obtained from
collision experiments between an incident bead and a three-
dimensional !3D" granular packing made of particles identi-
cal to the impacting one. We varied the approach angle !i
and the impacting speed Vi in a wide range !10° #!i#90°
and 50#Vi /%gd#200, where d is the bead diameter and g
the gravity acceleration" and analyzed the projection of the
trajectories of the rebounding and splashed particles onto the
incident plane !0,x ,z". We extracted in particular the distri-
bution of the horizontal and vertical ejection velocities !Vx
and Vz, respectively", and proposed laws for the variation of
the mean horizontal and vertical ejection velocity as a func-
tion of the approach angle and impact velocity. We also de-
termined the mean number of splashed particles and its evo-
lution with the impact parameters. Lastly, we provided the
bivariate probability distribution function P!Vx ,Vz" of the
ejection speed of the splashed particles in the incident plane,
and showed that it can be approximated by the product of a
univariate log-normal distribution and a univariate circular
normal one.

The paper is organized as follows. In Sec. II, we recall
briefly the experimental and numerical results of the litera-
ture on the splash process. Section III describes the experi-
mental setup used for the collision experiments. In Sec. IV,
we present the experimental results concerning the rebound
process of the incident bead, while Sec. V describes the fea-
tures of the splashed grains. Finally, conclusions and per-
spectives are presented in Sec. VI.

PHYSICAL REVIEW E 75, 061305 !2007"

1539-3755/2007/75!6"/061305!12" ©2007 The American Physical Society061305-1

are, respectively, !=0.19 and "=0.91. The experimental
setup is shown in Fig. 1. An air gun was designed to propel
a single bead onto the packing. By varying the pressure, the
incident speed can be adjusted to a given value within a
certain range !see "9# for a detailed description$. The air gun
can move on a semicircular rail which allows the incident
angle to be varied from 0° to 90°. The packing is built by
displaying randomly the beads in a square box of dimension
42#42#23 cm3. The packing fraction is on the order of
0.6.

The collision process is recorded via a fast video camera
which takes up to 500 images per second. The video camera
was placed perpendicularly to the incident plane.

B. Image analysis

The consecutive images of the collision !see Fig. 2$ were
processed to extract the kinematic properties of the incident
bead and the ejected ones. The procedure was as follows. By
means of an image analysis software, the positions of the
splashed beads were determined on each image, then the
trajectories of all ejected particles were reconstructed. As
indicated above, we analyzed the trajectories of the splashed
beads in the incident plane and had therefore access to the
vertical velocity Vz and the horizontal component Vx in the

incident plane. The free surface of the packing was leveled
before each collision experiment.

Furthermore, one should point out that the identification
of the ejected beads is delicate in the first stages of the ejec-
tion process, since they are not clearly detached from the
bed. As a consequence, we were able to identify the ejected
beads only if they reached a height greater than one bead
diameter above the bed. It means that we did not take into
account, in our analysis, the weakly energetic beads which
have a vertical ejection speed smaller than V0=%2gd.

C. Pertinent dimensionless variables

In our model, we used particles of much greater diameter
than that of sand grains transported by the wind. Saltating
sand grains in deserts have a diameter between 100 and
200 !m. One of the pertinent parameters characterizing the
collision process for monodisperse particles is the Froude
number: Fr=Vi /%gd. In standard conditions of sand transport
in deserts and for sand grains of 200 !m, the impact veloci-
ties of the saltating grains range from 2 to 10 m/s. The
Froude number lies therefore between 50 and 250. Using
6-mm-diameter beads, we have to work with impact speeds
ranging from 10 to 50 m/s in order to reach such values for
the Froude number.

D. Impact parameters

We present here experimental results about the collision
process when the incident speed and the impact angle are
varied. The impact angles were measured with respect to the
horizontal plane. We made three series of experiments: one
at a given incident velocity of 26 m/s with impact angles
ranging from 10° to 90°, and two other ones at a fixed impact
angle !10° and 40°, respectively$ with incident speeds rang-
ing from 18 to 40 m/s !see Table I$. To obtain good statis-
tics, we carried out about 100 collisions for each set of im-
pact parameters !i.e., angle and velocity$.

IV. EXPERIMENTAL RESULTS: PROPERTIES OF THE
REBOUNDING BEAD

A typical collision is characterized by a rebounding par-
ticle and a set of splashed particles. The rebound bead has a

FIG. 1. Experimental setup.

FIG. 2. Successive snapshots of the collision. The time step between two successive images is 4 ms.
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Some Leapfrog Principles 

Conservation Laws Kill Details: Hydrodynamics

Broken Symmetries Kill Boredom: Dune Creation

Scale Invariance Restores Simplicity: Dune Speed

Broken Scale Invariance Restores Details:        
Dune Shape Transitions

Broken Symmetries & Magnified Noise: Chance
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Continuum saltation model for sand dunes
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We derive a phenomenological continuum saltation model for aeolian sand transport that can serve as an
efficient tool for geomorphological applications. The coupled differential equations for the average density and
velocity of sand in the saltation layer reproduce both the known equilibrium relations for the sand flux and the
time evolution of the sand flux as predicted by microscopic saltation models. The three phenomenological
parameters of the model are a reference height for the grain-air interaction, an effective restitution coefficient
for the grain-bed interaction, and a multiplication factor characterizing the chain reaction caused by the impacts
leading to a typical time or length scale of the saturation transients. We determine the values of these param-
eters by comparing our model with wind tunnel measurements. Our main interest are out of equilibrium
situations where saturation transients are important, for instance at phase boundaries !ground/sand" or under
unsteady wind conditions. We point out that saturation transients are indispensable for a proper description of
sand flux over structured terrain, by applying the model to the windward side of an isolated dune, thereby
resolving recently reported discrepancies between field measurements and theoretical predictions.

DOI: 10.1103/PhysRevE.64.031305 PACS number!s": 45.70.!n, 92.10.Wa, 92.60.Gn, 92.40.Gc

I. INTRODUCTION

Aeolian sand transport, from the entrainment of single
grains to the formation and movement of dunes, have been
studied for a long time. One of the most important issues has
been the relation q(u*) between the shear velocity u* andthe saturated sand flux q. The simplest flux law, which gives
a cubic relation between shear velocity and sand flux, was
already introduced by Bagnold in 1936 #1$. Since that time,
many new flux relations have been proposed and used by
different authors. The most important improvement was to
introduce a threshold to account for the fact that at low wind
speeds no sand transport occurs. !An overview of the histori-
cal development can be found in Ref. #2$." One of the most
widely used flux relations with threshold was proposed by
Lettau and Lettau #3$. Analytical derivations of the flux re-
lation starting from a microscopic picture deepened the un-
derstanding of the aeolian transport mechanisms a lot #4–7$.
An application of sand flux relations is geomorphological
problems, where they are used to calculate the erosion rate
from the wind shear stress in order to predict the evolution of
a free sand surface or dune. However, all flux relations of the
type q(u*) assume that the sand flux is everywhere satu-rated. This condition is hardly fulfilled at the windward foot
of an isolated dune, e.g. a barchan !crescent shaped dune,
discussed in Sec. VII", where the bed changes rapidly from
bedrock to sand. Correlated measurements of the sand flux
and the wind speed performed by Wiggs et al. #8$ showed a
large discrepancy between the measured flux and theoretical
predictions of the sand flux using the relation by Lettau and
Lettau near the dune’s windward foot. Numerical simulations
of barchan dunes by Wippermann and Gross #9$ that employ
this flux law also revealed this problem. Apart from the con-
ditions at the dune’s foot, it is conceivable that the sand flux
may never reach saturation on the entire windward side of a

dune, where the shear velocity increases gradually from the
foot to the crest. Such effects are obviously not captured by
an equilibrium flux law. To overcome the limitation of the
equilibrium relations and to get information about the dy-
namics of the aeolian sand transport, numerical simulations
based on the grain scale have been performed #10–12$. They
showed that the typical time to reach the equilibrium state in
saltation on a flat surface is approximately two seconds,
which was later confirmed by wind tunnel measurements
#13$. The problem of simulations on the basis of grains is
that they can neither now nor in the near future be used to
calculate the evolution of macroscopic geomorphologies.
In the following we derive a dynamic continuum model

that allows for saturation transients and can thus be applied
to calculate efficiently the erosion in presence of phase
boundaries and velocity gradients. In Sec. II we introduce the
phenomenology of aeolian sand transport. In Sec. III we de-
velop a continuum model for a thin fluidlike sand layer on an
immobile bed including the time dependence of the sand
transport and saturation transients. The following sections
discuss special cases, where certain restrictions lead to sim-
pler versions of the model. In Sec. IV we discuss the satu-
rated limit of the model and compare it with flux relations
and experimental data from the literature. In Sec. V we dis-
regard the spatial dependence of the sand flux and concen-
trate on the time evolution of the saltation layer. In Sec. VI
we present a reduced ‘‘minimal model’’ that can easily be
applied to geomorphological problems. Finally, we apply this
model in Sec. VII to predict the sand flux on the central slice
of a barchan dune.

II. SAND TRANSPORT AND SALTATION

Conventionally, according to the degree of detachment of
the grains from the ground, different mechanisms of aeolian
and transport such as suspension and bed load are distin-
guished. The bed load can be further divided into saltation
and reptation or creep. A detailed overview of this classifi-*Corresponding author. Email address: kkroy@ph.ed.ac.uk
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many new flux relations have been proposed and used by
different authors. The most important improvement was to
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speeds no sand transport occurs. !An overview of the histori-
cal development can be found in Ref. #2$." One of the most
widely used flux relations with threshold was proposed by
Lettau and Lettau #3$. Analytical derivations of the flux re-
lation starting from a microscopic picture deepened the un-
derstanding of the aeolian transport mechanisms a lot #4–7$.
An application of sand flux relations is geomorphological
problems, where they are used to calculate the erosion rate
from the wind shear stress in order to predict the evolution of
a free sand surface or dune. However, all flux relations of the
type q(u*) assume that the sand flux is everywhere satu-rated. This condition is hardly fulfilled at the windward foot
of an isolated dune, e.g. a barchan !crescent shaped dune,
discussed in Sec. VII", where the bed changes rapidly from
bedrock to sand. Correlated measurements of the sand flux
and the wind speed performed by Wiggs et al. #8$ showed a
large discrepancy between the measured flux and theoretical
predictions of the sand flux using the relation by Lettau and
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dune, where the shear velocity increases gradually from the
foot to the crest. Such effects are obviously not captured by
an equilibrium flux law. To overcome the limitation of the
equilibrium relations and to get information about the dy-
namics of the aeolian sand transport, numerical simulations
based on the grain scale have been performed #10–12$. They
showed that the typical time to reach the equilibrium state in
saltation on a flat surface is approximately two seconds,
which was later confirmed by wind tunnel measurements
#13$. The problem of simulations on the basis of grains is
that they can neither now nor in the near future be used to
calculate the evolution of macroscopic geomorphologies.
In the following we derive a dynamic continuum model

that allows for saturation transients and can thus be applied
to calculate efficiently the erosion in presence of phase
boundaries and velocity gradients. In Sec. II we introduce the
phenomenology of aeolian sand transport. In Sec. III we de-
velop a continuum model for a thin fluidlike sand layer on an
immobile bed including the time dependence of the sand
transport and saturation transients. The following sections
discuss special cases, where certain restrictions lead to sim-
pler versions of the model. In Sec. IV we discuss the satu-
rated limit of the model and compare it with flux relations
and experimental data from the literature. In Sec. V we dis-
regard the spatial dependence of the sand flux and concen-
trate on the time evolution of the saltation layer. In Sec. VI
we present a reduced ‘‘minimal model’’ that can easily be
applied to geomorphological problems. Finally, we apply this
model in Sec. VII to predict the sand flux on the central slice
of a barchan dune.

II. SAND TRANSPORT AND SALTATION

Conventionally, according to the degree of detachment of
the grains from the ground, different mechanisms of aeolian
and transport such as suspension and bed load are distin-
guished. The bed load can be further divided into saltation
and reptation or creep. A detailed overview of this classifi-*Corresponding author. Email address: kkroy@ph.ed.ac.uk
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Minimal Model for Sand Dunes

Klaus Kroy,* Gerd Sauermann, and Hans J. Herrmann
PMMH, École Superieure de Physique et Chimie Industrielles, 10, rue Vauquelin, 75231 Paris, Cedex 05, France

(Received 29 January 2001; published 16 January 2002)

We propose a minimal model for aeolian sand dunes. It combines an analytical description of the
turbulent wind velocity field above the dune with a continuum saltation model that allows for saturation
transients in the sand flux. The model provides a qualitative understanding of important features of real
dunes, such as their longitudinal shape and aspect ratio, the formation of a slip face, the breaking of
scale invariance, and the existence of a minimum dune size.

