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• Reason: zero-point fluctuations of the e.m. field modified
by the presence of the plates relative to the free case

⇒ change in the energy of the vacuum:
∑∫

1
2~ωk|plates(L)−

∑∫
1
2~ωk|free(L→∞ !)

· ◦ C < ∧ O > B • KITP Oct. 23, 2008 Fermionic and Scalar Casimir Effect within the Scattering Approach Andreas Wirzba



2• H.B.G. Casimir (1948): two conducting, but uncharged parallel plates attract
each other in vacuum

AA

L

F ||(L)

A
= − ~c

L4

π2

240
≈ −1.3× 10−7 1

L4
N

µm4

cm2

E ||(L) = − ~c

L3

π2

720
A

• Reason: zero-point fluctuations of the e.m. field modified
by the presence of the plates relative to the free case
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S. L. Boersma:
A maritime analogy of the Casimir effect,
American J. Physics 64 (1996) 539;
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A maritime analogy of the Casimir effect,
American J. Physics 64 (1996) 539;
J. D. Barrow, The Book of Nothing
(Random House, London, 2000)

• Distinctive Feature: Casimir calculations depend on the geometry in a
non-intuitive way.
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3Casimir effect and vacuum energy of QFT:
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• UV-cutoff Λ corresponds to plasma frequency.
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• UV-cutoff Λ corresponds to plasma frequency.
• When the (infinitely) far separated plates are brought into a finite distance L, the

background terms as well as the bulk terms of the single plates are unaffected
and therefore removable ⇒ the Casimir energy is finite, even in the limit Λ →∞.
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“Generalization” of concept of Casimir energy: 2) matter fields

• Here : space not “filled” with fluctuating EM modes, but with a gas
of non-interacting (non-relativistic) fermions.
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of non-interacting (non-relativistic) fermions.

• Similarity : Existence of mode sums
∑∫

~ωk with constant degeneracy factor

(because of Pauli’s exclusion principle).

• Difference : Existence of a 2nd scale: Fermi energy = chem. potential (at T ≈ 0)

(in addition to the geometrical scales).
Physics dominated by UV scale
in contrast to long-wave behavior of usual Casimir effect.

• Concrete : Matter fields (fermions) in the space between voids
↪→ the voids obstruct the free motion of the fermions,
↪→ quantum pressure of the fermions on the voids depends on geometry.

· ◦ C < ∧ O > B • KITP Oct. 23, 2008 Fermionic and Scalar Casimir Effect within the Scattering Approach Andreas Wirzba



6

“Generalization” of concept of Casimir energy: 2) matter fields

• Here : space not “filled” with fluctuating EM modes, but with a gas
of non-interacting (non-relativistic) fermions.

• Similarity : Existence of mode sums
∑∫

~ωk with constant degeneracy factor

(because of Pauli’s exclusion principle).

• Difference : Existence of a 2nd scale: Fermi energy = chem. potential (at T ≈ 0)

(in addition to the geometrical scales).
Physics dominated by UV scale
in contrast to long-wave behavior of usual Casimir effect.

• Concrete : Matter fields (fermions) in the space between voids
↪→ the voids obstruct the free motion of the fermions,
↪→ quantum pressure of the fermions on the voids depends on geometry.

∴ effective Casimir-type interaction between empty regions of space
in the background of non-interacting fermionic fields
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Applications In the inner crust of a neutron star:

• nuclei lose neutrons due to increasing
pressure and density: below the satura-
tion density ⇒ chain of phases between
0.03 fm−3 and 0.1 fm−3.
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• Quark dropplets immersed in hadronic matter at ρ � ρnm

In the lab:
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Applications In the inner crust of a neutron star:

• nuclei lose neutrons due to increasing
pressure and density: below the satura-
tion density ⇒ chain of phases between
0.03 fm−3 and 0.1 fm−3.

• liquid-drop model (interplay of
Coulomb- and surface energies):
nuclei → rods → slabs → tubes →
bubbles → uniform matter
(G. Baym, H.A. Bethe, C. Pethick, N.P. A 175 (’71))

• However, the neglected “shell energy”
of the outer neutrons is of the same
order (keV/fm3) !
(A. Bulgac & P. Magierski, Nucl. Phys. A 683 (’01).)

Inside a neutron/quark star:

• Quark dropplets immersed in hadronic matter at ρ � ρnm

In the lab:

• Buckyballs immersed in an electron gas (in liquid mercury)

• or buckyballs in liquid 3He.

