
A possible topological spin glass state of a frustrated magnet 

Outline:

1. Introduction
- Gas, liquid, solid (crystal and glass)
- Magnetism
- Frustration 
- Triangular, Kagome (2D), Pyrochlore (3D)

2. Spin liquid states and their local zero energy excitations
3. Spin glass state in a quasi-2D hybrid lattice

- Tri-color and binary sign degrees of freedom
- Collinear, coplanar, noncoplanar spin structures
- Partial spin zero energy excitations
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some of the themes of the KITP program on frustration 

- identification/classification of exotic phases in frustrated magnets

- what are the defining ground state properties?

conclusion of this talk

- a topological spin glass (TSG) state can be the ground state for a quasi-2D frustrated magnet 
without any disorder

- the microscopic origin of the TSG is a unique coexistence of an ordered and a disordered 
degree of freedom hidden in the magnetic lattice

- at the mean-field level, the TSG ground state is infinitely degenerate and has partial (not local) 
spin zero energy excitations

i will give you an experimentalist’s perspective to these questions.. 



Once the sign state is determined for the lattice, the actual
spin state can be easily constructed by imposing the color
state on the sign state, as shown in Figs. 3(a) and 3(b).

Let us now turn to the coplanar bipyramid spin states. A
coplanar state can be generated from a collinear state
by rotating the 7 spins in several collective ways [see
Fig. 2(b)]. For the entire lattice, because of the color and
ferro-sign bond constraints, three angles with the same
magnitude !!;"!;"!# are sufficient to generate a long-
range ordered coplanar state. An arbitrary value of !
corresponds to a coplanar state, which leads to macroscopi-
cally degenerate coplanar states. The collinear spin state
and its resulting coplanar states are continuously connected
with each other in the spin-energy phase space, and the
excitations among them realize the zero-energy excitations
involving all spins—‘‘global’’ spin zero-energy excita-
tions. Different types of zero-energy excitations are also
possible for the long-range ordered collinear and coplanar
bipyramid spin states. As illustrated in Figs. 1(d) and 1(e),
only one pair of the antiparallel spins of a coplanar or
collinear tetrahedron can rotate without moving the other
pair. This kind of excitation leads to ‘‘partial but extended’’
spin zero-energy excitations. An example is the excitations
of an uneven spaghetti shape that propagates along only
one direction in the ab plane, as illustrated by the open
arrows and the dashed line in Fig. 3(b).

If a real material realizes the model of H with J0 $ J,
upon cooling the spins would freeze into numerous finite-
size domains with every collinear and coplanar bipyramid

spin state. We generated all possible long-range coplanar
states by the angle !, with a step of 5% for the ‘‘global’’ spin
zero-energy motion starting from the aforementioned three
long-range collinear states, and calculated the square of the
magnetic structure factor jFM!Q#j2 for each state. For
long-range order, I!Q# / P

QM
jFM!Q#j2"2!Q&QM#,

with two-dimensional reciprocal lattice vectors QM $
!n=3; m=3; 0#, where n and m are integers. For short-range
order, however, the two-dimensional delta function
"2!Q&QM# is replaced by the two-dimensional
Lorentzian 1='#2 ( !Qab &QM#2), where Qab is the ab
component of Q, and # is the inverse of the in-plane
correlation length, $, # $ 2%=$. Figures 3(c) and 3(d)
show the calculated Iave!Q# with $* 20 !A. The Iave!Q#
produces strong broad scattering at around !2=3; 2=3; l# and
!1=3; 1=3; l# in the !hhl# plane and !2=3; 2=3; 0# in the
!hk0# plane. It also produces additional peaks at !1; 0; 0#
and !1; 1; 0# in the !hk0# plane and along !1; 1; l# in the
!hhl# plane.
Figures 4(a) and 4(b) show contour maps of magnetic

neutron scattering intensities obtained from single crystals
of SCGO!p $ 0:67#. The experimental data have similar-
ities and differences with the calculated intensities for
J0 $ J: their similarity is the strong broad peaks at
!2=3; 2=3; 0# in the !hk0# plane and along the !1=3; 1=3; l#
and !2=3; 2=3; l# directions, while their difference is the
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FIG. 3 (color online). (a) A sign state for the triangular lattice
of bipyramids that has a long-range
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structure. (b) Filled

arrows represent spins in a collinear bipyramid spin state con-
structed by the color and the 1-6-8 sign state shown in (a). Open
arrows are explained in the text. (c),(d) The calculated neutron
scattering intensities for J0 $ J in the !hk0# and !hhl# planes.
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FIG. 4 (color online). (a),(b) The experimental magnetic
neutron scattering intensities in the !hk0# and !hhl# planes.
(c)–(f) The calculated elastic magnetic scattering intensities
(c),(d) with & $ 30% and (e),(f) with & $ 60%.
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- elastic neutron scattering from single crystals of SCGO taken in 1995-1996

a long personal journey on the story of my talk...