DOI: 10.1103/PhysRevLett.88.054301 PACS numbers: 45.70.Mg, 45.70.Qj, 47.27.–i, 51.10.+y

Sand dunes develop wherever sand is exposed to an agi-
tating medium (air, water, etc.) that lifts grains from the
ground and entrains them into a surface flow. The diverse
conditions of wind and of sand supply in different regions
on Earth give rise to a large variety of shapes of aeolian
dunes [1–3]. Moreover, dunes have been found on the sea
bottom and even on Mars. Despite the long history of the
subject, the underlying physical mechanisms of dune for-
mation are still not very well understood. How are aero-
dynamics (hydrodynamics) and the particular properties of
granular matter acting together to create dunes? How is the
shape of a dune maintained when it moves? In the follow-
ing we propose a “minimal model” for aeolian sand dunes
to address such questions. Although it refers only to rather
generic properties of the wind velocity field and the laws of
aeolian sand transport, it can make interesting qualitative
predictions that are not sensitive to the simplifying assump-
tions, e.g., about the surface profile, the development and
position of the slip face, dune migration, etc. Using results
from turbulent boundary layer calculations [4–6], we pro-
pose an approximate analytical description of the surface
shear stress exerted by the wind onto a heap of sand. This
will be combined with a saltation model [7] that allows for
saturation transients of the sand flux, which are an essen-
tial element of a consistent description of dunes.

We start by summarizing some basic knowledge about
aeolian sand transport and saltation. The mean turbulent
wind velocity above a plane surface increases logarithmi-
cally with height. Its magnitude is specified by a charac-
teristic velocity called the “shear velocity” u! and defined
by u2

! ! t0"r with t0 the average surface shear stress (far
away from any obstacle) and r the density of air. On a
surface covered with sand, the wind entrains some grains
into a surface layer flow if the shear velocity exceeds a
threshold value. The grains advance mainly by an irregu-
lar hopping process, thereby reducing the wind velocity
in the surface layer. A unique relation between the shear
stress t and the sand flux q is thus established in the equi-
librium state. If t is not too close to the threshold, one has
approximately [1,2,8,9]

qs ~ t3"2. (1)
The index s emphasizes that this simple relation is re-
stricted to situations where the flux is saturated. According

to Eq. (1), the changing wind shear stress above a heap of
sand h#x, y$ is responsible for flux gradients, which cause
erosion and deposition. Because of mass conservation, the
flux gradient dq"dx on a slice h#x$ parallel to the wind
direction gives rise to a change in height with time dh"dt,
and thus to migration of the surface profile in the wind di-
rection with a velocity

y ~ dq"dh . (2)

This velocity is much smaller than the velocity of the
“saltating” grains, so that the terrain can be assumed to
be stationary for considerations concerning the wind and
saltation dynamics. To obtain qs and the correspond-
ing ys ! y#qs$ from Eqs. (1) and (2), we thus need to
know the stationary surface shear stress perturbation t̂ !
t"t0 2 1 caused by the heap. This depends on its shape.

In a first attempt to model t̂, one might try the affine
relation t̂ ~ h and combine it with the saturated flux ap-
proximation q ! qs. If this were true, the surface veloc-
ity y would increase with height #dy"dh $ 0$ due to the
nonlinearity of Eq. (1). This in turn would decrease the
upwind slope, increase the lee slope, and thus eventually
create a slip face on the lee side, where sand slides down
in avalanches. Since there is so far nothing in the model to
stop the further decrease of the upwind slope, our model
“dune” would then start to decrease in height and finally
become flat, whatever its windward profile. This “zeroth
order model” is obviously missing an essential ingredient.
In the following, we will successively demonstrate how
the modeling of both the shear stress and the flux have to
be refined to achieve a consistent description of dune for-
mation and migration. In particular, we will show that a
subtle balance of two quantitatively small but qualitatively
crucial corrections to the zeroth order model determine the
shape of aeolian heaps and dunes.

An improved description for the shear stress can be ob-
tained from turbulent boundary layer calculations. The sur-
face shear stress perturbation t̂x in wind direction caused
by a smooth bump h#x, y$ is [5,6]

Fxy%t̂x& !
akx#kx 1 ibjkxj$

#k2
x 1 k2

y $1"2 Fxy%h#x, y$& . (3)
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The shapes of shifting sand dunes of different size and under diverse environmental conditions exhibit a
remarkably high degree of similarity. On this basis, a reduced shape parametrization of dunes in terms of a few
characteristic parameters such as height and length is routinely applied in the geomorphological literature. In
view of the a priori extremely high dimensionality of a freely evolving dune’s state space, the justification for
this common practice is, despite its alluring simplicity, all but obvious. In order to unveil the origin of the
apparent reduction of complexity, we study the dynamics of !slices of" isolated dunes within the framework of
the recently proposed minimal model of sand dune formation #K. Kroy, G. Sauermann, and H. J. Herrmann,
Phys. Rev. Lett. 88, 054301 !2002"; Phys. Rev. E 66, 031302 !2002"$. Our numerical solutions—
complemented by scaling relations derived from the model equations—show that the predicted time evolution
of the shape and size of dunes, in response to naturally varying conditions such as wind strength and sand
supply, is subject to a similarity law, closely controlled by the instability modes of the steady-state solutions of
the model equations. By this dynamical similarity, the multitude of observed shapes and time evolutions of
desert dunes is traced back to a unified growth law and to the elementary scales provided by grain size and
wind speed.
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I. INTRODUCTION

Wind-blown sand creates some of the most impressive
inanimate dynamic structures in nature, spanning more than
four decades of length from the neat ripple patterns on
beaches through dunes and draas to vast shifting dune fields
swallowing roads and settlements #1,2$. On each scale, struc-
ture formation obeys similar rules #3–5$, while admitting
considerable shape variations #6,7$. Emerging from the
subtle interplay of turbulent air flow and nonequilibrium
sand transport, isolated dunes and particularly barchan dunes
with their eye-catching crescent shape !see Fig. 1 for a
sketch" are among the most prominent wind-shaped struc-
tures. Barchan fields form under unidirectional flow on plane
bedrock, where sand supply is limited, and cover annual dis-
tances of 20–70 m while retaining an “exactitude of repeti-
tion and geometric order unknown in nature on a scale larger
than that of crystalline structure” #1$. This high mobility to-
gether with the huge amount of sand that is displaced within
a propagating dune makes shifting dune fields a considerable
ecological and economical threat in arid regions.

Turbulent boundary layer flow over a smooth symmetric
hump creates a weak symmetry breaking due to the dissipa-
tive nature of the emerging irregular flow patterns: the wind
speed attains its maximum at a certain upwind distance !L
from the crest, not right above it #9–11$. Since the erosive
power of the wind is very sensitive to its speed, this behavior

translates into deposition on the crest of a sand heap, where
the wind speed is decreasing. That is, in a nutshell, the ex-
planation why flat sand beds—much like water surfaces
#12$—are unstable against the spontaneous formation of
wavelike undulations if exposed to sufficiently strong winds
#8,13$. !It is also what distinguishes “dunes” from “ripples,”
in which the dominant symmetry-breaking instability is at-
tributed to the direct effects of bed-slope on grain transport
#14$." The length !L is proportional to the dominant wave-
length of the surface undulations, but essentially independent
of their amplitude, so that the symmetry breaking remains
present even for small amplitude perturbations #8,13$.

By throttling down the sand supply to a degree where the
wind flowing over a heap can no longer attain saturation with
sand before reaching the crest, the deposition mechanism just
outlined can be halted. Under these “unsaturated” conditions,
erosion no longer switches into deposition with the decreas-
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FIG. 1. Sketch of a barchan dune. Characteristic height H and
length L are defined as the height and the half length at half height,
respectively, of the envelope comprising the height profile and the
separation bubble #8$, which provides a simplistic but efficient phe-
nomenological parametrization of the physical effects of wake
zones.
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under periodic flux boundary conditions. The set of all these
steady-state solutions makes up a line of fixed points that
divides the reduced phase space into regions of shrinking
!left side" and growing !right side" dunes. Through each
fixed point passes an unstable manifold !depicted for se-
lected influx values only" which is a shape attractor for
shrinking or growing dunes as they move away from the
fixed point in question. Growing domelike solutions, moving
rightward along such an unstable manifold, develop a slip
face upon crossing the dotted line !see Ref. #21$ for snap-
shots of the profiles". The weak slope of this line in Fig. 3
reveals a sensitive dependence of slip-face formation on the
degree of influx saturation, which explains the common ob-
servation of more rounded dune shapes in regions with
ample sand supply. As demonstrated in Fig. 4, an analogous
picture emerges if one considers various wind speeds at fixed
influx saturation qin /qs,0.

IV. DYNAMIC SCALING

As demonstrated in the inset of Fig. 3, the unstable mani-
folds found for different qin at the given !0 almost collapse
onto each other on appropriate rescaling. The scaling factors
here are determined empirically !viz., obtained from the
fixed point solutions with the corresponding influx" and thus
incorporate the full dependence of the long-time solutions on
ambient conditions. However, such scaling factors can be
estimated perturbatively for flat smooth profiles !"!1", in
which both the saturated flux qs!!" and the saturation length
!s!!" are close to the reference values qs,0%qs!!0" and !s,0
%!s!!0" obtained over a plane surface. Under these condi-

tions, variations can be linearized in the nondimensionalized
shear stress deviation ! /!0!1:

qs/qs,0 & 1 + !!/!0 ! 1"/C!!0" . !2"

Here, C!!0"&1!!t /!0 for not too high values of !0. One now
considers the situation close to the windward foot of the
profile, where the flux qs!!" must be closely matched by the
influx qin in order to ensure an essentially shape-invariant
downwind migration. Together with the scaling 1!! /!0#"
of the shear-stress suppression with the aspect ratio #8,13$,
this determines the scaling factor for the aspect ratio,

" # C!!0"!1 ! qin/qs,0" , !3"

already anticipated in Ref. #8$. The scaling factors for height
H="L and volume V="L2 follow by making use of the fact
that the wind-strength dependence of the length L closely
follows that of !s,0 for flat profiles. In this vein, one also
deduces the scaling of the migration speed v
#qs,0 / #$sandC!!0"!s,0$ and the corresponding rescaling of
time

t # $sandC!!0"!s,0
2 /qs,0. !4"

This only depends on the wind strength and is independent
of the influx, as nicely confirmed by the collapse of the nu-
merical solutions for the time evolution of the volume of
growing and shrinking profiles under various wind and sand
conditions displayed in Figs. 5 and 6. Systematic deviations
from scaling at large V can be attributed to shape transitions
from dome-like to sawtoothlike profiles. For our two-
dimensional slices, slip-face formation clearly fixes the
growth rate of the profiles to V̇=qin /$s, as no sand can es-
cape via the slip face. Other minor discrepancies can be
traced back to additional shear-stress effects on the dune
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FIG. 3. Shape scaling at fixed reference shear stress !0=2.2!t.
Fixed points organize the effective phase diagram in the reduced
V-" phase space. Fixed-point solutions are either dome shaped
!lower solid line" or sawtooth shaped !upper solid line"; only in the
hysteretic region can both types of solutions be realized. They sepa-
rate regions of growing and shrinking solutions that evolve asymp-
totically along the unstable manifolds !dash-dotted lines". Growing
dome-shaped solutions develop a slip face upon crossing the falling
dotted line. Symbols correspond to influx saturation qin /qs,0=0.86
!!", 0.67 !"", 0.45 !#", 0.26 !!", and 0 !$". Inset: the unstable
manifolds collapse onto a master curve upon rescaling as proposed
in the main text.
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FIG. 4. Shape scaling at fixed influx saturation qin /qs,0=0.4.
Again, the fixed points organize the reduced phase space, but now
all fixed-point solutions are dome shaped. They separate regions of
growing and shrinking solutions that evolve asymptotically along
the unstable manifolds !dash-dotted lines". Growing dome-shaped
solutions develop a slip face upon crossing the falling dotted line.
The symbols correspond to a reference shear stress !0=1.4!t !!",
1.8 !"", 2.2 !#", 2.6 !!", and 3.0 !$". Inset: the unstable manifolds
collapse onto a master curve upon rescaling as proposed in the main
text.
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We derive a phenomenological continuum saltation model for aeolian sand transport that can serve as an
efficient tool for geomorphological applications. The coupled differential equations for the average density and
velocity of sand in the saltation layer reproduce both the known equilibrium relations for the sand flux and the
time evolution of the sand flux as predicted by microscopic saltation models. The three phenomenological
parameters of the model are a reference height for the grain-air interaction, an effective restitution coefficient
for the grain-bed interaction, and a multiplication factor characterizing the chain reaction caused by the impacts
leading to a typical time or length scale of the saturation transients. We determine the values of these param-
eters by comparing our model with wind tunnel measurements. Our main interest are out of equilibrium
situations where saturation transients are important, for instance at phase boundaries !ground/sand" or under
unsteady wind conditions. We point out that saturation transients are indispensable for a proper description of
sand flux over structured terrain, by applying the model to the windward side of an isolated dune, thereby
resolving recently reported discrepancies between field measurements and theoretical predictions.
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I. INTRODUCTION