• Bose-Einstein droplets in diluted atomic Fermi-condensates.
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8Calculation

• Casimir energy for fermions between two impenetrable (parallel) planes at distance L:

EC = µ F (kF L) with µ = ~2k2
F /2m as natural scale .
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EC = µ F (kF L) with µ = ~2k2
F /2m as natural scale .

• More complicated geometries → demanding calculations, in general

• However, case of immersed non-overlapping spherical voids still relatively simple:

– Krein (1953) trace-formula : level density δρ(E) ↔ phase shift 1
2i

ln detSn(E)
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F /2m as natural scale .

• More complicated geometries → demanding calculations, in general

• However, case of immersed non-overlapping spherical voids still relatively simple:

– Krein (1953) trace-formula : level density δρ(E) ↔ phase shift 1
2i

ln detSn(E)

δρ(E) = ρ̄(E)− ρ̄0(E) =
1

2πi

d

dE
tr ln Sn(E) of the n-sphere S-matrix
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– Krein (1953) trace-formula : level density δρ(E) ↔ phase shift 1
2i

ln detSn(E)

δρ(E) = ρ̄(E)− ρ̄0(E) =
1

2πi

d

dE
tr ln Sn(E) of the n-sphere S-matrix

– Extract geometry-dependent Casimir fluctuations from multiple-scattering part
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8Calculation

• Casimir energy for fermions between two impenetrable (parallel) planes at distance L:

EC = µ F (kF L) with µ = ~2k2
F /2m as natural scale .

• More complicated geometries → demanding calculations, in general

• However, case of immersed non-overlapping spherical voids still relatively simple:

– Krein (1953) trace-formula : level density δρ(E) ↔ phase shift 1
2i

ln detSn(E)

δρ(E) = ρ̄(E)− ρ̄0(E) =
1

2πi

d

dE
tr ln Sn(E) of the n-sphere S-matrix

– Extract geometry-dependent Casimir fluctuations from multiple-scattering part

⇒ Calculation mapped onto a quantum mechanical billiard problem:
hyperbolic point-particle scattering off n spheres or n disks
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B. Eckhardt, J. Phys. A20 (1987);
P. Gaspard & S. Rice, J. Chem. Phys. 90 (1989);
P. Cvitanović & B. Eckhardt, Phys. Rev. Lett. 63 (1989);
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9Digression: E.Beth & G.E. Uhlenbeck (1937)

predecessor of Krein (1962) formula for spherical potential:

Idea: spherical scattering box minus empty reference box: Lim
R−>

R R

Asymptotically:
uk`(r) ∼ sin

`
kr − 1

2
`π + η`(k)

´
u

(0)
k` (r) ∼ sin

`
kr − 1

2
`π

´
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9Digression: E.Beth & G.E. Uhlenbeck (1937)

predecessor of Krein (1962) formula for spherical potential:

Idea: spherical scattering box minus empty reference box: Lim
R−>

R R

Asymptotically:
uk`(r) ∼ sin

`
kr − 1

2
`π + η`(k)

´
u

(0)
k` (r) ∼ sin

`
kr − 1

2
`π

´ and Dirichlet b.c.’s:
uk`(R) = u

(0)
k` (R) = 0.

⇒
EV conditions ( (2`+1)-fold degenerate ) :

k`,nR− 1
2
`π + η`(k`,n) = πn, n=0,1,2,··· (with potential)

k
(0)
`,nR− 1

2
`π = πn, n=0,1,2,··· (without potential)

A change of the radial quantum number n by one unit, for fixed angular momentum `, implies

∆k`

„
R +

∂

∂k
η`(k)

«
= π = ∆k

(0)
` R ,

such that the conditions ρ̄`(k)∆k` = ρ̄
(0)
` (k)∆k

(0)
` = 2` + 1 (note the averaging !)

induce the formula ρ̄`(k)− ρ̄
(0)
` (k) = 2`+1

π
∂

∂k
η`(k) (independently of R)
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10Digression 2: Semiclassical interpretation of Krein formula
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10Digression 2: Semiclassical interpretation of Krein formula

Determinant of scattering matrix is semiclassically a sum over periodic orbits (+Weyl terms)

R R

−

1

2π
Im

d

dk
ln det S(n)(k)

˛̨̨̨
k real
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R R
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R R

−

n
ρ(n)(k ; R)− ρ(0)(k ; R)

o
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2π
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d

dk
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Consider the difference of the densities of states of two bounded reference systems :

R R

−
R R

−
R R

−
R R

−

• The container-induced periodic orbits cancel!