- SCGO: quasi two-dimensional hybrid lattice: 
a (111) slab of pyrochlore or kagome-triangluar-kagome trilayer

SCGO (SrCr9pGa12-9pO19) 
QS-Ferrite (Ba2Sn2Ga3ZnCr7O22)
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FIG. 3. The first partial temperature derivative of the suscep-
tibility, x!H, T"#T , versus temperature for various values of
fixed field for the p ! 0.92 sample. The minimum temperature
of !x#!T is much less than the crossing temperature for the
specific heat isochores, Tcross, at high fields. The inset shows
that susceptibility data at the same fields.

composition, but, at higher fields, Tmin is significantly
less than Tcross. This indicates that the low-field spin-glass
signature is destroyed by large fields, as also shown
by Martinez et al. [18]. Since the peak in C!H, T "#T
is evidence for an SSL, and doesn’t change with field,
we conclude that the SSL coexists with the SG state
at low field, as distinct low-temperature ground states.
A possible mechanism for this unusual coexistence is
suggested by the “orphan spin” picture [15], where a
small density of defect spins is responsible for most of the
low-T , low-H susceptibility, including the spin-glass-like
response, while the background, which yields an AF-like
response, is an SSL. The spins contributing to these
behaviors can exist in distinct spatial regions. However,
since C!H, T " is more sensitive to small wavelength
excitations than x!H, T ", another explanation is that
the physical description demanded by the two different
measurements is actually the momentum-space limits
of the same ground state. Since SG behavior is usually
associated with quenched defects, it is hard to imagine
such a scenario, except if SG is a possible ground state in
the absence of disorder, as proffered by Greedan et al. [4]
for the pyrochlore compound Y2Mo2O7 and discussed
theoretically by Chandra and Coleman [19]. Clearly,
further C!H, T "#T experiments on SrCr9pGa1229pO19 in

the low-defect limit p ! 1 are required to resolve this
question.
We would like to thank the authors, P. Sindzingre and

C. Lhuillier, for sharing their results prior to publication,
and P. Schiffer for valuable discussions.
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FIG. 2. The magnetic specific heat, divided by temperature, C!H, T "#T , for SrCr9pGa1229pO19, p ! 0.92 (left) and p ! 0.98
(right), as a function of temperature, at several different values of fixed magnetic field. The inset shows the crossing temperature,
Tcross, for the p ! 0.92 sample. The inset also shows the inverse susceptibility 1#x !H ! 50 G" for the two samples.

Thus, if the present feature in SrCr9pGa1229pO19 were due
to a simple smearing out of a long-range-order feature, one
would expect it to be completely suppressed by a field of
kBTpeak#gmB $ 5 T. Instead, even at fields twice this
value, 11 T, the peak in C!H, T "#T for p ! 0.92 has been
reduced in magnitude by only 10% and Tpeak has increased
by only 20%. In addition, the peak has moved up slightly
in temperature, instead of down, as would be expected for
an inhomogeneously broadened antiferromagnetic transi-
tion. If the C!H, T "#T peak were due to defect spins, as
suggested to explain the SG ordering [15], then there is a
large discrepancy between the measured entropy, $40%,
and defect densities, $1%, extracted from susceptibility
measurements [15].
A clear physical picture of the low-energy spectrum of

SrCr9pGa1229pO19 has yet to emerge. However, one can
draw important conclusions from the field dependence
of C!H, T "#T . The main conclusion is that the peak in
the generalized g!v" and, indeed, the corresponding spin
states are only weakly affected by a magnetic field. It
seems unlikely, then, that the components of such states
are individual spins, such as Bloch spin waves—because
the neutron experiments indicate no long-range order, the
low-energy scale of these states would need to originate
from shallow local potentials which might occur from
a mean-field-like reduction of the internal field due to
frustration. However, in this case, the spin would then
couple to an external field, producing a clear Schottky
anomaly, which is not observed. A more compelling
picture of the low-energy spectrum is one of excitations
among magnetic singlets. It is appealing to think of

these singlets as triangular clusters with reduced moment,
although the structure of SrCr9pGa1229pO19 makes tetra-
hedral clusters a likely possibility. In either case, the
singlets would form at temperatures close to uw , and,
in the temperature range of interest, become strongly
interacting. Sindzingre et al. discuss field dependence of
C!H, T " for the s ! 1

2 Kagomé system determined by ex-
act diagonalization of finite-size lattices and find a similar
insensitivity to that found for s ! 3

2 SrCr9pGa1229pO19
[16]. The spectra of such systems have been previously
found to be dominated at low energy by a large density
of states in the singlet excitation channel [17], which
supports our experiment-based picture.
The low-field magnetic response in SrCr9pGa1229pO19

is that of a conventional spin glass with a freezing
temperature of Tg ! 3.5 K [5], yet we see that the
high-field C!H, T "#T suggests a different type of state,
one where spin singlets are fluctuating, a type of spin-
singlet liquid (SSL) state. Using high-field susceptibility
x!H, T ", measurements, we can show that the SSL
state coexists with the SG state at low fields. We note
that the C!H, T "#T curves cross at Tcross ! 7 6 0.5 K.
Therefore, all field derivatives of C!H, T "#T vanish at
Tcross. Since !2!C#T "#!H2 ! !2x#!T2, the first partial
temperature derivative of the contribution of x!H, T "
from the same excitations as probed in C!H, T "#T should
have an extremum at Tcross. Figure 3 shows !x#!T at
various values of fixed field for the p ! 0.92 sample (the
p ! 0.98 sample shows the same qualitative behavior).
We see that, at a low field of 0.02 T, the minimum
temperature, Tmin, in !x#!T corresponds to Tg for this
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- SCGO: Non-conventional spin glass behaviors 

- FC-ZFC hysteresis in bulk susceptibility
- specific heat C ~ T2

- For comparison, 
a conventional spin glass would exhibit

- FC-ZFC hysteresis in bulk susceptibility
- specific heat C ~ T

- 2D Goldstone modes exist in SCGO ?
- Microscopic understanding of the non-conventional SG 
behaviors has been a challenge for the last two decades

- history and enigma of SCGO...