Aeolian sand transport, from the entrainment of single
grains to the formation and movement of dunes, have been
studied for a long time. One of the most important issues has
been the relation q(u*) between the shear velocity u* andthe saturated sand flux q. The simplest flux law, which gives
a cubic relation between shear velocity and sand flux, was
already introduced by Bagnold in 1936 #1$. Since that time,
many new flux relations have been proposed and used by
different authors. The most important improvement was to
introduce a threshold to account for the fact that at low wind
speeds no sand transport occurs. !An overview of the histori-
cal development can be found in Ref. #2$." One of the most
widely used flux relations with threshold was proposed by
Lettau and Lettau #3$. Analytical derivations of the flux re-
lation starting from a microscopic picture deepened the un-
derstanding of the aeolian transport mechanisms a lot #4–7$.
An application of sand flux relations is geomorphological
problems, where they are used to calculate the erosion rate
from the wind shear stress in order to predict the evolution of
a free sand surface or dune. However, all flux relations of the
type q(u*) assume that the sand flux is everywhere satu-rated. This condition is hardly fulfilled at the windward foot
of an isolated dune, e.g. a barchan !crescent shaped dune,
discussed in Sec. VII", where the bed changes rapidly from
bedrock to sand. Correlated measurements of the sand flux
and the wind speed performed by Wiggs et al. #8$ showed a
large discrepancy between the measured flux and theoretical
predictions of the sand flux using the relation by Lettau and
Lettau near the dune’s windward foot. Numerical simulations
of barchan dunes by Wippermann and Gross #9$ that employ
this flux law also revealed this problem. Apart from the con-
ditions at the dune’s foot, it is conceivable that the sand flux
may never reach saturation on the entire windward side of a

dune, where the shear velocity increases gradually from the
foot to the crest. Such effects are obviously not captured by
an equilibrium flux law. To overcome the limitation of the
equilibrium relations and to get information about the dy-
namics of the aeolian sand transport, numerical simulations
based on the grain scale have been performed #10–12$. They
showed that the typical time to reach the equilibrium state in
saltation on a flat surface is approximately two seconds,
which was later confirmed by wind tunnel measurements
#13$. The problem of simulations on the basis of grains is
that they can neither now nor in the near future be used to
calculate the evolution of macroscopic geomorphologies.
In the following we derive a dynamic continuum model

that allows for saturation transients and can thus be applied
to calculate efficiently the erosion in presence of phase
boundaries and velocity gradients. In Sec. II we introduce the
phenomenology of aeolian sand transport. In Sec. III we de-
velop a continuum model for a thin fluidlike sand layer on an
immobile bed including the time dependence of the sand
transport and saturation transients. The following sections
discuss special cases, where certain restrictions lead to sim-
pler versions of the model. In Sec. IV we discuss the satu-
rated limit of the model and compare it with flux relations
and experimental data from the literature. In Sec. V we dis-
regard the spatial dependence of the sand flux and concen-
trate on the time evolution of the saltation layer. In Sec. VI
we present a reduced ‘‘minimal model’’ that can easily be
applied to geomorphological problems. Finally, we apply this
model in Sec. VII to predict the sand flux on the central slice
of a barchan dune.

II. SAND TRANSPORT AND SALTATION

Conventionally, according to the degree of detachment of
the grains from the ground, different mechanisms of aeolian
and transport such as suspension and bed load are distin-
guished. The bed load can be further divided into saltation
and reptation or creep. A detailed overview of this classifi-*Corresponding author. Email address: kkroy@ph.ed.ac.uk
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Abstract
The transport of sand and dust by wind is a potent erosional force, creates sand dunes and ripples, and
loads the atmosphere with suspended dust aerosols. This paper presents an extensive review of the
physics of wind-blown sand and dust on Earth and Mars. Specifically, we review the physics of aeolian
saltation, the formation and development of sand dunes and ripples, the physics of dust aerosol emission,
the weather phenomena that trigger dust storms, and the lifting of dust by dust devils and other small-scale
vortices. We also discuss the physics of wind-blown sand and dune formation on Venus and Titan.

(Some figures may appear in colour only in the online journal)
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1. Introduction

The wind-driven emission, transport, and deposition of sand
and dust by wind are termed aeolian processes, after the Greek
god Aeolus, the keeper of the winds. Aeolian processes occur
wherever there is a supply of granular material and atmospheric
winds of sufficient strength to move them. On Earth, this
occurs mainly in deserts, on beaches, and in other sparsely
vegetated areas, such as dry lake beds. The blowing of sand
and dust in these regions helps shape the surface through the
formation of sand dunes and ripples, the erosion of rocks, and

the creation and transport of soil particles. Moreover, airborne
dust particles can be transported thousands of kilometers from
their source region, thereby affecting weather and climate,
ecosystem productivity, the hydrological cycle, and various
other components of the Earth system.

But aeolian processes are not confined to Earth, and also
occur on Mars, Venus and the Saturnian moon Titan (Greeley
and Iversen 1985). On Mars, dust storms occasionally obscure
the Sun over entire regions of the planet for days at a time,
while their smaller cousins, dust devils, punctuate the mostly
clear daytime skies elsewhere (Balme and Greeley 2006).

0034-4885/12/106901+72$88.00 1 © 2012 IOP Publishing Ltd Printed in the UK & the USA

allegedly inconsistent with 
• lab experiments on splash
• wind-profile simulations
• the Bagnold focus
• grain speed measurements
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incorrect and can produce incorrect results”
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Scale Invariance of the Wind

U

FIGURE 2. Panel a) shows a side view snapshot of a fully
developed barchan dune with mass m = 13 g. The glass beads
appear white in front of a dark background. In panel b) the
border of the dune is drawn as a black line. Five characteristic
points of a barchan are shown as dots, and the length L and the
height H are plotted as double arrows.

27000.
After the flume is filled with distilled water, glass

beads are poured into the channel with a funnel at a fixed
position upstream. The glass beads have a density of ! =

2.5 g/cm3 and spherical shape. For the following exper-
iments different grain size mixtures are used with diam-
eters d ranging between 400-425µm, 450-500µm, 560-
600 µm, 710-750µm, and 800-850µm. The selected
range allows the comparison between the different grain
sizes at a fixed Reynolds number. At larger grain sizes
vflow has to be increased to trigger grain motion, and
vice versa. The diameters are separated by multiple siev-
ing. For the corresponding mean diameters  d we obtain
412 µm, 475 µm, 580 µm, 725 µm, and 825 µm, respec-
tively. The different sizes of the barchan dunes are se-
lected by weighing different amounts of glass beads. The
selected masses m amount to 2.17 g, 3.25 g, 6.5 g, 9.75 g,
13 g, 16.25 g, and 19.5 g, with an error of ±0.005 g.

A charge-coupled device (CCD) camera (Lumenera
Lw11059) with a horizontal resolution of 4008! 2672
pixels and a maximum frame rate of 5 fps is used for
the measurements. The camera is placed in front of the
straight part of the channel and records side views of
the glass bead heaps and the developing barchan dunes,
respectively. The lighting is done with a luminescent
tube above the gap of the section of measurements to
illuminate the upper surface.

From pictures like Fig. 2a) the height profile of the
barchan is extracted by finding the lowest gradient from
dark to bright. In Fig. 2b) the border of the dune is drawn
as a black line. We also indicate five dots which repre-
sent the characteristic positions of a barchan: windward-
bottom, crest, brink, lee-bottom and the center of mass
(c.o.m.). The centroid of the two-dimensional border
line indicates the center of mass of the barchan and
serves to determine the mean dune velocity  v. The other
four points are determined by using the first and second
derivative of the smoothed height profile, obtained by uti-
lizing a Gaussian filter. The crest is located at the highest

0 2 4 6 8 10 12 14 16 18 20 22
0.10

0.12

0.14

0.16

0.18

0.20

0.22

0.24

! "#$%&

! "'(%&

! ()*%&

! '$(%&

! )$(%&

! +,-.+/-
+
0
1
-
2
3!
.+
34
5
!H

"
!6
!L
"

789-! &+00! m! :/;

FIGURE 3. Final aspect ratio H"/L" for different barchan
sizes and different mean grain diameters  d. The crosses denote
the averaged final aspect ratio for each barchan mass m. The
solid line is a guide to the eye.

point of the dune. The brink lies at the maximum of the
second derivative. The windward- and lee-bottom lie at
the minima of the second derivative.

The experiments always start with an elevated triangu-
lar heap. During the time of measurements the heap be-
comes lower and longer until its shape reaches its steady-
state form. It has been shown that the migration veloc-
ity of the dune takes a constant value instantaneously.
Mass conservation is maintained all the time [10]. More-
over, the relaxation time towards the attractor increases
with mass and decreases with the flow velocity of the
driving water flow. The final barchan dune attractor does
not have the same shape for different flow velocities and
different barchan dune sizes, that means that there is no
scale invariance [3].

The final barchan dune attractor is reached when the
ratioH/L becomes constant. The heightH and the length
L are defined as shown in Fig. 2b). To get a quantitative
statement about the steady state, we fit the empirical
function

H
L

=
H"
L"

+ae"
t
# (1)

to the temporal evolution of H/L [10]. The attractor is
represented by the offset H"/L" of Eq. (1). The aspect
ratio a describes the deviation of the initial aspect ratio
from its steady state valueH"/L". The parameter # is the
relaxation time for a triangular heap to achieve the stable
shape of a steady-state barchan dune.

The dependence of the final aspect ratio H"/L" on
the mean grain diameter  d as a function of the size of
the barchan dunes is shown in Fig. 3. The aspect ratio
H"/L" depends on the dune size. To get a better measure
we averaged the final aspect ratios for each barchan size.
The resulting mean aspect ratios are plotted as crosses
in Fig. 3. For each grain mixture the deviation of H"/L"
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The experiments always start with an elevated triangu-
lar heap. During the time of measurements the heap be-
comes lower and longer until its shape reaches its steady-
state form. It has been shown that the migration veloc-
ity of the dune takes a constant value instantaneously.
Mass conservation is maintained all the time [10]. More-
over, the relaxation time towards the attractor increases
with mass and decreases with the flow velocity of the
driving water flow. The final barchan dune attractor does
not have the same shape for different flow velocities and
different barchan dune sizes, that means that there is no
scale invariance [3].

The final barchan dune attractor is reached when the
ratioH/L becomes constant. The heightH and the length
L are defined as shown in Fig. 2b). To get a quantitative
statement about the steady state, we fit the empirical
function
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represented by the offset H"/L" of Eq. (1). The aspect
ratio a describes the deviation of the initial aspect ratio
from its steady state valueH"/L". The parameter # is the
relaxation time for a triangular heap to achieve the stable
shape of a steady-state barchan dune.