• However, ∃ further spurious periodic orbits whose lengths grow with increasing R.

lim
R→∞

n
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=
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2π
Im

d

dk
ln det S(n)(k)
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Determinant of scattering matrix is semiclassically a sum over periodic orbits (+Weyl terms)

Consider the difference of the densities of states of two bounded reference systems :

R R

−
R R

−
R R

−
R R

−

• The container-induced periodic orbits cancel!

• However, ∃ further spurious periodic orbits whose lengths grow with increasing R.

• Removal of long orbits by exponential damping or averaging:

lim
ε→0+

lim
R→∞

n
ρ(n)(k + iε; R)− ρ(0)(k + iε; R)

o
=

1

2π
Im

d

dk
ln det S(n)(k)

˛̨̨̨
k real
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Determinant of scattering matrix is semiclassically a sum over periodic orbits (+Weyl terms)

Consider the difference of the densities of states of two bounded reference systems :

R R

−
R R

−
R R

−
R R

−

• The container-induced periodic orbits cancel!

• However, ∃ further spurious periodic orbits whose lengths grow with increasing R.

• Removal of long orbits by exponential damping or averaging:

lim
ε→0+

lim
R→∞

n
ρ(n)(k + iε; R)− ρ(0)(k + iε; R)

o
=

1

2π
Im

d

dk
ln det S(n)(k)

˛̨̨̨
k real

Note the order of the limits!
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11Digression 3: Casimir energy in fermionic background

chem. potential µ = ~2k2
F /2m or Fermi momentum kF natural UV-cutoff (ΛUV = µ or kUV = kF )
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Casimir energy at fixed total number of fermions N :
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chem. potential µ = ~2k2
F /2m or Fermi momentum kF natural UV-cutoff (ΛUV = µ or kUV = kF )

Casimir energy at fixed total number of fermions N :

⇒ chem. potentials µ & µ0 at finite and infinite separation of the scatterers differ
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11Digression 3: Casimir energy in fermionic background

chem. potential µ = ~2k2
F /2m or Fermi momentum kF natural UV-cutoff (ΛUV = µ or kUV = kF )

Casimir energy at fixed total number of fermions N :

⇒ chem. potentials µ & µ0 at finite and infinite separation of the scatterers differ:

N =

Z µ

0

ρ(E) dE =

Z µ0

0

[ρ0(E) + ρW (E)] dE
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11Digression 3: Casimir energy in fermionic background

chem. potential µ = ~2k2
F /2m or Fermi momentum kF natural UV-cutoff (ΛUV = µ or kUV = kF )

Casimir energy at fixed total number of fermions N :

⇒ chem. potentials µ & µ0 at finite and infinite separation of the scatterers differ:

N =

Z µ

0

ρ(E) dE =

Z µ0

0

[ρ0(E) + ρW (E)] dE

⇒
R µ

µ0
ρ(E) dE = −

Z µ0

0

[ρ(E)− ρ0(E)− ρW (E)]| {z }
ρC(E)= d

dE
NC(E)

dE
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chem. potential µ = ~2k2
F /2m or Fermi momentum kF natural UV-cutoff (ΛUV = µ or kUV = kF )

Casimir energy at fixed total number of fermions N :

⇒ chem. potentials µ & µ0 at finite and infinite separation of the scatterers differ:

N =

Z µ

0

ρ(E) dE =

Z µ0

0

[ρ0(E) + ρW (E)] dE

⇒
R µ

µ0
ρ(E) dE = −

Z µ0

0

[ρ(E)− ρ0(E)− ρW (E)]| {z }
ρC(E)= d

dE
NC(E)

dE

EC |N =

Z µ

0

Eρ(E) dE −
Z µ0

0

E[ρ0(E) + ρW (E)] dE
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Casimir energy at fixed total number of fermions N :

⇒ chem. potentials µ & µ0 at finite and infinite separation of the scatterers differ:

N =
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0

ρ(E) dE =
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Z µ

0
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0
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=

Z µ0

0
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R µ
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ρ(E) dE +O(V −1)
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=
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chem. potential µ = ~2k2
F /2m or Fermi momentum kF natural UV-cutoff (ΛUV = µ or kUV = kF )