A.P. Ramirez, B. Hessen, M. Winklemann (2000)

- discovered by X. Obradors et al.  (1988)
- numerous papers since then



Structural classification of things in Yosemite valley

liquid

solid

gas

Macroscopic properties: compressibility and viscosity

- gas (compressible) vs liquid and solid (uncompressible at moderate pressure)
- gas and liquid (zero or very low viscosity) vs solid (very high viscosity)
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Microscopic understanding...

solid
- particles cannot move/
slide past one another
- rigid, does not flow easily

liquid
- particles can move/slide 
past one another
- flows easily
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is glass a liquid or a solid?

glass

an urban legend
- antique windowpanes are thicker at the bottom, because glass has flowed to the bottom over time.
- glass has no crystalline structure, hence it is NOT a solid.
- glass is a liquid that flows very slowly.

classification of solids

a glass is an amorphous solid

glass (amorphous solid)

crystal (crystalline solid)
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can a similar classification be applied to magnetic materials....

- spin liquid, spin solid, and spin glass?

- if so, what are their defining ground state properties?
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Antiferromagnetic KNiF3

J > 0

CWNT Θ≈

Spin solid: long range order
Ferromagnetic EuO

H = Σij Jij Si Sj

J < 0 - Unique LRO ground state
- Elementary excitations = Linear spin waves

CWNT Θ≈
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Geometrically Frustrated Lattices
Geometrically Frustrated Lattices

Geometrically Frustrated Lattices
Triangular 

Possible spin liquids: Frustrating lattices with Heisenberg spins

Kagome

Pyrochlore

2D

3D

Classical ground states

Coplanar 120o configuration Any configuration
with total zero spin



square: spin solid

- existence of LOCAL zero energy modes, the weathervane mode (kagome and the hexagon mode (pyrochlore)
- macroscopic number of ground states are CONTINUOUSLY connected by the local zero-energy modes
- no ordering

kagome, pyrochlore: spin liquid

Spin configuration

En
er

gy

- a single ground state
- no zero energy modes
- crystallization: long range order

Spin configuration

En
er

gy

S.-H. Lee et al. (2002)



identification of spin liquid and spin glass states
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Static Critical Behavior of the Spin-Freezing Transition in the Geometrically Frustrated
Pyrochlore Antiferromagnet Y2Mo2O7

M. J. P. Gingras,1,* C. V. Stager,2 N. P. Raju,3 B.D. Gaulin,2 and J. E. Greedan3

1TRIUMF, Theory Group, 4004 Wesbrook Mall, Vancouver, British Columbia, V6T-2A3, Canada
2Department of Physics and Astronomy, McMaster University, Hamilton, Ontario, L8S 4M1, Canada

3Department of Chemistry, McMaster University, Hamilton, Ontario, L8S 4M1, Canada
(Received 5 August 1996)

Some frustrated pyrochlore antiferromagnets, such as Y2Mo2O7, show a spin-freezing transition and
magnetic irreversibilities below a temperature Tf similar to what is observed in randomly frustrated
spin-glasses. We present results of nonlinear dc magnetization measurements on Y2Mo2O7 that provide
strong evidence that there is an underlying thermodynamic phase transition at Tf , which is characterized
by critical exponents g � 2.8 and b � 0.8. These values are typical of those found in random
spin-glasses, despite the fact that the level of random disorder in Y2Mo2O7 is immeasurably small.
[S0031-9007(96)02232-6]

PACS numbers: 75.50.Ee, 75.40.Cx, 75.50.Lk

The past five years have seen a resurgence of signifi-
cant interest devoted to the systematic study of geo-
metrically frustrated antiferromagnets [1,2]. Geometric
frustration arises in materials containing antiferromagneti-
cally coupled magnetic moments which reside on geo-
metrical units, such as triangles and tetrahedra, that
inhibit the formation of a collinear magnetically ordered
state. One of the main motivations for the current interest
in these systems stems from suggestions that the increased
propensity of frustrated antiferromagnets for quantum
zero-temperature spin fluctuations compared to collinear
antiferromagnets might be sufficient to destroy Néel order
and drive these systems into novel quantum disordered
ground states [1,2].
Systems of classical Heisenberg spins residing on lat-

tices of corner-sharing triangles or tetrahedra and anti-
ferromagnetically coupled via nearest-neighbor exchange
constitute particularly interesting cases of highly frus-
trated antiferromagnets. Here, theory [3–5] and numeri-
cal work [4,5] show that these systems do not order and
remain in a “collective paramagnetic state” [3] down to
zero temperature. Since, even for classical spins, these
systems have such a small tendency to order, they are
excellent candidates for displaying exotic quantum disor-
dered ground states [2,6]. However, and perhaps most in-
terestingly, experiments show that some nominally perfect
(i.e., disorder-free) [7] pyrochlore antiferromagnetic lat-
tices of corner-sharing tetrahedra exhibit a spin-freezing
transition at some temperature Tf [8], below which they
develop magnetic irreversibilities (see Fig. 1) and long-
time magnetic relaxation similar to what is found in con-
ventional randomly frustrated spin-glasses such as CuMn,
EuSrS, and CdMnTe [9]. Muon spin relaxation measure-
ments also find a large increase of the 1⌅T1 muon depolar-
ization rate at T � 20 K, and which indicates a dramatic
critical slowing down of the Mo41 moments [10].
Two important questions arise: Firstly, what is the mi-

croscopic origin of the glassy behavior in pyrochlore anti-

ferromagnets? Is it due to the yet undetected micro-
scopic disorder inherent to any real material, or is it
intrinsic to the idealized perfect material? Secondly, irre-
spective of the origin of the glassy behavior, one would
like to know if the spin freezing is strictly dynamical
(i.e., where the system’s relaxation time exceeds the time
scale set by the experimental probe), or is it due to an
underlying thermodynamic transition characterized by a
truly divergent (spin-glass) correlation length and time
scale as is believed to occur in conventional disordered
spin glasses [9]? To address these two questions, we
have measured the nonlinear magnetic susceptibility, xnl,
of the pyrochlore antiferromagnet Y2Mo2O7. Briefly, we
have found (i) that the freezing at Tf is well character-
ized as a thermodynamic transition displaying a power-
law divergence of the nonlinear susceptibility coefficient
x3⇥T ⇤ ⇧ ⇥T 2 Tf⇤2g with g � 2.8, and that the net non-
linear susceptibility, xnl, exhibits critical behavior and
temperature-field scaling properties close to Tf which
gives a critical exponent, b � 0.8. The values we obtain
for g and b are typical of those found in conventional
disordered spin-glasses, despite any obvious microscopic

FIG. 1. Field-cooled (FC, squares) and zero field-cooled
(ZFC, triangles) susceptibility for Y2Mo2O7 in a magnetic field
100 Oe.