The dependence of the final aspect ratio H"/L" on
the mean grain diameter  d as a function of the size of
the barchan dunes is shown in Fig. 3. The aspect ratio
H"/L" depends on the dune size. To get a better measure
we averaged the final aspect ratios for each barchan size.
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iments different grain size mixtures are used with diam-
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range allows the comparison between the different grain
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A charge-coupled device (CCD) camera (Lumenera
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pixels and a maximum frame rate of 5 fps is used for
the measurements. The camera is placed in front of the
straight part of the channel and records side views of
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2.5 g/cm3 and spherical shape. For the following exper-
iments different grain size mixtures are used with diam-
eters d ranging between 400-425µm, 450-500µm, 560-
600 µm, 710-750µm, and 800-850µm. The selected
range allows the comparison between the different grain
sizes at a fixed Reynolds number. At larger grain sizes
vflow has to be increased to trigger grain motion, and
vice versa. The diameters are separated by multiple siev-
ing. For the corresponding mean diameters  d we obtain
412 µm, 475 µm, 580 µm, 725 µm, and 825 µm, respec-
tively. The different sizes of the barchan dunes are se-
lected by weighing different amounts of glass beads. The
selected masses m amount to 2.17 g, 3.25 g, 6.5 g, 9.75 g,
13 g, 16.25 g, and 19.5 g, with an error of ±0.005 g.

A charge-coupled device (CCD) camera (Lumenera
Lw11059) with a horizontal resolution of 4008! 2672
pixels and a maximum frame rate of 5 fps is used for
the measurements. The camera is placed in front of the
straight part of the channel and records side views of
the glass bead heaps and the developing barchan dunes,
respectively. The lighting is done with a luminescent
tube above the gap of the section of measurements to
illuminate the upper surface.

From pictures like Fig. 2a) the height profile of the
barchan is extracted by finding the lowest gradient from
dark to bright. In Fig. 2b) the border of the dune is drawn
as a black line. We also indicate five dots which repre-
sent the characteristic positions of a barchan: windward-
bottom, crest, brink, lee-bottom and the center of mass
(c.o.m.). The centroid of the two-dimensional border
line indicates the center of mass of the barchan and
serves to determine the mean dune velocity  v. The other
four points are determined by using the first and second
derivative of the smoothed height profile, obtained by uti-
lizing a Gaussian filter. The crest is located at the highest
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FIGURE 3. Final aspect ratio H"/L" for different barchan
sizes and different mean grain diameters  d. The crosses denote
the averaged final aspect ratio for each barchan mass m. The
solid line is a guide to the eye.

point of the dune. The brink lies at the maximum of the
second derivative. The windward- and lee-bottom lie at
the minima of the second derivative.

The experiments always start with an elevated triangu-
lar heap. During the time of measurements the heap be-
comes lower and longer until its shape reaches its steady-
state form. It has been shown that the migration veloc-
ity of the dune takes a constant value instantaneously.
Mass conservation is maintained all the time [10]. More-
over, the relaxation time towards the attractor increases
with mass and decreases with the flow velocity of the
driving water flow. The final barchan dune attractor does
not have the same shape for different flow velocities and
different barchan dune sizes, that means that there is no
scale invariance [3].

The final barchan dune attractor is reached when the
ratioH/L becomes constant. The heightH and the length
L are defined as shown in Fig. 2b). To get a quantitative
statement about the steady state, we fit the empirical
function

H
L

=
H"
L"

+ae"
t
# (1)

to the temporal evolution of H/L [10]. The attractor is
represented by the offset H"/L" of Eq. (1). The aspect
ratio a describes the deviation of the initial aspect ratio
from its steady state valueH"/L". The parameter # is the
relaxation time for a triangular heap to achieve the stable
shape of a steady-state barchan dune.

The dependence of the final aspect ratio H"/L" on
the mean grain diameter  d as a function of the size of
the barchan dunes is shown in Fig. 3. The aspect ratio
H"/L" depends on the dune size. To get a better measure
we averaged the final aspect ratios for each barchan size.
The resulting mean aspect ratios are plotted as crosses
in Fig. 3. For each grain mixture the deviation of H"/L"
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FIGURE 2. Panel a) shows a side view snapshot of a fully
developed barchan dune with mass m = 13 g. The glass beads
appear white in front of a dark background. In panel b) the
border of the dune is drawn as a black line. Five characteristic
points of a barchan are shown as dots, and the length L and the
height H are plotted as double arrows.

27000.
After the flume is filled with distilled water, glass

beads are poured into the channel with a funnel at a fixed
position upstream. The glass beads have a density of ! =

2.5 g/cm3 and spherical shape. For the following exper-
iments different grain size mixtures are used with diam-
eters d ranging between 400-425µm, 450-500µm, 560-
600 µm, 710-750µm, and 800-850µm. The selected
range allows the comparison between the different grain
sizes at a fixed Reynolds number. At larger grain sizes
vflow has to be increased to trigger grain motion, and
vice versa. The diameters are separated by multiple siev-
ing. For the corresponding mean diameters  d we obtain
412 µm, 475 µm, 580 µm, 725 µm, and 825 µm, respec-
tively. The different sizes of the barchan dunes are se-
lected by weighing different amounts of glass beads. The
selected masses m amount to 2.17 g, 3.25 g, 6.5 g, 9.75 g,
13 g, 16.25 g, and 19.5 g, with an error of ±0.005 g.

A charge-coupled device (CCD) camera (Lumenera
Lw11059) with a horizontal resolution of 4008! 2672
pixels and a maximum frame rate of 5 fps is used for
the measurements. The camera is placed in front of the
straight part of the channel and records side views of
the glass bead heaps and the developing barchan dunes,
respectively. The lighting is done with a luminescent
tube above the gap of the section of measurements to
illuminate the upper surface.

From pictures like Fig. 2a) the height profile of the
barchan is extracted by finding the lowest gradient from
dark to bright. In Fig. 2b) the border of the dune is drawn
as a black line. We also indicate five dots which repre-
sent the characteristic positions of a barchan: windward-
bottom, crest, brink, lee-bottom and the center of mass
(c.o.m.). The centroid of the two-dimensional border
line indicates the center of mass of the barchan and
serves to determine the mean dune velocity  v. The other
four points are determined by using the first and second
derivative of the smoothed height profile, obtained by uti-
lizing a Gaussian filter. The crest is located at the highest
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FIGURE 3. Final aspect ratio H"/L" for different barchan
sizes and different mean grain diameters  d. The crosses denote
the averaged final aspect ratio for each barchan mass m. The
solid line is a guide to the eye.

point of the dune. The brink lies at the maximum of the
second derivative. The windward- and lee-bottom lie at
the minima of the second derivative.

The experiments always start with an elevated triangu-
lar heap. During the time of measurements the heap be-
comes lower and longer until its shape reaches its steady-
state form. It has been shown that the migration veloc-
ity of the dune takes a constant value instantaneously.
Mass conservation is maintained all the time [10]. More-
over, the relaxation time towards the attractor increases
with mass and decreases with the flow velocity of the
driving water flow. The final barchan dune attractor does
not have the same shape for different flow velocities and
different barchan dune sizes, that means that there is no
scale invariance [3].

The final barchan dune attractor is reached when the
ratioH/L becomes constant. The heightH and the length
L are defined as shown in Fig. 2b). To get a quantitative
statement about the steady state, we fit the empirical
function

H
L

=
H"
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# (1)

to the temporal evolution of H/L [10]. The attractor is
represented by the offset H"/L" of Eq. (1). The aspect
ratio a describes the deviation of the initial aspect ratio
from its steady state valueH"/L". The parameter # is the
relaxation time for a triangular heap to achieve the stable
shape of a steady-state barchan dune.

The dependence of the final aspect ratio H"/L" on
the mean grain diameter  d as a function of the size of
the barchan dunes is shown in Fig. 3. The aspect ratio
H"/L" depends on the dune size. To get a better measure
we averaged the final aspect ratios for each barchan size.
The resulting mean aspect ratios are plotted as crosses
in Fig. 3. For each grain mixture the deviation of H"/L"
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FIGURE 2. Panel a) shows a side view snapshot of a fully
developed barchan dune with mass m = 13 g. The glass beads
appear white in front of a dark background. In panel b) the
border of the dune is drawn as a black line. Five characteristic
points of a barchan are shown as dots, and the length L and the
height H are plotted as double arrows.

27000.
After the flume is filled with distilled water, glass

beads are poured into the channel with a funnel at a fixed
position upstream. The glass beads have a density of ! =

2.5 g/cm3 and spherical shape. For the following exper-
iments different grain size mixtures are used with diam-
eters d ranging between 400-425µm, 450-500µm, 560-
600 µm, 710-750µm, and 800-850µm. The selected
range allows the comparison between the different grain
sizes at a fixed Reynolds number. At larger grain sizes
vflow has to be increased to trigger grain motion, and
vice versa. The diameters are separated by multiple siev-
ing. For the corresponding mean diameters  d we obtain
412 µm, 475 µm, 580 µm, 725 µm, and 825 µm, respec-
tively. The different sizes of the barchan dunes are se-
lected by weighing different amounts of glass beads. The
selected masses m amount to 2.17 g, 3.25 g, 6.5 g, 9.75 g,
13 g, 16.25 g, and 19.5 g, with an error of ±0.005 g.

A charge-coupled device (CCD) camera (Lumenera
Lw11059) with a horizontal resolution of 4008! 2672
pixels and a maximum frame rate of 5 fps is used for
the measurements. The camera is placed in front of the
straight part of the channel and records side views of
the glass bead heaps and the developing barchan dunes,
respectively. The lighting is done with a luminescent
tube above the gap of the section of measurements to
illuminate the upper surface.

From pictures like Fig. 2a) the height profile of the
barchan is extracted by finding the lowest gradient from
dark to bright. In Fig. 2b) the border of the dune is drawn
as a black line. We also indicate five dots which repre-
sent the characteristic positions of a barchan: windward-
bottom, crest, brink, lee-bottom and the center of mass
(c.o.m.). The centroid of the two-dimensional border
line indicates the center of mass of the barchan and
serves to determine the mean dune velocity  v. The other
four points are determined by using the first and second
derivative of the smoothed height profile, obtained by uti-
lizing a Gaussian filter. The crest is located at the highest
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FIGURE 3. Final aspect ratio H"/L" for different barchan
sizes and different mean grain diameters  d. The crosses denote
the averaged final aspect ratio for each barchan mass m. The
solid line is a guide to the eye.

point of the dune. The brink lies at the maximum of the
second derivative. The windward- and lee-bottom lie at
the minima of the second derivative.

The experiments always start with an elevated triangu-
lar heap. During the time of measurements the heap be-
comes lower and longer until its shape reaches its steady-
state form. It has been shown that the migration veloc-
ity of the dune takes a constant value instantaneously.
Mass conservation is maintained all the time [10]. More-
over, the relaxation time towards the attractor increases
with mass and decreases with the flow velocity of the
driving water flow. The final barchan dune attractor does
not have the same shape for different flow velocities and
different barchan dune sizes, that means that there is no
scale invariance [3].

The final barchan dune attractor is reached when the
ratioH/L becomes constant. The heightH and the length
L are defined as shown in Fig. 2b). To get a quantitative
statement about the steady state, we fit the empirical
function

H
L

=
H"
L"

+ae"
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# (1)

to the temporal evolution of H/L [10]. The attractor is
represented by the offset H"/L" of Eq. (1). The aspect
ratio a describes the deviation of the initial aspect ratio
from its steady state valueH"/L". The parameter # is the
relaxation time for a triangular heap to achieve the stable
shape of a steady-state barchan dune.

The dependence of the final aspect ratio H"/L" on
the mean grain diameter  d as a function of the size of
the barchan dunes is shown in Fig. 3. The aspect ratio
H"/L" depends on the dune size. To get a better measure
we averaged the final aspect ratios for each barchan size.
The resulting mean aspect ratios are plotted as crosses
in Fig. 3. For each grain mixture the deviation of H"/L"
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mean grain diameters  d. The lines are fits to  v!H"#
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FIGURE 9. Relation between mean barchan velocity  v and
the steady-state length of the barchan dune L! for different
mean grain diameters  d. The lines are fits to  v! L"$! .

which is set in motion and shifts the center-of-mass. This
also decreases the relaxation time as shown in Fig. 5.

Figure 8 and Figure 9 show the relations between
dune velocity andH!, respectively L!, for different grain

TABLE 1. Fit parameters obtained from the experi-
mental data shown in Fig. 6, Fig. 8, and Fig. 9.

 d (µm) % # $

825 0.52±0.01 0.76±0.02 1.00±0.02
725 0.54±0.02 0.76±0.04 1.04±0.04
580 0.55±0.03 0.77±0.04 1.02±0.07
475 0.47±0.03 0.65±0.03 1.08±0.05
412 0.53±0.03 0.74±0.06 1.10±0.04
average 0.52±0.02 0.74±0.05 1.05±0.04

size mixtures. To get a quantitative relation we use the
functions  v!H"#

! and  v! L"$! as fits to the data points.
Table 1 shows the results for the exponents # and $ .