Casimir energy at fixed total number of fermions N :

⇒ chem. potentials µ & µ0 at finite and infinite separation of the scatterers differ:

N =

Z µ

0

ρ(E) dE =

Z µ0

0

[ρ0(E) + ρW (E)] dE

⇒
R µ

µ0
ρ(E) dE = −
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EC |N =
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0

Eρ(E) dE −
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0

E[ρ0(E) + ρW (E)] dE

=

Z µ0

0

E ρC(E) dE + µ0

R µ

µ0
ρ(E) dE +O(V −1)

=

Z µ0

0

(E−µ0) ρC(E) dE = −
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0
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Grandcanonical Casimir energy at fixed µ = µ0: fEC |µ0 − µ0NC(µ0) = EC |N +O(V −1)
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1. “infinite” container:
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1. “infinite” container: ρ(E)=ρ0(E) (background field)
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12

1. “infinite” container: ρ(E)=ρ0(E) (background field)

2. n bubbles (of radii ai) “punched out” at “infinite” separation:

ρ(E) = ρ0(E)+

nX
i=1

ρW (E, ai)| {z }
Weyl-Term

(note the excluded volume !)
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2. n bubbles (of radii ai) “punched out” at “infinite” separation:

ρ(E) = ρ0(E)+

nX
i=1

ρW (E, ai)| {z }
Weyl-Term

(note the excluded volume !)

3. geometry-dependent arrangement of n bubbles:

ρ(E) = ρ0(E) +

nX
i=1

ρW (E, ai) + δρC(E, {ai}, {rij})
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1. “infinite” container: ρ(E)=ρ0(E) (background field)

2. n bubbles (of radii ai) “punched out” at “infinite” separation:

ρ(E) = ρ0(E)+

nX
i=1

ρW (E, ai)| {z }
Weyl-Term

(note the excluded volume !)

3. geometry-dependent arrangement of n bubbles:

ρ(E) = ρ0(E) +

nX
i=1

ρW (E, ai) + δρC(E, {ai}, {rij})

4. Krein trace formula (note the averaging):

δρ(E) = ρ̄(E)− ρ̄0(E) =
1

2πi

d

dE

2iηn(E)z }| {
ln det Sn(E)
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2. n bubbles (of radii ai) “punched out” at “infinite” separation:

ρ(E) = ρ0(E)+

nX
i=1

ρW (E, ai)| {z }
Weyl-Term

(note the excluded volume !)

3. geometry-dependent arrangement of n bubbles:

ρ(E) = ρ0(E) +

nX
i=1

ρW (E, ai) + δρC(E, {ai}, {rij})

4. Krein trace formula (note the averaging):

δρ(E) = ρ̄(E)− ρ̄0(E) =
1

2πi

d

dE

2iηn(E)z }| {
ln det Sn(E)

5. Multiple scattering matrix
z }| {
det Sn(E)=

Q
idet S1(E, ai)

det M†(k∗)
det M(k)

see A.W., Phys. Rep. 309 (1999)
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ln det M
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k(E)

´«
see A.W., Phys. Rep. 309 (1999)
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All determinants exist (although the relevant scattering matrices are infinite dimensional)
since the associated T -matrices are trace-class.
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ln det M
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see A.W., Phys. Rep. 309 (1999)

6. Casimir energy:
∴ EC =

Z µ

0

dE (E − µ) δρ̄C = −
Z µ

0

dENC
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13Multi-scattering matrix for n spheres of radii aj and distances rjj′ (j, j′=1, 2, . . . n)

Mjj′

lm,l′m′ = δjj′δll′δmm′ + (1− δjj′ ) i2m+l′−l
p

4π(2l+1)(2l′+1)

„
aj

aj′

«2 jl(kaj)

h
(1)
l′ (kaj′ )

×
∞X

l̃=0

l′X
m̃=−l′

q
2l̃+1 il̃

„
l̃ l′ l

0 0 0

«„
l̃ l′ l

m−m̃ m̃ −m

«
Dl′

m′,m̃(j, j′) h
(1)

l̃
(krjj′ ) Y m−m̃

l̃

`
r̂
(j)
jj′

´
M. Henseler, A. Wirzba & T. Guhr, Ann. Phys. 258 (1997) 286.
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(krjj′ ) Y m−m̃

l̃

`
r̂
(j)
jj′

´
M. Henseler, A. Wirzba & T. Guhr, Ann. Phys. 258 (1997) 286.