0031-9007⌅97⌅78(5)⌅947(4)$10.00 © 1997 The American Physical Society 947
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- can a spin glass state be an intrinsic ground state for a frustrating lattice 
without any disorder?

- if so, what is the origin and characteristics of such a spin glass state?

ℋ = ! !! ∙
!!

!! !
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FIG. 3. The first partial temperature derivative of the suscep-
tibility, x!H, T"#T , versus temperature for various values of
fixed field for the p ! 0.92 sample. The minimum temperature
of !x#!T is much less than the crossing temperature for the
specific heat isochores, Tcross, at high fields. The inset shows
that susceptibility data at the same fields.

composition, but, at higher fields, Tmin is significantly
less than Tcross. This indicates that the low-field spin-glass
signature is destroyed by large fields, as also shown
by Martinez et al. [18]. Since the peak in C!H, T "#T
is evidence for an SSL, and doesn’t change with field,
we conclude that the SSL coexists with the SG state
at low field, as distinct low-temperature ground states.
A possible mechanism for this unusual coexistence is
suggested by the “orphan spin” picture [15], where a
small density of defect spins is responsible for most of the
low-T , low-H susceptibility, including the spin-glass-like
response, while the background, which yields an AF-like
response, is an SSL. The spins contributing to these
behaviors can exist in distinct spatial regions. However,
since C!H, T " is more sensitive to small wavelength
excitations than x!H, T ", another explanation is that
the physical description demanded by the two different
measurements is actually the momentum-space limits
of the same ground state. Since SG behavior is usually
associated with quenched defects, it is hard to imagine
such a scenario, except if SG is a possible ground state in
the absence of disorder, as proffered by Greedan et al. [4]
for the pyrochlore compound Y2Mo2O7 and discussed
theoretically by Chandra and Coleman [19]. Clearly,
further C!H, T "#T experiments on SrCr9pGa1229pO19 in

the low-defect limit p ! 1 are required to resolve this
question.
We would like to thank the authors, P. Sindzingre and

C. Lhuillier, for sharing their results prior to publication,
and P. Schiffer for valuable discussions.
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FIG. 2. The magnetic specific heat, divided by temperature, C!H, T "#T , for SrCr9pGa1229pO19, p ! 0.92 (left) and p ! 0.98
(right), as a function of temperature, at several different values of fixed magnetic field. The inset shows the crossing temperature,
Tcross, for the p ! 0.92 sample. The inset also shows the inverse susceptibility 1#x !H ! 50 G" for the two samples.

Thus, if the present feature in SrCr9pGa1229pO19 were due
to a simple smearing out of a long-range-order feature, one
would expect it to be completely suppressed by a field of
kBTpeak#gmB $ 5 T. Instead, even at fields twice this
value, 11 T, the peak in C!H, T "#T for p ! 0.92 has been
reduced in magnitude by only 10% and Tpeak has increased
by only 20%. In addition, the peak has moved up slightly
in temperature, instead of down, as would be expected for
an inhomogeneously broadened antiferromagnetic transi-
tion. If the C!H, T "#T peak were due to defect spins, as
suggested to explain the SG ordering [15], then there is a
large discrepancy between the measured entropy, $40%,
and defect densities, $1%, extracted from susceptibility
measurements [15].
A clear physical picture of the low-energy spectrum of

SrCr9pGa1229pO19 has yet to emerge. However, one can
draw important conclusions from the field dependence
of C!H, T "#T . The main conclusion is that the peak in
the generalized g!v" and, indeed, the corresponding spin
states are only weakly affected by a magnetic field. It
seems unlikely, then, that the components of such states
are individual spins, such as Bloch spin waves—because
the neutron experiments indicate no long-range order, the
low-energy scale of these states would need to originate
from shallow local potentials which might occur from
a mean-field-like reduction of the internal field due to
frustration. However, in this case, the spin would then
couple to an external field, producing a clear Schottky
anomaly, which is not observed. A more compelling
picture of the low-energy spectrum is one of excitations
among magnetic singlets. It is appealing to think of

these singlets as triangular clusters with reduced moment,
although the structure of SrCr9pGa1229pO19 makes tetra-
hedral clusters a likely possibility. In either case, the
singlets would form at temperatures close to uw , and,
in the temperature range of interest, become strongly
interacting. Sindzingre et al. discuss field dependence of
C!H, T " for the s ! 1

2 Kagomé system determined by ex-
act diagonalization of finite-size lattices and find a similar
insensitivity to that found for s ! 3