From these results we can assume that # = 0.74 and
$ = 1.05 within the errors of the measurement. This
result corresponds to our former experiments with one
fixed grain size and different flow velocities, on which
the scaling laws  v! H"0.8

! and  v! L"1
! are based [10].

To conclude, we investigated the dependence of the
barchan dune shape attractor on its grain size mixture.
We show experimentally that the relaxation time from
a triangular heap towards the shape attractor decreases
with the mean diameter of the grains and increases with
the overall size of the dune. The dune velocity increases
with the grain size. Moreover, the scaling laws for the
velocity are independent of the grain size, as well as the
shape of the attractor itself.

The next step for understanding the barchan dune
dynamics might be the investigation of the surrounding
velocity field. Particularly the dependence of the surface
roughness on the grain size and the coupling of surface
and velocity field must be clarified.

We are grateful for support from Deutsche
Forschungsgemeinschaft through Ak13/12-1 and
Kr1877/3-1 (Forschergruppe 608 ’Nichtlineare Dy-
namik komplexer Kontinua’).
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FIGURE 2. Panel a) shows a side view snapshot of a fully
developed barchan dune with mass m = 13 g. The glass beads
appear white in front of a dark background. In panel b) the
border of the dune is drawn as a black line. Five characteristic
points of a barchan are shown as dots, and the length L and the
height H are plotted as double arrows.

27000.
After the flume is filled with distilled water, glass

beads are poured into the channel with a funnel at a fixed
position upstream. The glass beads have a density of ! =

2.5 g/cm3 and spherical shape. For the following exper-
iments different grain size mixtures are used with diam-
eters d ranging between 400-425µm, 450-500µm, 560-
600 µm, 710-750µm, and 800-850µm. The selected
range allows the comparison between the different grain
sizes at a fixed Reynolds number. At larger grain sizes
vflow has to be increased to trigger grain motion, and
vice versa. The diameters are separated by multiple siev-
ing. For the corresponding mean diameters  d we obtain
412 µm, 475 µm, 580 µm, 725 µm, and 825 µm, respec-
tively. The different sizes of the barchan dunes are se-
lected by weighing different amounts of glass beads. The
selected masses m amount to 2.17 g, 3.25 g, 6.5 g, 9.75 g,
13 g, 16.25 g, and 19.5 g, with an error of ±0.005 g.

A charge-coupled device (CCD) camera (Lumenera
Lw11059) with a horizontal resolution of 4008! 2672
pixels and a maximum frame rate of 5 fps is used for
the measurements. The camera is placed in front of the
straight part of the channel and records side views of
the glass bead heaps and the developing barchan dunes,
respectively. The lighting is done with a luminescent
tube above the gap of the section of measurements to
illuminate the upper surface.

From pictures like Fig. 2a) the height profile of the
barchan is extracted by finding the lowest gradient from
dark to bright. In Fig. 2b) the border of the dune is drawn
as a black line. We also indicate five dots which repre-
sent the characteristic positions of a barchan: windward-
bottom, crest, brink, lee-bottom and the center of mass
(c.o.m.). The centroid of the two-dimensional border
line indicates the center of mass of the barchan and
serves to determine the mean dune velocity  v. The other
four points are determined by using the first and second
derivative of the smoothed height profile, obtained by uti-
lizing a Gaussian filter. The crest is located at the highest
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FIGURE 3. Final aspect ratio H"/L" for different barchan
sizes and different mean grain diameters  d. The crosses denote
the averaged final aspect ratio for each barchan mass m. The
solid line is a guide to the eye.

point of the dune. The brink lies at the maximum of the
second derivative. The windward- and lee-bottom lie at
the minima of the second derivative.

The experiments always start with an elevated triangu-
lar heap. During the time of measurements the heap be-
comes lower and longer until its shape reaches its steady-
state form. It has been shown that the migration veloc-
ity of the dune takes a constant value instantaneously.
Mass conservation is maintained all the time [10]. More-
over, the relaxation time towards the attractor increases
with mass and decreases with the flow velocity of the
driving water flow. The final barchan dune attractor does
not have the same shape for different flow velocities and
different barchan dune sizes, that means that there is no
scale invariance [3].

The final barchan dune attractor is reached when the
ratioH/L becomes constant. The heightH and the length
L are defined as shown in Fig. 2b). To get a quantitative
statement about the steady state, we fit the empirical
function

H
L

=
H"
L"

+ae"
t
# (1)

to the temporal evolution of H/L [10]. The attractor is
represented by the offset H"/L" of Eq. (1). The aspect
ratio a describes the deviation of the initial aspect ratio
from its steady state valueH"/L". The parameter # is the
relaxation time for a triangular heap to achieve the stable
shape of a steady-state barchan dune.

The dependence of the final aspect ratio H"/L" on
the mean grain diameter  d as a function of the size of
the barchan dunes is shown in Fig. 3. The aspect ratio
H"/L" depends on the dune size. To get a better measure
we averaged the final aspect ratios for each barchan size.
The resulting mean aspect ratios are plotted as crosses
in Fig. 3. For each grain mixture the deviation of H"/L"
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FIGURE 9. Relation between mean barchan velocity  v and
the steady-state length of the barchan dune L! for different
mean grain diameters  d. The lines are fits to  v! L"$! .

which is set in motion and shifts the center-of-mass. This
also decreases the relaxation time as shown in Fig. 5.

Figure 8 and Figure 9 show the relations between
dune velocity andH!, respectively L!, for different grain

TABLE 1. Fit parameters obtained from the experi-
mental data shown in Fig. 6, Fig. 8, and Fig. 9.

 d (µm) % # $

825 0.52±0.01 0.76±0.02 1.00±0.02
725 0.54±0.02 0.76±0.04 1.04±0.04
580 0.55±0.03 0.77±0.04 1.02±0.07
475 0.47±0.03 0.65±0.03 1.08±0.05
412 0.53±0.03 0.74±0.06 1.10±0.04
average 0.52±0.02 0.74±0.05 1.05±0.04

size mixtures. To get a quantitative relation we use the
functions  v!H"#

! and  v! L"$! as fits to the data points.
Table 1 shows the results for the exponents # and $ .

From these results we can assume that # = 0.74 and
$ = 1.05 within the errors of the measurement. This
result corresponds to our former experiments with one
fixed grain size and different flow velocities, on which
the scaling laws  v! H"0.8

! and  v! L"1
! are based [10].

To conclude, we investigated the dependence of the
barchan dune shape attractor on its grain size mixture.
We show experimentally that the relaxation time from
a triangular heap towards the shape attractor decreases
with the mean diameter of the grains and increases with
the overall size of the dune. The dune velocity increases
with the grain size. Moreover, the scaling laws for the
velocity are independent of the grain size, as well as the
shape of the attractor itself.

The next step for understanding the barchan dune
dynamics might be the investigation of the surrounding
velocity field. Particularly the dependence of the surface
roughness on the grain size and the coupling of surface
and velocity field must be clarified.
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FIGURE 8. Relation between mean barchan velocity  v and
the steady-state height of the barchan dune H! for different
mean grain diameters  d. The lines are fits to  v!H"#
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FIGURE 9. Relation between mean barchan velocity  v and
the steady-state length of the barchan dune L! for different
mean grain diameters  d. The lines are fits to  v! L"$! .

which is set in motion and shifts the center-of-mass. This
also decreases the relaxation time as shown in Fig. 5.

Figure 8 and Figure 9 show the relations between
dune velocity andH!, respectively L!, for different grain

TABLE 1. Fit parameters obtained from the experi-
mental data shown in Fig. 6, Fig. 8, and Fig. 9.

 d (µm) % # $

825 0.52±0.01 0.76±0.02 1.00±0.02
725 0.54±0.02 0.76±0.04 1.04±0.04
580 0.55±0.03 0.77±0.04 1.02±0.07
475 0.47±0.03 0.65±0.03 1.08±0.05
412 0.53±0.03 0.74±0.06 1.10±0.04
average 0.52±0.02 0.74±0.05 1.05±0.04

size mixtures. To get a quantitative relation we use the
functions  v!H"#

! and  v! L"$! as fits to the data points.
Table 1 shows the results for the exponents # and $ .

From these results we can assume that # = 0.74 and
$ = 1.05 within the errors of the measurement. This
result corresponds to our former experiments with one
fixed grain size and different flow velocities, on which
the scaling laws  v! H"0.8

! and  v! L"1
! are based [10].

To conclude, we investigated the dependence of the
barchan dune shape attractor on its grain size mixture.
We show experimentally that the relaxation time from
a triangular heap towards the shape attractor decreases
with the mean diameter of the grains and increases with
the overall size of the dune. The dune velocity increases
with the grain size. Moreover, the scaling laws for the
velocity are independent of the grain size, as well as the
shape of the attractor itself.

The next step for understanding the barchan dune
dynamics might be the investigation of the surrounding
velocity field. Particularly the dependence of the surface
roughness on the grain size and the coupling of surface
and velocity field must be clarified.

We are grateful for support from Deutsche
Forschungsgemeinschaft through Ak13/12-1 and
Kr1877/3-1 (Forschergruppe 608 ’Nichtlineare Dy-
namik komplexer Kontinua’).
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FIGURE 2. Panel a) shows a side view snapshot of a fully
developed barchan dune with mass m = 13 g. The glass beads
appear white in front of a dark background. In panel b) the
border of the dune is drawn as a black line. Five characteristic
points of a barchan are shown as dots, and the length L and the
height H are plotted as double arrows.

27000.
After the flume is filled with distilled water, glass

beads are poured into the channel with a funnel at a fixed
position upstream. The glass beads have a density of ! =

2.5 g/cm3 and spherical shape. For the following exper-
iments different grain size mixtures are used with diam-
eters d ranging between 400-425µm, 450-500µm, 560-
600 µm, 710-750µm, and 800-850µm. The selected
range allows the comparison between the different grain
sizes at a fixed Reynolds number. At larger grain sizes
vflow has to be increased to trigger grain motion, and
vice versa. The diameters are separated by multiple siev-
ing. For the corresponding mean diameters  d we obtain
412 µm, 475 µm, 580 µm, 725 µm, and 825 µm, respec-
tively. The different sizes of the barchan dunes are se-
lected by weighing different amounts of glass beads. The
selected masses m amount to 2.17 g, 3.25 g, 6.5 g, 9.75 g,
13 g, 16.25 g, and 19.5 g, with an error of ±0.005 g.

A charge-coupled device (CCD) camera (Lumenera
Lw11059) with a horizontal resolution of 4008! 2672
pixels and a maximum frame rate of 5 fps is used for
the measurements. The camera is placed in front of the
straight part of the channel and records side views of
the glass bead heaps and the developing barchan dunes,
respectively. The lighting is done with a luminescent
tube above the gap of the section of measurements to
illuminate the upper surface.

From pictures like Fig. 2a) the height profile of the
barchan is extracted by finding the lowest gradient from
dark to bright. In Fig. 2b) the border of the dune is drawn
as a black line. We also indicate five dots which repre-
sent the characteristic positions of a barchan: windward-
bottom, crest, brink, lee-bottom and the center of mass
(c.o.m.). The centroid of the two-dimensional border
line indicates the center of mass of the barchan and
serves to determine the mean dune velocity  v. The other
four points are determined by using the first and second
derivative of the smoothed height profile, obtained by uti-
lizing a Gaussian filter. The crest is located at the highest
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FIGURE 3. Final aspect ratio H"/L" for different barchan
sizes and different mean grain diameters  d. The crosses denote
the averaged final aspect ratio for each barchan mass m. The
solid line is a guide to the eye.

point of the dune. The brink lies at the maximum of the
second derivative. The windward- and lee-bottom lie at
the minima of the second derivative.

The experiments always start with an elevated triangu-
lar heap. During the time of measurements the heap be-
comes lower and longer until its shape reaches its steady-
state form. It has been shown that the migration veloc-
ity of the dune takes a constant value instantaneously.
Mass conservation is maintained all the time [10]. More-
over, the relaxation time towards the attractor increases
with mass and decreases with the flow velocity of the
driving water flow. The final barchan dune attractor does
not have the same shape for different flow velocities and
different barchan dune sizes, that means that there is no
scale invariance [3].