In the limit of small scatterers: M jj′(E) ≈ δjj′ −
`
1− δjj′

´
fj(E)| {z }
s-wave

exp(ikrjj′ )

rjj′
(+ p-wave)

Two spheres of radius a at distance r

A. Bulgac & A.W., Phys. Rev. Lett. 87 (2001) 120404
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aa
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in the small-scatterer limit: A. Bulgac & A.W., Phys. Rev. Lett. 87 (2001) 120404
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in the small-scatterer limit: A. Bulgac & A.W., Phys. Rev. Lett. 87 (2001) 120404

N oo
C (E) = − 1

π
Im ln det Moo(E) ≈ νdeg

a2

πr2
sin[2(r − a)k] +O

`
(ka)3

´
,
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N oo
C (E) = − 1

π
Im ln det Moo(E) ≈ νdeg

a2

πr2
sin[2(r − a)k] +O

`
(ka)3

´
,

whereas the semiclassical result (for the single two-bounce periodic orbit with no repetions) reads:

N oo
C,scl(E) = νdeg

a2

4πr(r − 2a)
sin[2(r − 2a)k| {z }

Spo(k)/~

] (Gutzwiller’s trace formula)
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r
N.o.S N oo

C (E) = − 1
π
Im ln det Moo(E)
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Eoo
C = −

Z µ(kF )

0

dEN oo
C (E) ≈ −µ

a2

2πr(r − 2a)
j1[2(r − 2a)kF ] ∼ a2

L3

(oscillating and of longer range than molecular van der Waals forces !)
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0
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a2

2πr(r − 2a)
j1[2(r − 2a)kF ] ∼ a2

L3

(oscillating and of longer range than molecular van der Waals forces !)

Sphere-plate geometry: Eo|
C ≈ −µ

a

π(r − a)
j1[2(r − a)kF ] ∼ a

L2
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15Three and four spheres: A.Bulgac & A.W., PRL 87 (2001) 120404.

• periodic orbit summation: ∃ of genuine three and more-body interactions
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(max. correction due to 3-bounce orbit is ∼ 10 % at r≈2.5a)
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15Three and four spheres: A.Bulgac & A.W., PRL 87 (2001) 120404.

• periodic orbit summation: ∃ of genuine three and more-body interactions

• However, 2-bounce orbit dominates in equilateral three- and four sphere systems
(max. correction due to 3-bounce orbit is ∼ 10 % at r≈2.5a)

3

1 2

12 :3 x

3

1 2

123 :2 x

3

1 2
x 2

1212 :3 x
3

1 2

3 x 1213 :

3

1 2

6 x 12123 :

3

1 2
x 3

121212 :3 x

10
0

10
1

10
2

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

r/a

R
el

at
iv

e 
w

ei
gh

t o
f v

ar
io

us
 p

o 
in

 N
C
(ε

 )

  123  
 1212  

10
0

10
1

10
2

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

r/a

R
el

at
iv

e 
w

ei
gh

t o
f v

ar
io

us
 p

o 
in

 N
C
(ε

 )

  123  
 1212  

10
0

10
1

10
2

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

r/a

R
el

at
iv

e 
w

ei
gh

t o
f v

ar
io

us
 p

o 
in

 N
C
(ε

 )

  123  
 1212  
 1213  

10
0

10
1

10
2

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

r/a

R
el

at
iv

e 
w

ei
gh

t o
f v

ar
io

us
 p

o 
in

 N
C
(ε

 )

  123  
 1212  
 1213  
 12123 

10
0

10
1

10
2

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

r/a

R
el

at
iv

e 
w

ei
gh

t o
f v

ar
io

us
 p

o 
in

 N
C
(ε

 )

  123  
 1212  
 1213  
 12123 
 121212

· ◦ C < ∧ O > B • KITP Oct. 23, 2008 Fermionic and Scalar Casimir Effect within the Scattering Approach Andreas Wirzba



15Three and four spheres: A.Bulgac & A.W., PRL 87 (2001) 120404.

• periodic orbit summation: ∃ of genuine three and more-body interactions

• However, 2-bounce orbit dominates in equilateral three- and four sphere systems
(max. correction due to 3-bounce orbit is ∼ 10 % at r≈2.5a)
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15Three and four spheres: A.Bulgac & A.W., PRL 87 (2001) 120404.