2 SrCr9pGa1229pO19
[16]. The spectra of such systems have been previously
found to be dominated at low energy by a large density
of states in the singlet excitation channel [17], which
supports our experiment-based picture.
The low-field magnetic response in SrCr9pGa1229pO19

is that of a conventional spin glass with a freezing
temperature of Tg ! 3.5 K [5], yet we see that the
high-field C!H, T "#T suggests a different type of state,
one where spin singlets are fluctuating, a type of spin-
singlet liquid (SSL) state. Using high-field susceptibility
x!H, T ", measurements, we can show that the SSL
state coexists with the SG state at low fields. We note
that the C!H, T "#T curves cross at Tcross ! 7 6 0.5 K.
Therefore, all field derivatives of C!H, T "#T vanish at
Tcross. Since !2!C#T "#!H2 ! !2x#!T2, the first partial
temperature derivative of the contribution of x!H, T "
from the same excitations as probed in C!H, T "#T should
have an extremum at Tcross. Figure 3 shows !x#!T at
various values of fixed field for the p ! 0.92 sample (the
p ! 0.98 sample shows the same qualitative behavior).
We see that, at a low field of 0.02 T, the minimum
temperature, Tmin, in !x#!T corresponds to Tg for this
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- SCGO: Non-conventional spin glass behaviors 

- FC-ZFC hysteresis in bulk susceptibility
- specific heat C ~ T2

- short-range static spin correlations

- enigma of SCGO...

A.P. Ramirez, B. Hessen, M. Winklemann (2000)

Once the sign state is determined for the lattice, the actual
spin state can be easily constructed by imposing the color
state on the sign state, as shown in Figs. 3(a) and 3(b).

Let us now turn to the coplanar bipyramid spin states. A
coplanar state can be generated from a collinear state
by rotating the 7 spins in several collective ways [see
Fig. 2(b)]. For the entire lattice, because of the color and
ferro-sign bond constraints, three angles with the same
magnitude !!;"!;"!# are sufficient to generate a long-
range ordered coplanar state. An arbitrary value of !
corresponds to a coplanar state, which leads to macroscopi-
cally degenerate coplanar states. The collinear spin state
and its resulting coplanar states are continuously connected
with each other in the spin-energy phase space, and the
excitations among them realize the zero-energy excitations
involving all spins—‘‘global’’ spin zero-energy excita-
tions. Different types of zero-energy excitations are also
possible for the long-range ordered collinear and coplanar
bipyramid spin states. As illustrated in Figs. 1(d) and 1(e),
only one pair of the antiparallel spins of a coplanar or
collinear tetrahedron can rotate without moving the other
pair. This kind of excitation leads to ‘‘partial but extended’’
spin zero-energy excitations. An example is the excitations
of an uneven spaghetti shape that propagates along only
one direction in the ab plane, as illustrated by the open
arrows and the dashed line in Fig. 3(b).

If a real material realizes the model of H with J0 $ J,
upon cooling the spins would freeze into numerous finite-
size domains with every collinear and coplanar bipyramid

spin state. We generated all possible long-range coplanar
states by the angle !, with a step of 5% for the ‘‘global’’ spin
zero-energy motion starting from the aforementioned three
long-range collinear states, and calculated the square of the
magnetic structure factor jFM!Q#j2 for each state. For
long-range order, I!Q# / P

QM
jFM!Q#j2"2!Q&QM#,

with two-dimensional reciprocal lattice vectors QM $
!n=3; m=3; 0#, where n and m are integers. For short-range
order, however, the two-dimensional delta function
"2!Q&QM# is replaced by the two-dimensional
Lorentzian 1='#2 ( !Qab &QM#2), where Qab is the ab
component of Q, and # is the inverse of the in-plane
correlation length, $, # $ 2%=$. Figures 3(c) and 3(d)
show the calculated Iave!Q# with $* 20 !A. The Iave!Q#
produces strong broad scattering at around !2=3; 2=3; l# and
!1=3; 1=3; l# in the !hhl# plane and !2=3; 2=3; 0# in the
!hk0# plane. It also produces additional peaks at !1; 0; 0#
and !1; 1; 0# in the !hk0# plane and along !1; 1; l# in the
!hhl# plane.
Figures 4(a) and 4(b) show contour maps of magnetic

neutron scattering intensities obtained from single crystals
of SCGO!p $ 0:67#. The experimental data have similar-
ities and differences with the calculated intensities for
J0 $ J: their similarity is the strong broad peaks at
!2=3; 2=3; 0# in the !hk0# plane and along the !1=3; 1=3; l#
and !2=3; 2=3; l# directions, while their difference is the
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washed away as temperature is lowered. At T!20 K, the
line is marked by a smooth symmetric broadening of a
Gaussian nature. This broadening is more important for the
p!0.81 sample than for the p!0.95 sample, i.e., the width
is sensitive to the dilution. The 71Ga(sub) line is no longer
resolved in this T domain.

!3" A last feature we would like to underline is the abrupt
decrease of the detected 69,71Ga(4 f ) nuclear population at
T"15 K in both samples. The nuclear population, propor-
tional to the integrated area of the 4 f line, actually decreases
in the same way in all the samples studied !Fig. 10". It,
therefore, originates from a dilution-independent mechanism.
The present result confirms the conclusions of the previous
Ga(4 f ) NMR study on the p!0.90 sample.32 There, the
wipeout of the intensity was assigned to originate from the

intrinsic high dynamics of the kagomé bilayer spin system
when T!0 K. This effect, explicitly evidenced in SCGO by
#SR measurements,28,29 is taken to be the signature of a
spin-liquid-like ground state. Because of this abrupt decrease
of the NMR signal, 69,71Ga(4 f ) is not a suitable probe for
T"10–15 K. The comparison of the spectra of all the
samples enables us in the following sections to easily sepa-
rate the properties related to the dilution from the intrinsic
properties independent on the dilution.