The final barchan dune attractor is reached when the
ratioH/L becomes constant. The heightH and the length
L are defined as shown in Fig. 2b). To get a quantitative
statement about the steady state, we fit the empirical
function

H
L

=
H"
L"

+ae"
t
# (1)

to the temporal evolution of H/L [10]. The attractor is
represented by the offset H"/L" of Eq. (1). The aspect
ratio a describes the deviation of the initial aspect ratio
from its steady state valueH"/L". The parameter # is the
relaxation time for a triangular heap to achieve the stable
shape of a steady-state barchan dune.

The dependence of the final aspect ratio H"/L" on
the mean grain diameter  d as a function of the size of
the barchan dunes is shown in Fig. 3. The aspect ratio
H"/L" depends on the dune size. To get a better measure
we averaged the final aspect ratios for each barchan size.
The resulting mean aspect ratios are plotted as crosses
in Fig. 3. For each grain mixture the deviation of H"/L"
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FIGURE 8. Relation between mean barchan velocity  v and
the steady-state height of the barchan dune H! for different
mean grain diameters  d. The lines are fits to  v!H"#
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FIGURE 9. Relation between mean barchan velocity  v and
the steady-state length of the barchan dune L! for different
mean grain diameters  d. The lines are fits to  v! L"$! .

which is set in motion and shifts the center-of-mass. This
also decreases the relaxation time as shown in Fig. 5.

Figure 8 and Figure 9 show the relations between
dune velocity andH!, respectively L!, for different grain

TABLE 1. Fit parameters obtained from the experi-
mental data shown in Fig. 6, Fig. 8, and Fig. 9.

 d (µm) % # $

825 0.52±0.01 0.76±0.02 1.00±0.02
725 0.54±0.02 0.76±0.04 1.04±0.04
580 0.55±0.03 0.77±0.04 1.02±0.07
475 0.47±0.03 0.65±0.03 1.08±0.05
412 0.53±0.03 0.74±0.06 1.10±0.04
average 0.52±0.02 0.74±0.05 1.05±0.04

size mixtures. To get a quantitative relation we use the
functions  v!H"#

! and  v! L"$! as fits to the data points.
Table 1 shows the results for the exponents # and $ .

From these results we can assume that # = 0.74 and
$ = 1.05 within the errors of the measurement. This
result corresponds to our former experiments with one
fixed grain size and different flow velocities, on which
the scaling laws  v! H"0.8

! and  v! L"1
! are based [10].

To conclude, we investigated the dependence of the
barchan dune shape attractor on its grain size mixture.
We show experimentally that the relaxation time from
a triangular heap towards the shape attractor decreases
with the mean diameter of the grains and increases with
the overall size of the dune. The dune velocity increases
with the grain size. Moreover, the scaling laws for the
velocity are independent of the grain size, as well as the
shape of the attractor itself.

The next step for understanding the barchan dune
dynamics might be the investigation of the surrounding
velocity field. Particularly the dependence of the surface
roughness on the grain size and the coupling of surface
and velocity field must be clarified.

We are grateful for support from Deutsche
Forschungsgemeinschaft through Ak13/12-1 and
Kr1877/3-1 (Forschergruppe 608 ’Nichtlineare Dy-
namik komplexer Kontinua’).
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FIGURE 2. Panel a) shows a side view snapshot of a fully
developed barchan dune with mass m = 13 g. The glass beads
appear white in front of a dark background. In panel b) the
border of the dune is drawn as a black line. Five characteristic
points of a barchan are shown as dots, and the length L and the
height H are plotted as double arrows.

27000.
After the flume is filled with distilled water, glass

beads are poured into the channel with a funnel at a fixed
position upstream. The glass beads have a density of ! =

2.5 g/cm3 and spherical shape. For the following exper-
iments different grain size mixtures are used with diam-
eters d ranging between 400-425µm, 450-500µm, 560-
600 µm, 710-750µm, and 800-850µm. The selected
range allows the comparison between the different grain
sizes at a fixed Reynolds number. At larger grain sizes
vflow has to be increased to trigger grain motion, and
vice versa. The diameters are separated by multiple siev-
ing. For the corresponding mean diameters  d we obtain
412 µm, 475 µm, 580 µm, 725 µm, and 825 µm, respec-
tively. The different sizes of the barchan dunes are se-
lected by weighing different amounts of glass beads. The
selected masses m amount to 2.17 g, 3.25 g, 6.5 g, 9.75 g,
13 g, 16.25 g, and 19.5 g, with an error of ±0.005 g.

A charge-coupled device (CCD) camera (Lumenera
Lw11059) with a horizontal resolution of 4008! 2672
pixels and a maximum frame rate of 5 fps is used for
the measurements. The camera is placed in front of the
straight part of the channel and records side views of
the glass bead heaps and the developing barchan dunes,
respectively. The lighting is done with a luminescent
tube above the gap of the section of measurements to
illuminate the upper surface.

From pictures like Fig. 2a) the height profile of the
barchan is extracted by finding the lowest gradient from
dark to bright. In Fig. 2b) the border of the dune is drawn
as a black line. We also indicate five dots which repre-
sent the characteristic positions of a barchan: windward-
bottom, crest, brink, lee-bottom and the center of mass
(c.o.m.). The centroid of the two-dimensional border
line indicates the center of mass of the barchan and
serves to determine the mean dune velocity  v. The other
four points are determined by using the first and second
derivative of the smoothed height profile, obtained by uti-
lizing a Gaussian filter. The crest is located at the highest
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FIGURE 3. Final aspect ratio H"/L" for different barchan
sizes and different mean grain diameters  d. The crosses denote
the averaged final aspect ratio for each barchan mass m. The
solid line is a guide to the eye.

point of the dune. The brink lies at the maximum of the
second derivative. The windward- and lee-bottom lie at
the minima of the second derivative.

The experiments always start with an elevated triangu-
lar heap. During the time of measurements the heap be-
comes lower and longer until its shape reaches its steady-
state form. It has been shown that the migration veloc-
ity of the dune takes a constant value instantaneously.
Mass conservation is maintained all the time [10]. More-
over, the relaxation time towards the attractor increases
with mass and decreases with the flow velocity of the
driving water flow. The final barchan dune attractor does
not have the same shape for different flow velocities and
different barchan dune sizes, that means that there is no
scale invariance [3].

The final barchan dune attractor is reached when the
ratioH/L becomes constant. The heightH and the length
L are defined as shown in Fig. 2b). To get a quantitative
statement about the steady state, we fit the empirical
function

H
L

=
H"
L"

+ae"
t
# (1)

to the temporal evolution of H/L [10]. The attractor is
represented by the offset H"/L" of Eq. (1). The aspect
ratio a describes the deviation of the initial aspect ratio
from its steady state valueH"/L". The parameter # is the
relaxation time for a triangular heap to achieve the stable
shape of a steady-state barchan dune.

The dependence of the final aspect ratio H"/L" on
the mean grain diameter  d as a function of the size of
the barchan dunes is shown in Fig. 3. The aspect ratio
H"/L" depends on the dune size. To get a better measure
we averaged the final aspect ratios for each barchan size.
The resulting mean aspect ratios are plotted as crosses
in Fig. 3. For each grain mixture the deviation of H"/L"
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Comment on ‘‘Relevant Length Scale of Barchan
Dunes’’

In a recent experimental breakthrough, Hersen et al.
[1] demonstrated that by changing the agitating medium
from air to water, one can obtain, on a laboratory scale,
dunes that are downsized copies of desert dunes, thereby
overcoming a major obstacle for their systematic study.
Here we argue in two steps (i), (ii) that an alternative data
analysis leads to some conclusions that are qualitatively
and quantitatively different from those of Hersen et al. but
justify their similarity hypothesis on different grounds.

It has been a long-standing debate whether the various
shapes of desert dunes share the scale invariance of the
turbulent wind field that creates them. Careful field mea-
surements of barchan dunes have recently provided com-
pelling evidence that scale invariance is borne out only
transverse to the wind direction, whereas it is systemati-
cally broken along the wind direction [2]. That the re-
sponsible characteristic scale is the windward distance ‘s
over which the sand flux adapts to a sudden change in
wind speed or sand supply, was already vaguely antici-
pated by Bagnold. But only recent theoretical develop-
ments succeeded in making this notion fully quantitative
and established its crucial role for systematic shape varia-
tions and shape transitions of aeolian dunes [3].

(i) The analysis of similarities of aeolian and subma-
rine dunes in Ref. [1] suffers from mixing transverse and
longitudinal dune dimensions. From what was said above,
a genuine test of similarity should address the longitu-
dinal geometry directly, thereby avoiding influences [2]
from uncontrolled parameters affecting the transverse
direction. Recombining the data from Ref. [1], we can
infer the (affine) aeolian and submarine height-length
(H-L) relations that suggest a considerably larger scale
factor than estimated in [1]. Our best estimate for the
latter is, however, obtained from analyzing data [1,4] for
the dune migration speed V as follows.

(ii) The (trivial) fact that for a barchan dune, which
loses practically no sand over its crest, V is proportional
to the flux qc over the crest divided by its height, is the
origin of the popular relation V / H!1 adopted in Ref. [1].
Note, however, that the latter would hold only for size-
independent qc, i.e., in the case of scale-invariant dune
shape, inconsistent with the observation of broken scale
invariance crucially underlying the similarity hypothesis
by Hersen et al. Yet, one can show on quite general
grounds [3] that (essentially) V / L!1, L being the total
length of either smooth heaps or barchan dunes. Figure 1
demonstrates that this (but not V / H!1) is compatible
with both aeolian and submarine data. To superimpose the
data, lengths had to be rescaled by 6:2" 103 (in line with
our recombined H-L relations) instead of the 1:7" 103

suggested in [1], and times by 2:3" 106. Assuming !‘‘airs #
0:8 m [3] for the flux-weighted average of ‘s [5] this

implies !‘‘waters # 0:13 mm equal to the grain diameter, as
naturally expected for direct fluid entrainment. In con-
clusion, we agree with Ref. [1] that there is an intriguing
similarity between submarine and aeolian dunes, but on
somewhat different grounds. Further quantitative confir-
mation of this similarity by data for small submarine
dunes, backing the highest submarine data point in
Fig. 1, would be desirable.

Klaus Kroy1 and Xiang Guo2
1Hahn-Meitner Insititut
Glienicker Strasse 100, 14109 Berlin, Germany

2Department of Building and Construction
City University of Hong Kong
Hong Kong

Received 25 March 2003; published 15 July 2004
DOI: 10.1103/PhysRevLett.93.039401
PACS numbers: 45.70.Qj, 47.54.+r, 45.70.Cc

[1] P. Hersen, S. Douady, and B. Andreotti, Phys. Rev. Lett.
89, 264301 (2002).

[2] G. Sauermann, P. Rognon, A. Poliakov, and H. J. Herr-
mann, Geomorphology 36, 47 (2000).

[3] G. Sauermann, K. Kroy, and H. J. Herrmann, Phys.
Rev. E 64, 031305 (2001); K. Kroy, G. Sauermann, and
H. J. Herrmann, Phys. Rev. Lett. 88, 054301 (2002); Phys.
Rev. E 66, 031302 (2002).

[4] H. J. Finkel, J. Geol. 67, 614 (1959).
[5] While the average saltation length, the scale ldrag intro-

duced in Ref. [1], and !‘‘s are all proportional to each other
on dimensional grounds, their absolute values are gen-
erally strongly diverse due to distinctly different depen-
dencies on the wind speed [3], which prohibits their
identification even for order-of-magnitude estimates.

0.2 0.5 1 2 5
H [mm]height

height
1.5

2

3

5

7

10

15
20

V
[m

m
/m

in
]

sp
ee

d

rescaled aeolian

submarine

H-1

L-1

FIG. 1. Submarine (black [1]) and aeolian (gray [4]; rescaled)
migration speed data compared to H!1 (dotted [1]) failing for
small dunes, and L!1 (solid [3]) compatible with the data.

P H Y S I C A L R E V I E W L E T T E R S week ending
16 JULY 2004VOLUME 93, NUMBER 3

039401-1 0031-9007=04=93(3)=039401(1)$22.50 ! 2004 The American Physical Society 039401-1

20



Broken Scale Invariance of Dunes
L	  ≄	  H

since	  grain	  size	  breaks	  
scale	  invariance

FIGURE 2. Panel a) shows a side view snapshot of a fully
developed barchan dune with mass m = 13 g. The glass beads
appear white in front of a dark background. In panel b) the
border of the dune is drawn as a black line. Five characteristic
points of a barchan are shown as dots, and the length L and the
height H are plotted as double arrows.