• periodic orbit summation: ∃ of genuine three and more-body interactions

• However, 2-bounce orbit dominates in equilateral three- and four sphere systems
(max. correction due to 3-bounce orbit is ∼ 10 % at r≈2.5a)
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15Three and four spheres: A.Bulgac & A.W., PRL 87 (2001) 120404.

• periodic orbit summation: ∃ of genuine three and more-body interactions

• However, 2-bounce orbit dominates in equilateral three- and four sphere systems
(max. correction due to 3-bounce orbit is ∼ 10 % at r≈2.5a)
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• Billiard analogy : difficult to make long shots, especially with many bounces
– the slightest error ruins the shot.

· ◦ C < ∧ O > B • KITP Oct. 23, 2008 Fermionic and Scalar Casimir Effect within the Scattering Approach Andreas Wirzba



16
Three and four spheres: dominance of the two-body interactions:

• period obits summations ⇒ genuine three- and more-body interactions,
• However, 2-bounce orbit dominantes as shortest and simplest (billiard analog!)
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16
Three and four spheres: dominance of the two-body interactions:

• period obits summations ⇒ genuine three- and more-body interactions,
• However, 2-bounce orbit dominantes as shortest and simplest (billiard analog!)

the Casimir energy for 3 ident. spheres (equilateral triangle)
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16
Three and four spheres: dominance of the two-body interactions:

• period obits summations ⇒ genuine three- and more-body interactions,
• However, 2-bounce orbit dominantes as shortest and simplest (billiard analog!)

the Casimir energy satisfies the rule E3 ≈ 3E2 for 3 ident. spheres (equilateral triangle)
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16
Three and four spheres: dominance of the two-body interactions:

• period obits summations ⇒ genuine three- and more-body interactions,
• However, 2-bounce orbit dominantes as shortest and simplest (billiard analog!)

the Casimir energy

for 4 identical spheres (symmetric tetrahedron),
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16
Three and four spheres: dominance of the two-body interactions:

• period obits summations ⇒ genuine three- and more-body interactions,
• However, 2-bounce orbit dominantes as shortest and simplest (billiard analog!)

the Casimir energy satisfies the rule

E4 ≈ 6E2 for 4 identical spheres (symmetric tetrahedron),
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16
Three and four spheres: dominance of the two-body interactions:

• period obits summations ⇒ genuine three- and more-body interactions,
• However, 2-bounce orbit dominantes as shortest and simplest (billiard analog!)

the Casimir energy satisfies the rule E3 ≈ 3E2 for 3 ident. spheres (equilateral triangle)

and E4 ≈ 6E2 ≈ 2E3 for 4 identical spheres (symmetric tetrahedron), if kF a � 1.

(kF a ≤ 1: corrections up to 10 % and 25 % for 3 & 4 spheres)
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17Long-range oscillating interactions between ad-atoms on metal surfaces

J. Repp et al., PRL 85 (2000) 2981

STM snap-shots (200 Å× 250 Å) of
Cu-adatoms on a closed packed
Cu(111)-surface (at 9 K)

– islands with local hexagonal order

– average adatom-distance 12.5 Å

– E(R) ' −A
4EF sin2(δ)

π2
sin(2kF R+2δ)

(kF R)2

EF = 0.3 eV, kF = 0.22/Å, A = 0.08,
δ = 0.3π.

– minima of pot.: 12.9 Å, 26.7 Å,
maximum of potential: 20.7 Å

P. Hyldgaard & M. Persson, J.Phys.:Cond.Mat. 12 (2000) L13
K.H. Lau & W. Kohn, Surf. Sci. 75 (1978) 69.
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k2
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h/2 = k2
F (particle/hole states symmetric).

kp sin θp = kh sin θh (modified Snell’s law)
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⇒ disks/spheres have focusing effect.
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φ

φ−
θ

Stable orbits if R
2a
≤ kp

kp−kh
satisfied.

(here R = 6a and kp/kh = 1.5)

A. Bulgac, P. Magierski & A.W., Europhys. Lett. 72 (2005) 327
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1) Apply Bogoliubov-de Gennes equations in the p-h-space for quasi-particle energy E = ±

k2
p/h

2m
∓µ

„
H0 − µ ∆(~r)

∆(~r) −(H0 − µ)

« „
u(~r)

v(~r)

«
= E

„
u(~r)

v(~r)

«
with pair field ∆(~r) =

8<:
∆e+iφ∆/2 for r ∈ grain 1,
∆e−iφ∆/2 for r ∈ grain 2,
0 otherwise.
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with pair field ∆(~r) =
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0 otherwise.