B. NMR line analysis

Compared to Ref. 32, we employed here a different
method to evaluate the shift K and the width $H of the
spectra of Fig. 9. !i" For all the samples, we choose a
69,71Ga(4 f ) high-T reference spectrum dominated by
T-independent quadrupole effects %SQ(H)& . !ii" In order to
recover the low-T broadening of Gaussian nature, SQ(H) is
convoluted by a normalized Gaussian function G(H) of
width $H . Since it is impossible to fit separately the substi-
tuted and nonsubstituted sites, we explicitly assume that for
the highly diluted samples both sites broaden identically.
This is likely the case in view of the hyperfine coupling
paths. The low T spectrum SM(H) is, therefore, simply re-
produced by

SM!H "!a! y0#"
$'

#'

G!H$H!"SQ!H!#Hs"dH!# ,
where Hs is the field shift of SQ(H) from which we extract
K. Since the 69,71Ga(4 f ) line lies on a constant background
that results mainly from the contribution of the second gal-
lium site Ga(4e) !see Fig. 5", the amplitude a and the con-
stant background y0 are employed to readjust the relative
spectral weights of the 4e and of the 4 f lines when the
transverse relaxation T2 corrections vary differently on the
two gallium sites.43 We also restricted our fits to the left side
of the line, very sharp at high T and which has the major
advantage of not being affected by the Ga/Cr substitutions.
Concerning the values of K, we did not find any significant
difference with the method employed in Ref. 32.

C. Magnetic contribution to the Ga„4f…-NMR line:
Shift and width

We briefly recall here the relationship between the contri-
bution of each gallium nucleus to the Ga(4 f ) NMR line and
its local magnetic environment in order to underline what
can be exactly probed through Ga(4 f ) NMR !more details
can be found in Refs. 38, 41, and 45".
Each Ga(4 f ) nucleus is coupled to its Cr(12k) and

Cr(2a) nearest neighbors !nn" through a Ga-O-Cr hyperfine
interaction with a hyperfine constant A.44 We suppose that
the susceptibility in the kagomé bilayer varies from Cr site to
Cr site and label it, in a generic manner, by ( . A Ga(4 f ) at
site i will contribute to the NMR spectrum at a position
depending upon the number of the nn occupied Cr sites and
their susceptibility ( . This corresponds to the shift K (i) in the
NMR spectrum for gallium at site i,

FIG. 9. Low-T field sweeps of 71Ga(4 f ) for the p!0.95 sample
!top panel" and the p!0.81 sample !bottom panel". The dashed line
is a guide to the eye.

FIG. 10. The 69,71Ga(4 f ) population detected by NMR. For
each sample, the integrated area of the 4 f line is normalized by the
integrated area measured in the 20–50 K temperature range, where
it is found constant in temperature. The Ga(4e) contribution, con-
stant in temperature, was subtracted. T2 corrections were found
quite small and do not affect estimates below 50 K.
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The archetype of geometrically frustrated compounds SrCr9pGa12!9pO19 is a kagomé bilayer of Heisenberg
Cr3" ions (S#3/2) with antiferromagnetic interactions. We present an extensive gallium nuclear magnetic
resonance !NMR" study over a broad Cr-concentration range (0.72#p#0.95). This allows us to probe locally
the susceptibility of the kagomé bilayer and separate the intrinsic properties due to geometric frustration from
those related to site dilution. Compared to the partial study on one sample, p#0.90, presented in Phys. Rev.
Lett. 85, 3496 !2000", we perform here a refined study of the evolution of all the magnetic properties with
dilution, with a great emphasis on the lowest diluted p#0.95 sample synthesized for this study. Our major
findings are the following !1" The intrinsic kagomé bilayer susceptibility reaches a maximum at a temperature
of $40!50 K, which we show here to be robust up to a dilution as high as $20%; this maximum is the
signature of the development of short-range antiferromagnetic correlations in the kagomé bilayer. !2"At low T,
a highly dynamical state induces a strong wipeout of the NMR intensity, regardless of dilution. !3" The low-T
upturn of the macroscopic susceptibility is associated with paramagnetic defects, which stem from the dilution
of the kagomé bilayer. The low-T analysis of the p#0.95 NMR line shape, coupled with a more accurate
determination of the nuclear Hamiltonian at high T, allows us to discuss in detail the nature of the defect. Our
analysis suggests that the defect can be associated with a staggered spin response to the vacancies of the
kagomé bilayer. This, altogether with the maximum in the kagomé bilayer susceptibility, is very similar to what
is observed in most low-dimensional antiferromagnetic correlated systems, even those with a short spin-spin
correlation length. !4" The spin-glass-like freezing observed at Tg $2–4 K is not driven by the dilution-
induced defects.

DOI: 10.1103/PhysRevB.65.144447 PACS number!s": 75.30.Cr, 75.50.Lk, 76.60.!k

I. INTRODUCTION

Under certain circumstances, it is impossible for magnetic
systems to minimize simultaneously all the interactions be-
tween the spins. The system is then frustrated. This is known
to occur in the spin-glass !SG" compounds where the disor-
der on the magnetic network induces a competition between
the interactions. In a vast variety of systems, the frustration
can arise from the geometry of the lattice itself, without
disorder,1 as in the case of the triangular-based antiferromag-
netic !AF" networks. The kagomé (d#2) and the pyrochlore
(d#3) networks with AF interactions are a particular class
of geometrically frustrated networks where the triangles !for
the kagomé lattice" and the tetrahedras !for the pyrochlore
lattice" share corners instead of sides as for the familiar tri-
angular network.
Within a classical theory, the ground state is built on tri-

angles and/or tetrahedras with a zero total magnetic moment.