27000.
After the flume is filled with distilled water, glass

beads are poured into the channel with a funnel at a fixed
position upstream. The glass beads have a density of ! =

2.5 g/cm3 and spherical shape. For the following exper-
iments different grain size mixtures are used with diam-
eters d ranging between 400-425µm, 450-500µm, 560-
600 µm, 710-750µm, and 800-850µm. The selected
range allows the comparison between the different grain
sizes at a fixed Reynolds number. At larger grain sizes
vflow has to be increased to trigger grain motion, and
vice versa. The diameters are separated by multiple siev-
ing. For the corresponding mean diameters  d we obtain
412 µm, 475 µm, 580 µm, 725 µm, and 825 µm, respec-
tively. The different sizes of the barchan dunes are se-
lected by weighing different amounts of glass beads. The
selected masses m amount to 2.17 g, 3.25 g, 6.5 g, 9.75 g,
13 g, 16.25 g, and 19.5 g, with an error of ±0.005 g.

A charge-coupled device (CCD) camera (Lumenera
Lw11059) with a horizontal resolution of 4008! 2672
pixels and a maximum frame rate of 5 fps is used for
the measurements. The camera is placed in front of the
straight part of the channel and records side views of
the glass bead heaps and the developing barchan dunes,
respectively. The lighting is done with a luminescent
tube above the gap of the section of measurements to
illuminate the upper surface.

From pictures like Fig. 2a) the height profile of the
barchan is extracted by finding the lowest gradient from
dark to bright. In Fig. 2b) the border of the dune is drawn
as a black line. We also indicate five dots which repre-
sent the characteristic positions of a barchan: windward-
bottom, crest, brink, lee-bottom and the center of mass
(c.o.m.). The centroid of the two-dimensional border
line indicates the center of mass of the barchan and
serves to determine the mean dune velocity  v. The other
four points are determined by using the first and second
derivative of the smoothed height profile, obtained by uti-
lizing a Gaussian filter. The crest is located at the highest
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FIGURE 3. Final aspect ratio H"/L" for different barchan
sizes and different mean grain diameters  d. The crosses denote
the averaged final aspect ratio for each barchan mass m. The
solid line is a guide to the eye.

point of the dune. The brink lies at the maximum of the
second derivative. The windward- and lee-bottom lie at
the minima of the second derivative.

The experiments always start with an elevated triangu-
lar heap. During the time of measurements the heap be-
comes lower and longer until its shape reaches its steady-
state form. It has been shown that the migration veloc-
ity of the dune takes a constant value instantaneously.
Mass conservation is maintained all the time [10]. More-
over, the relaxation time towards the attractor increases
with mass and decreases with the flow velocity of the
driving water flow. The final barchan dune attractor does
not have the same shape for different flow velocities and
different barchan dune sizes, that means that there is no
scale invariance [3].

The final barchan dune attractor is reached when the
ratioH/L becomes constant. The heightH and the length
L are defined as shown in Fig. 2b). To get a quantitative
statement about the steady state, we fit the empirical
function

H
L

=
H"
L"

+ae"
t
# (1)

to the temporal evolution of H/L [10]. The attractor is
represented by the offset H"/L" of Eq. (1). The aspect
ratio a describes the deviation of the initial aspect ratio
from its steady state valueH"/L". The parameter # is the
relaxation time for a triangular heap to achieve the stable
shape of a steady-state barchan dune.

The dependence of the final aspect ratio H"/L" on
the mean grain diameter  d as a function of the size of
the barchan dunes is shown in Fig. 3. The aspect ratio
H"/L" depends on the dune size. To get a better measure
we averaged the final aspect ratios for each barchan size.
The resulting mean aspect ratios are plotted as crosses
in Fig. 3. For each grain mixture the deviation of H"/L"
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Broken Scale Invariance of Dunes
L	  ≄	  H

since	  grain	  size	  breaks	  
scale	  invariance

FIGURE 2. Panel a) shows a side view snapshot of a fully
developed barchan dune with mass m = 13 g. The glass beads
appear white in front of a dark background. In panel b) the
border of the dune is drawn as a black line. Five characteristic
points of a barchan are shown as dots, and the length L and the
height H are plotted as double arrows.

27000.
After the flume is filled with distilled water, glass

beads are poured into the channel with a funnel at a fixed
position upstream. The glass beads have a density of ! =

2.5 g/cm3 and spherical shape. For the following exper-
iments different grain size mixtures are used with diam-
eters d ranging between 400-425µm, 450-500µm, 560-
600 µm, 710-750µm, and 800-850µm. The selected
range allows the comparison between the different grain
sizes at a fixed Reynolds number. At larger grain sizes
vflow has to be increased to trigger grain motion, and
vice versa. The diameters are separated by multiple siev-
ing. For the corresponding mean diameters  d we obtain
412 µm, 475 µm, 580 µm, 725 µm, and 825 µm, respec-
tively. The different sizes of the barchan dunes are se-
lected by weighing different amounts of glass beads. The
selected masses m amount to 2.17 g, 3.25 g, 6.5 g, 9.75 g,
13 g, 16.25 g, and 19.5 g, with an error of ±0.005 g.

A charge-coupled device (CCD) camera (Lumenera
Lw11059) with a horizontal resolution of 4008! 2672
pixels and a maximum frame rate of 5 fps is used for
the measurements. The camera is placed in front of the
straight part of the channel and records side views of
the glass bead heaps and the developing barchan dunes,
respectively. The lighting is done with a luminescent
tube above the gap of the section of measurements to
illuminate the upper surface.

From pictures like Fig. 2a) the height profile of the
barchan is extracted by finding the lowest gradient from
dark to bright. In Fig. 2b) the border of the dune is drawn
as a black line. We also indicate five dots which repre-
sent the characteristic positions of a barchan: windward-
bottom, crest, brink, lee-bottom and the center of mass
(c.o.m.). The centroid of the two-dimensional border
line indicates the center of mass of the barchan and
serves to determine the mean dune velocity  v. The other
four points are determined by using the first and second
derivative of the smoothed height profile, obtained by uti-
lizing a Gaussian filter. The crest is located at the highest
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FIGURE 3. Final aspect ratio H"/L" for different barchan
sizes and different mean grain diameters  d. The crosses denote
the averaged final aspect ratio for each barchan mass m. The
solid line is a guide to the eye.

point of the dune. The brink lies at the maximum of the
second derivative. The windward- and lee-bottom lie at
the minima of the second derivative.

The experiments always start with an elevated triangu-
lar heap. During the time of measurements the heap be-
comes lower and longer until its shape reaches its steady-
state form. It has been shown that the migration veloc-
ity of the dune takes a constant value instantaneously.
Mass conservation is maintained all the time [10]. More-
over, the relaxation time towards the attractor increases
with mass and decreases with the flow velocity of the
driving water flow. The final barchan dune attractor does
not have the same shape for different flow velocities and
different barchan dune sizes, that means that there is no
scale invariance [3].

The final barchan dune attractor is reached when the
ratioH/L becomes constant. The heightH and the length
L are defined as shown in Fig. 2b). To get a quantitative
statement about the steady state, we fit the empirical
function

H
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to the temporal evolution of H/L [10]. The attractor is
represented by the offset H"/L" of Eq. (1). The aspect
ratio a describes the deviation of the initial aspect ratio
from its steady state valueH"/L". The parameter # is the
relaxation time for a triangular heap to achieve the stable
shape of a steady-state barchan dune.

The dependence of the final aspect ratio H"/L" on
the mean grain diameter  d as a function of the size of
the barchan dunes is shown in Fig. 3. The aspect ratio
H"/L" depends on the dune size. To get a better measure
we averaged the final aspect ratios for each barchan size.
The resulting mean aspect ratios are plotted as crosses
in Fig. 3. For each grain mixture the deviation of H"/L"
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is uniquely determined by its fixed uniform slope and mass
conservation. However, with regard to a future generalization
of the present 2D model to three dimensions we chose a
more realistic implementation based on a widely used ava-
lanche model !36". The formulation of this model bears some
close similarities with the sand transport model presented in
the preceding paragraph, and thus suggests itself as a natural
extension of the latter to the slip face. This completes the
definition of the minimal model that will be solved numeri-
cally in the following section.

V. SOLUTION OF THE MODEL

Apart from the model definition, the preceding sections
have provided some qualitative insights into the main
mechanisms responsible for dune formation and migration.
Now we are prepared to study numerically the quantitative
predictions of the model. Again, we emphasize that we only
can explore some major features of the model in the present
report, leaving many interesting questions and more system-
atic and quantitative parameter studies for future work.
For convenience, the solution procedure of the minimal

model is summarized as a flowchart in Fig. 12. One starts
with an initial profile h(x ,t!0) #typically f G or f C

2 ), checks
whether a separation bubble has to be added for the calcula-
tion of the shear stress, then obtains the latter from Eq. #16a$
and uses the result as input for the iterative solution of the
sand transport equation Eq. #30$. This finally gives the
erosion/deposition needed to update the surface profile.
Technically, Eq. #16a$ is implemented as a fast-fourier-
transform algorithm, and for the integration of Eqs. #30$ and
#1$ an upwind discretization scheme is used. Simulation
times can be reduced by using an adaptive time step.

A. Steady-state shapes

The scheme of Fig. 12 can be iterated for different influx
boundary conditions. For all of the numerical calculations
presented below, we chose periodic boundary conditions.
They are the natural choice for studies of the steady-state
shapes. To investigate the mass balance under prescribed in-
flux conditions, on the other hand, one has to apply open
boundary conditions.
Figure 13 shows steady-state solutions of the model for

initial profiles f G of different mass. These solutions are ob-
tained for fixed wind conditions with parameters A!3.2 and
B!0.25, appropriate for the central slice of a 3D #symmet-
ric$ heap or of a barchan dune. The shear velocity u*
!0.4 m/s lies well above the impact threshold. #The situa-
tion very close to or below the threshold would need special
attention.$ As anticipated above, large dunes become asymp-

totically scale invariant. The asymptotic master curve for the
windward profile is practically indistinguishable from the
profile f C

n (n"2), and the slope at the brink is indeed posi-
tive. Its average windward slope is inversely proportional to
the value of the parameter A given in Eq. #13$. Due to the
additional terms in the expression Eq. #18$ for the shear
stress on dunes with a finite width, somewhat steeper aver-
age windward slopes are predicted for barchan dunes than
for transverse dunes under identical influx and wind condi-
tions. A detailed quantitative comparison is probably beyond
the scope of the present semi-quantitative implementation.
More important are the remarkable qualitative predictions of
the model. In particular, the fact that dunes with a slip face
are only stable above a certain #wind dependent$ critical size,
whereas smooth steady-state heaps only exist below a critical
size, deserves attention. We also note that the steady state is
not always unique. There is a hysteretic regime where the
initial conditions can select one of two possible steady-state
shapes and accordingly the masses for the two sets of profiles
in Fig. 13 are not all distinct. The largest heaps in the upper
plot were obtained from flat initial profiles f G , whereas the
smallest dunes with a slip face in the lower plot were ob-
tained from steeper initial profiles f G of the same mass. Es-
pecially, the dune with a negative slope at the brink could
only be obtained from steep initial conditions. Since under
natural wind and sand conditions, the initial conditions them-
selves will generally be heaps or dunes close to the steady
state, one can say that the model predicts a critical heap size
for slip face formation and a critical dune size for slip face
destruction. In both cases the slip face is finite as a conse-

FIG. 12. Solution of the mini-
mal model.

FIG. 13. Steady-state heaps #upper plot$ and dunes #lower plot$.
The aspect ratio is stretched for better visualization.
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Broken Scale Invariance of Dunes

FIGURE 2. Panel a) shows a side view snapshot of a fully
developed barchan dune with mass m = 13 g. The glass beads
appear white in front of a dark background. In panel b) the
border of the dune is drawn as a black line. Five characteristic
points of a barchan are shown as dots, and the length L and the
height H are plotted as double arrows.

27000.
After the flume is filled with distilled water, glass

beads are poured into the channel with a funnel at a fixed
position upstream. The glass beads have a density of ! =

2.5 g/cm3 and spherical shape. For the following exper-
iments different grain size mixtures are used with diam-
eters d ranging between 400-425µm, 450-500µm, 560-
600 µm, 710-750µm, and 800-850µm. The selected
range allows the comparison between the different grain
sizes at a fixed Reynolds number. At larger grain sizes
vflow has to be increased to trigger grain motion, and
vice versa. The diameters are separated by multiple siev-
ing. For the corresponding mean diameters  d we obtain
412 µm, 475 µm, 580 µm, 725 µm, and 825 µm, respec-
tively. The different sizes of the barchan dunes are se-
lected by weighing different amounts of glass beads. The
selected masses m amount to 2.17 g, 3.25 g, 6.5 g, 9.75 g,
13 g, 16.25 g, and 19.5 g, with an error of ±0.005 g.

