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Abstract
We present a new technique for measuring gravitational lensing
flexions (second-order weak lensing effects): the Analytic Image
Model (AIM) method. By parametrizing both the unlensed sur-
face brightness profile and the lensing transformation with analytic
functions, we optimize our model image to constrain the flexions
acting on each lensed galaxy image. We fix the shear parameters to
ensure convergence, taking advantage of the shear/ellipticity de-
generacy. Simulations verify that the AIM method accurately re-
covers flexions, and we apply the AIM method to HST images of
Abell 1689 and detect small-scale mass substructure in the cluster.

Second-Order Weak Lensing
The second-order lens equation includes the
additional lensing fields F = ∇κ and G = ∇γ,
called 1-flexion and 3-flexion, respectively, for
their rotation symmetries. As usual, the ob-
servable lensing fields are those which are in-
variant to the mass-sheet degeneracy. These are
the reduced shear and flexions:
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These three complex fields describe the
quadratic lensing transformation from the
image plane (θ) to a fiducial source plane (β):
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Flexions are significant to the transformation in
regions where κ, |γ| 6� 1.

Analytic Image Model
In contrast to the HOLICs and shapelets meth-
ods, we fit each observed background galaxy
with an elliptical Gaussian surface brightness
profile, lensed to second order, and minimize
the figure of merit:
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to find the best-fit parameter vector P . The
model includes 6 intrinsic shape parameters,
6 lensing parameters, background, and convo-
lution with a circular, Gaussian PSF. The min-
imization is performed in IDL using MPFIT,
a robust implementation of the Levenberg-
Marquardt non-linear minimization algorithm.

The AIM method returns flexions, error esti-
mates, and full correlation matrices. These
are important tools for evaluating the quality
of flexion estimates and appropriately weight-
ing mass reconstructions. Individual error es-
timates for all flexion parameters of each ana-
lyzed image is a new feature for flexion mea-
surement methods. Tests using fits to a wide
variety of simulated data images validate the
AIM method.

Ellipticity/Shear Degeneracy
Ellipticity and shear are degenerate:

εobs =
ε+ g

1 + εg∗
for |g| < 1;

1 + ε∗g

ε∗ + g∗
for |g| > 1

For each image, we fix the shear parameters
to an observationally-motivated model values
and measure the flexion fields. The flexions are
not directly coupled to the shear or the ellip-
ticity (Ψ1 is spin-1 and Ψ3 is spin-3, while ε
and g are both spin-2), so errors in the shear
model are absorbed into the (unobservable) in-
trinsic ellipticity. The shear model can then be
updated if necessary using unlensed ellipticity
correlations and/or integrated flexions.
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Application of AIM to A1689

Contours of Kap SNR in A1689 overlaid on
an optical HST image. Contours start at
Kap/σKap = 5 and increase in steps of 2.
Each image uses a different polynomial flex-
ion kernel:

Q(r) = An r
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)n+1

Above left: n = 3; above right: n = 5; left:
n = 7; R = 60′′. Higher filter indices include
more noise as fewer galaxies are included
by the kernel. Structures are detected with
multiple filters, but small structures are more
smoothed out at lower indices, as would be
expected. Missing data when the kernel ex-
tends past the field edge produces spurious
signals near the borders.

1-Flexion⇒ Structure

1-Flexion is sensitive to convergence gradients:

Ψ1(θ) = −∇ ln |1− κ(θ)|.
To measure mass structure, we define

K(θ) = − ln |1− κ(θ)|
and an integrated “mass” statistic Kap:

Kap(θ) =

∫
|r|<R

K(θ + r) W (|r|) d2r.

W is an aperture window function with a corre-
sponding flexion kernel Q. Kap is related to the
radial flexion components:

Kap(θ) =

∫
|r|<R

Ψ1(θ + r) · r̂ Q(|r|) d2r.

We calculate Kap from our flexion measure-
ments in A1689, and create maps of Kap/σKap

by randomly varying the flexion measurements
by the AIM-determined error estimates and re-
calculating Kap. This technique is a modifica-
tion of the Leonard et al. (2011) reconstruction
method. More quantitative measurements of
the substructure require additional investigation
into the systematic effects of the measurement.
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