Remarkably, the corner-sharing geometry gives rise to a
macroscopic degeneracy of the ground state.2,3 By macro-
scopic, we mean that the energy of the kagomé or of the
pyrochlore ground state is invariant under a rotation of a
finite number of spins. Through these rotations, the system
can explore all the spin configurations making up the ground
energy level. The energy spectrum is, therefore, character-
ized by the existence of zero energy excitations, the so-called
soft modes.4 In particular, the soft modes associated with a
small number of spins are extremely efficient in destroying a
long-range magnetic order. A nonmagnetic ground state is
predicted at T!0 K, with a spin-spin correlation function
%SiS j&'exp(!rij /(), where the correlation length ( does not
exceed twice the lattice parameter.5 The huge reservoir of
soft modes leads also to a low-energy shift of the excitation
spectrum, so that an unusually highly dynamical state is pre-
dicted at low T.6 This peculiar ground state is commonly
called a cooperative paramagnet state or a ‘‘spin liquid

PHYSICAL REVIEW B, VOLUME 65, 144447
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The spin-glass-like freezing observed at Tg ~ 2 - 4 K is not driven by the dilution-induced defects.



- why did it take so long to make significant progress in understanding the physics of SCGO?



Quasi Two-dimensional hybrid lattice: 
It must be considered as a triangluar lattice of bi-pyramids!!

Classical ground states

Coplanar 120o configuration Any configuration
with total zero spin

- The triangles and bi-pyramids will behave differently.



Coplanar 
- Two pairs of antiparallel spins

Collinear

- The four spins are either parallel or antiparallel to each other

- If one spin rotates, then only another antiparallel spin can 
rotate to keep the total spin zero
- This is more favorable to a non-coplanar state by entropy

- There are two choices for the partial spin zero-energy motion

- Thus, the collinear structure is the most favorable by entropy

- How can we construct a spin configuration where every triangle outside bi-pyramids has a 120o spin 
configuration while every tetrahedron within the bi-pyramid has total zero spin?

- Consider a tetrahedron

Non-coplanar 
- If one spin rotates, then the other three spins must 
rotate to keep the total spin zero



- Let’s start with collinear spin bi-pyramid states

- The 120o constraint for the triangles between the bi-pyramids restricts the director of every bi-pyramid to which spins 
within the bi-pyramid point either parallel or antiparallel.

- Let’s assign the three spins of the 120o configuration three different colors, blue, red, green.

- Within a collinear bi-pyramid, assign +/- to the spins parallel/antiparallel to the director.

- Each tetrahedron must have an equal number of + and - to yield total zero spin.

The magnetic interaction problem is now mapped into a problem of the tri-color and the binary sign degrees of freedom

- It has a /3 x /3 long range order for the tri-color.

- Two neighboring spins that belong to different bi-pyramids must have the same sign: ferro-sign bonding

+

++ - -

-

Game plan

Tetrahedra

Triangles



- what ground state state does the unique coexistence of order (tri-color) and 
disorder (binary sign) lead us to?

- construction of the classical ground states

- what are the properties of the ground state? 
- characteristics of zero-energy modes



consider one bi-pyramid

- there are 18 possible sign states for a bi-pyramid
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- there are 3-fold and sign inversion symmetries amonst the sign states



Constructing the sign states for the bi-pyramids over the lattice

- With the sign state 1 for the center bi-pyramid, there are 111 different sign states for the 6 neighboring bi-bpyramids satisfying the 
ferro-sign bonds
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- With the sign state 1 for the center bi-pyramid, 
there is one /3 x /3 long range ordered sign state
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/3 x /3 long range ordered 
sign states
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Constructing a spin state from a color-sign state



The spin state corresponding to the 2-4-9 sign state
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The spin state corresponding to the 3-5-7 sign state



- Can we generate noncollinear coplanar bi-pyramid spin states?

- Yes, we can do it from the collinear bi-pyramid spin states...



Steps and choices to generate coplanar bi-pyramid 
spin configurations 
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- Any angle of        will correspond to a coplanar spin state that can be 
generated from a particular color-sign state (collinear spin state)
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An orthogonal bi-pyramid spin state

(45,-45,45)

Special coplanar states...



(90,-90,90)

A collinear bi-pyramid spin state with the (8-1-6) sign state



(90,-90,-90)

A collinear bi-pyramid spin state with the (7-3-5) sign state



Initial sign 
state

rotation 
angles 

(a0,a2,a1)

final sign 
state

Initial sign 
state

rotation 
angles 

(a0,a2,a1)

final sign 
state

Initial sign 
state

rotation 
angles 

(a0,a2,a1)

final sign 
state

(1-6-8) (90,-90,-90) (7-3-5) (5-7-3) (90,-90,-90) (7-3-5) (9-2-4) (90,-90,-90) (6-8-1)

(1-6-8) (90,-90,90) (8-1-6) (5-7-3) (90,-90,90) (8-1-6) (9-2-4) (90,-90,90) (4-9-2)

(1-6-8) (90, 90,90) (4-9-2) (5-7-3) (90, 90,90) (3-5-7) (9-2-4) (90, 90,90) (3-5-7)

(1-6-8) (90,90,-90) (6-8-1) (5-7-3) (90,90,-90) (2-4-9) (9-2-4) (90,90,-90) (2-4-9)

(2-4-9) (90,-90,-90) (8-1-6) (6-8-1) (90,-90,-90) (8-1-6) (7-3-5) (90,-90,-90) (4-9-2)

(2-4-9) (90,-90,90) (9-2-4) (6-8-1) (90,-90,90) (9-2-4) (7-3-5) (90,-90,90) (5-7-3)

(2-4-9) (90, 90,90) (5-7-3) (6-8-1) (90, 90,90) (1-6-8) (7-3-5) (90, 90,90) (1-6-8)

(2-4-9) (90,90,-90) (4-9-2) (6-8-1) (90,90,-90) (3-5-7) (7-3-5) (90,90,-90) (3-5-7)