A charge-coupled device (CCD) camera (Lumenera
Lw11059) with a horizontal resolution of 4008! 2672
pixels and a maximum frame rate of 5 fps is used for
the measurements. The camera is placed in front of the
straight part of the channel and records side views of
the glass bead heaps and the developing barchan dunes,
respectively. The lighting is done with a luminescent
tube above the gap of the section of measurements to
illuminate the upper surface.

From pictures like Fig. 2a) the height profile of the
barchan is extracted by finding the lowest gradient from
dark to bright. In Fig. 2b) the border of the dune is drawn
as a black line. We also indicate five dots which repre-
sent the characteristic positions of a barchan: windward-
bottom, crest, brink, lee-bottom and the center of mass
(c.o.m.). The centroid of the two-dimensional border
line indicates the center of mass of the barchan and
serves to determine the mean dune velocity  v. The other
four points are determined by using the first and second
derivative of the smoothed height profile, obtained by uti-
lizing a Gaussian filter. The crest is located at the highest
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FIGURE 3. Final aspect ratio H"/L" for different barchan
sizes and different mean grain diameters  d. The crosses denote
the averaged final aspect ratio for each barchan mass m. The
solid line is a guide to the eye.

point of the dune. The brink lies at the maximum of the
second derivative. The windward- and lee-bottom lie at
the minima of the second derivative.

The experiments always start with an elevated triangu-
lar heap. During the time of measurements the heap be-
comes lower and longer until its shape reaches its steady-
state form. It has been shown that the migration veloc-
ity of the dune takes a constant value instantaneously.
Mass conservation is maintained all the time [10]. More-
over, the relaxation time towards the attractor increases
with mass and decreases with the flow velocity of the
driving water flow. The final barchan dune attractor does
not have the same shape for different flow velocities and
different barchan dune sizes, that means that there is no
scale invariance [3].

The final barchan dune attractor is reached when the
ratioH/L becomes constant. The heightH and the length
L are defined as shown in Fig. 2b). To get a quantitative
statement about the steady state, we fit the empirical
function

H
L

=
H"
L"

+ae"
t
# (1)

to the temporal evolution of H/L [10]. The attractor is
represented by the offset H"/L" of Eq. (1). The aspect
ratio a describes the deviation of the initial aspect ratio
from its steady state valueH"/L". The parameter # is the
relaxation time for a triangular heap to achieve the stable
shape of a steady-state barchan dune.

The dependence of the final aspect ratio H"/L" on
the mean grain diameter  d as a function of the size of
the barchan dunes is shown in Fig. 3. The aspect ratio
H"/L" depends on the dune size. To get a better measure
we averaged the final aspect ratios for each barchan size.
The resulting mean aspect ratios are plotted as crosses
in Fig. 3. For each grain mixture the deviation of H"/L"
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FIGURE 2. Panel a) shows a side view snapshot of a fully
developed barchan dune with mass m = 13 g. The glass beads
appear white in front of a dark background. In panel b) the
border of the dune is drawn as a black line. Five characteristic
points of a barchan are shown as dots, and the length L and the
height H are plotted as double arrows.

27000.
After the flume is filled with distilled water, glass

beads are poured into the channel with a funnel at a fixed
position upstream. The glass beads have a density of ! =

2.5 g/cm3 and spherical shape. For the following exper-
iments different grain size mixtures are used with diam-
eters d ranging between 400-425µm, 450-500µm, 560-
600 µm, 710-750µm, and 800-850µm. The selected
range allows the comparison between the different grain
sizes at a fixed Reynolds number. At larger grain sizes
vflow has to be increased to trigger grain motion, and
vice versa. The diameters are separated by multiple siev-
ing. For the corresponding mean diameters  d we obtain
412 µm, 475 µm, 580 µm, 725 µm, and 825 µm, respec-
tively. The different sizes of the barchan dunes are se-
lected by weighing different amounts of glass beads. The
selected masses m amount to 2.17 g, 3.25 g, 6.5 g, 9.75 g,
13 g, 16.25 g, and 19.5 g, with an error of ±0.005 g.

A charge-coupled device (CCD) camera (Lumenera
Lw11059) with a horizontal resolution of 4008! 2672
pixels and a maximum frame rate of 5 fps is used for
the measurements. The camera is placed in front of the
straight part of the channel and records side views of
the glass bead heaps and the developing barchan dunes,
respectively. The lighting is done with a luminescent
tube above the gap of the section of measurements to
illuminate the upper surface.

From pictures like Fig. 2a) the height profile of the
barchan is extracted by finding the lowest gradient from
dark to bright. In Fig. 2b) the border of the dune is drawn
as a black line. We also indicate five dots which repre-
sent the characteristic positions of a barchan: windward-
bottom, crest, brink, lee-bottom and the center of mass
(c.o.m.). The centroid of the two-dimensional border
line indicates the center of mass of the barchan and
serves to determine the mean dune velocity  v. The other
four points are determined by using the first and second
derivative of the smoothed height profile, obtained by uti-
lizing a Gaussian filter. The crest is located at the highest
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FIGURE 3. Final aspect ratio H"/L" for different barchan
sizes and different mean grain diameters  d. The crosses denote
the averaged final aspect ratio for each barchan mass m. The
solid line is a guide to the eye.

point of the dune. The brink lies at the maximum of the
second derivative. The windward- and lee-bottom lie at
the minima of the second derivative.

The experiments always start with an elevated triangu-
lar heap. During the time of measurements the heap be-
comes lower and longer until its shape reaches its steady-
state form. It has been shown that the migration veloc-
ity of the dune takes a constant value instantaneously.
Mass conservation is maintained all the time [10]. More-
over, the relaxation time towards the attractor increases
with mass and decreases with the flow velocity of the
driving water flow. The final barchan dune attractor does
not have the same shape for different flow velocities and
different barchan dune sizes, that means that there is no
scale invariance [3].

The final barchan dune attractor is reached when the
ratioH/L becomes constant. The heightH and the length
L are defined as shown in Fig. 2b). To get a quantitative
statement about the steady state, we fit the empirical
function
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to the temporal evolution of H/L [10]. The attractor is
represented by the offset H"/L" of Eq. (1). The aspect
ratio a describes the deviation of the initial aspect ratio
from its steady state valueH"/L". The parameter # is the
relaxation time for a triangular heap to achieve the stable
shape of a steady-state barchan dune.

The dependence of the final aspect ratio H"/L" on
the mean grain diameter  d as a function of the size of
the barchan dunes is shown in Fig. 3. The aspect ratio
H"/L" depends on the dune size. To get a better measure
we averaged the final aspect ratios for each barchan size.
The resulting mean aspect ratios are plotted as crosses
in Fig. 3. For each grain mixture the deviation of H"/L"
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is uniquely determined by its fixed uniform slope and mass
conservation. However, with regard to a future generalization
of the present 2D model to three dimensions we chose a
more realistic implementation based on a widely used ava-
lanche model !36". The formulation of this model bears some
close similarities with the sand transport model presented in
the preceding paragraph, and thus suggests itself as a natural
extension of the latter to the slip face. This completes the
definition of the minimal model that will be solved numeri-
cally in the following section.

V. SOLUTION OF THE MODEL

Apart from the model definition, the preceding sections
have provided some qualitative insights into the main
mechanisms responsible for dune formation and migration.
Now we are prepared to study numerically the quantitative
predictions of the model. Again, we emphasize that we only
can explore some major features of the model in the present
report, leaving many interesting questions and more system-
atic and quantitative parameter studies for future work.
For convenience, the solution procedure of the minimal

model is summarized as a flowchart in Fig. 12. One starts
with an initial profile h(x ,t!0) #typically f G or f C

2 ), checks
whether a separation bubble has to be added for the calcula-
tion of the shear stress, then obtains the latter from Eq. #16a$
and uses the result as input for the iterative solution of the
sand transport equation Eq. #30$. This finally gives the
erosion/deposition needed to update the surface profile.
Technically, Eq. #16a$ is implemented as a fast-fourier-
transform algorithm, and for the integration of Eqs. #30$ and
#1$ an upwind discretization scheme is used. Simulation
times can be reduced by using an adaptive time step.

A. Steady-state shapes

The scheme of Fig. 12 can be iterated for different influx
boundary conditions. For all of the numerical calculations
presented below, we chose periodic boundary conditions.
They are the natural choice for studies of the steady-state
shapes. To investigate the mass balance under prescribed in-
flux conditions, on the other hand, one has to apply open
boundary conditions.
Figure 13 shows steady-state solutions of the model for

initial profiles f G of different mass. These solutions are ob-
tained for fixed wind conditions with parameters A!3.2 and
B!0.25, appropriate for the central slice of a 3D #symmet-
ric$ heap or of a barchan dune. The shear velocity u*
!0.4 m/s lies well above the impact threshold. #The situa-
tion very close to or below the threshold would need special
attention.$ As anticipated above, large dunes become asymp-

totically scale invariant. The asymptotic master curve for the
windward profile is practically indistinguishable from the
profile f C

n (n"2), and the slope at the brink is indeed posi-
tive. Its average windward slope is inversely proportional to
the value of the parameter A given in Eq. #13$. Due to the
additional terms in the expression Eq. #18$ for the shear
stress on dunes with a finite width, somewhat steeper aver-
age windward slopes are predicted for barchan dunes than
for transverse dunes under identical influx and wind condi-
tions. A detailed quantitative comparison is probably beyond
the scope of the present semi-quantitative implementation.
More important are the remarkable qualitative predictions of
the model. In particular, the fact that dunes with a slip face
are only stable above a certain #wind dependent$ critical size,
whereas smooth steady-state heaps only exist below a critical
size, deserves attention. We also note that the steady state is
not always unique. There is a hysteretic regime where the
initial conditions can select one of two possible steady-state
shapes and accordingly the masses for the two sets of profiles
in Fig. 13 are not all distinct. The largest heaps in the upper
plot were obtained from flat initial profiles f G , whereas the
smallest dunes with a slip face in the lower plot were ob-
tained from steeper initial profiles f G of the same mass. Es-
pecially, the dune with a negative slope at the brink could
only be obtained from steep initial conditions. Since under
natural wind and sand conditions, the initial conditions them-
selves will generally be heaps or dunes close to the steady
state, one can say that the model predicts a critical heap size
for slip face formation and a critical dune size for slip face
destruction. In both cases the slip face is finite as a conse-

FIG. 12. Solution of the mini-
mal model.

FIG. 13. Steady-state heaps #upper plot$ and dunes #lower plot$.
The aspect ratio is stretched for better visualization.

MINIMAL MODEL FOR AEOLIAN SAND DUNES PHYSICAL REVIEW E 66, 031302 #2002$

031302-13

21



Culprit: Saturation Gradients

�s(τ)q
� = q[1− q/qs(τ)]

22



Culprit: Saturation Gradients
sand flux

�s(τ)q
� = q[1− q/qs(τ)]

22



Culprit: Saturation Gradients
sand flux

�s(τ)q
� = q[1− q/qs(τ)]

saturation length

22



Culprit: Saturation Gradients

Why dune shape 
is size-dependent

sand flux

�s(τ)q
� = q[1− q/qs(τ)]

saturation length

22



Culprit: Saturation Gradients

Why dune shape 
is size-dependent

sand flux

�s(τ)q
� = q[1− q/qs(τ)]

saturation length
h(x) 

22



Magnified Noise

!"#$%&'()*")#+,%%-)(,#'.#)/-#%'0-12#)/-#
&*()$31-4/'1-#+,%%-)(,

! "#$%&'()*+),-.'&/0#% !

! "#$%&'()*+)1*0#%)23-/-$/&#%4)56!
! 7&/.*%/*,&/).80#%)-.#)&$3-.&-$')'*),-.'&/0#61*0#)#9/1-$:#

! ;<!(56!) &%)%(==#'.&/)>&'1).#%,#/')'*)! <"> 56!

23



Some Plans for Our Stay @ KITP 

24



Some Plans for Our Stay @ KITP 

24



Thank you for your attention

25