(3-5-7) (90,-90,-90) (7-3-5) (4-9-2) (90,-90,-90) (7-3-5) (8-1-6) (90,-90,-90) (6-8-1)

(3-5-7) (90,-90,90) (9-2-4) (4-9-2) (90,-90,90) (9-2-4) (8-1-6) (90,-90,90) (5-7-3)

(3-5-7) (90, 90,90) (5-7-3) (4-9-2) (90, 90,90) (1-6-8) (8-1-6) (90, 90,90) (1-6-8)

(3-5-7) (90,90,-90) (6-8-1) (4-9-2) (90,90,-90) (2-4-9) (8-1-6) (90,90,-90) (2-4-9)
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- Any angle of        will correspond to a coplanar spin state that can be 
generated by a particular color-sign state (collinear spin state)

- The collinear spin state and its resulting coplanar states are continuously connected 
with each other in the spin configuration-energy phase space

- The motion between them realizes zero-energy excitations, similarly to the zero-energy 
modes on kagome and pyrochlore lattices

- Difference is that this motion is global involving motion of all spins rather than local.



partial spin zero-energy modes for
coplanar and collinear spin states



- Are there any other zero-enery modes?

- There is another type of zero-energy mode
- any coplanar state has two pairs of antiparallel spins.
- one can rotate only one pair without moving the other.

It does not propagate into the other kagome plane

The fluctuation propagates into the other kagome plane

This kind of excitations lead to partial spin zero-energy modes



Partial spin zero-energy mode for a coplanar state I: uneven straight spaghetti mode



Partial spin zero-energy mode for a coplanar state II: involving 2/3 number of spins in a kagome (12k) 
plane: This fluctuation has a /3 x /3 structure



Partial spin zero-energy mode for a collinear bypiramid state: involving two kagome and triangular layers



partial spin zero-energy modes

- both coplanar and collinear spin structures have extensive partial spin zero-energy excitation 
modes

- the quasi-1D straight spaghetti mode involve the vanishing 1/L fraction of spins, 
but it extends from one to the other end of the lattice, which is different from the local 
excitations for kagome and pyrochlore.

- other modes are two or quasi-two dimensional, which may be responsible for C ~ T2 behavior.

Reference: K. Iida, S.-H. Lee, S-W. Cheong, Phys. Rev. Lett. 108, 217207 (2012).



some of the themes of the KITP program on frustration 

- identification/classification of exotic phases in frustrated magnets
- what are the defining ground state properties?

conclusion of this talk

- a topological spin glass (TSG) state can be the ground state for a quasi-2D frustrated magnet 
without any disorder
- the microscopic origin of the TSG is a unique coexistence of ordered and disordered degrees 
of freedom hidden in the magnetic lattice
- at the mean-field level, the TSG ground state is infinitely degenerate and has partial (not local) 
spin zero energy excitations

asking theorists for this particular quasi-2D magnetic lattice...

- to go beyond the mean-field approximation. how will the physics change?
- to do the mapping analytically. will it be useful? 
- to consider the effects of disorders
- analytical vs MC simulations. how can detect/distinguish the global and partial spin zero-energy 
modes?



are there any real materials that may realize the collinear and coplanar bi-pyramid states?



Magnetic neutron scattering intensity: comparison to a real material, SCGO

- in (hk0) plane, a strong broad peak at (2/3,2/3,0)
- short range /3 x /3 order

- in (hhl) plane, modulation along l, strong broad peaks 
centered at (2/3,2/3,1.8) and (1/3,1/3,4.6)

- quasi-two-dimensional object

Experimental data obtained from SCGO(p=0.67)

Theoretical magnetic scattering averaged over all collinear and coplanar bi-pyramid states

- the model reproduces some salient features of the 
experimental data: 

- peak at (2/3,2/3,0) in the (hk0) plane
- (1/3,1/3,l~4.5) and (2/3,2/3,l) in the (hhl) plane

- discrepancy between the model and the data
- additional peaks at (1,0), (0,1), (1,1) in the (hk0) plane
- (1,1,l) in the (hhl) plane

- the collinear and coplanar states for uniform J are spin 
configurations somewhere between the /3 x /3 and the 
q=0 structure of the kagome plane.
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SCGO: Lattice distortion and non-uniform Js



θ=0 
00
L 

(r.
l.u

.) 

0K
0 

(r.
l.u

.) 

0 
0.

5 
1.

0 

θ=30 

00
L 

(r.
l.u

.) 

0K
0 

(r.
l.u

.) 
0.

5 
1.

0 
θ=60 

HH0 (r.l.u.) 

00
L 

(r.
l.u

.) 

H00 (r.l.u.) 

0K
0 

(r.
l.u

.) 

0 
0.

5 
1.

0 

Modeling for the real material SCGO

!!
! ~!!.!!



Summary

The quasi-2D (111)-slab of pyrochlore lattice

- The lattice should be considered as a triangular lattice of bi-pyramids, rather than being kagome-like.

For the case of uniform J
- The magnetic interaction problem can be mapped into the tri-color and binary sign degrees of freedom.

- The ordered color-sign states are collinear bipyramid spin states from which coplanar spin states can also be generated.

- Both coplanar and collinear bi-pyramid spin states have extensive zero-energy mode of excitations. 

- The zero-energy modes are either global or partial, but never be local.

- A spin glass is probably the intrinsic ground state for this class of frustrating lattice due to the macroscopically degenerate 
ground states and the nature of the zero-energy mode of excitations.

For the case of non-uniform J
- Noncollinear and coplanar bipyramid spin ground states can be generated by rotating partial number of spins from the 
color-sign state for arbitrary Js.

- In SCGO, J’/J ~ 0.7.