2) Modify Krein formula δN(E) = − 1
π

Im ln det M(E) for the p-h space.
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1) Apply Bogoliubov-de Gennes equations in the p-h-space for quasi-particle energy E = ±

k2
p/h

2m
∓µ

„
H0 − µ ∆(~r)

∆(~r) −(H0 − µ)

« „
u(~r)

v(~r)

«
= E

„
u(~r)

v(~r)

«
with pair field ∆(~r) =

8<:
∆e+iφ∆/2 for r ∈ grain 1,
∆e−iφ∆/2 for r ∈ grain 2,
0 otherwise.

2) Modify Krein formula δN(E) = − 1
π

Im ln det M(E) for the p-h space.

For R � a: δN(E) ≈ 4|Tph(a, µ, ∆)| cos φ∆

π2
p

khkpR
sin[(kp−kh)R + φph]

−2|Tpp(a, µ, ∆)|
π2kpR

cos(2kpR+φpp) +
2|Thh(a, µ, ∆)|

π2khR
cos(2khR−φhh)

· ◦ C < ∧ O > B • KITP Oct. 23, 2008 Fermionic and Scalar Casimir Effect within the Scattering Approach Andreas Wirzba



19
1) Apply Bogoliubov-de Gennes equations in the p-h-space for quasi-particle energy E = ±

k2
p/h

2m
∓µ

„
H0 − µ ∆(~r)

∆(~r) −(H0 − µ)

« „
u(~r)

v(~r)

«
= E

„
u(~r)

v(~r)

«
with pair field ∆(~r) =

8<:
∆e+iφ∆/2 for r ∈ grain 1,
∆e−iφ∆/2 for r ∈ grain 2,
0 otherwise.
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khkpR
sin[(kp−kh)R + φph]

−2|Tpp(a, µ, ∆)|
π2kpR

cos(2kpR+φpp) +
2|Thh(a, µ, ∆)|

π2khR
cos(2khR−φhh)

Tph =
“P

m tmph/2
”2

, Tpp =
`P

m(−1)m tmpp/2
´2 etc. structure functions (only dep. on single scatterer)
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´2 etc. structure functions (only dep. on single scatterer)
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E ≤ ∆ behavior dominant,

Quantization condition of
shortest periodic orbit:

(kp−kh)(R−2a)

−2 arccos(E/∆) = 2πn,
n = 0, 1, 2, · · · .
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20For E � |∆|:

δN(E) = −Im

"Z a min(kp,kh)

−a min(kp,kh)

dν exp

„
i(kp − kh)ν2

2kpkha

«#2

| {z }
→(2kF a)2 if E=0

ei(kp−kh)(R−2a)

π2R
p

kpkh

cos(φ∆).

• Exponent: classical action of shortest periodic orbit (hole momentum negative!);
quantization condition: (kp−kh)(R−2a)− 2 arccos(E/∆) = 2πn, n = 0, 1, 2, · · · .

• Weight: quadratic number of partial waves under Andreev reflection
i.e. the quadratic range of impact-parameters 4m2

max=(2kF a)2.
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• Exponent: classical action of shortest periodic orbit (hole momentum negative!);
quantization condition: (kp−kh)(R−2a)− 2 arccos(E/∆) = 2πn, n = 0, 1, 2, · · · .

• Weight: quadratic number of partial waves under Andreev reflection
i.e. the quadratic range of impact-parameters 4m2

max=(2kF a)2.

• Casimir energy of superfluid grains in the Fermi sea:

ESC(R) = νdeg

Z ∞

0

dE E
d δN(E)

dE
= −νdeg

Z ∞

0

dE δN(E) .
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• Exponent: classical action of shortest periodic orbit (hole momentum negative!);
quantization condition: (kp−kh)(R−2a)− 2 arccos(E/∆) = 2πn, n = 0, 1, 2, · · · .

• Weight: quadratic number of partial waves under Andreev reflection
i.e. the quadratic range of impact-parameters 4m2

max=(2kF a)2.

• Casimir energy of superfluid grains in the Fermi sea:

ESC(R) = νdeg

Z ∞

0

dE E
d δN(E)

dE
= −νdeg

Z ∞

0

dE δN(E) .

Numerical result for two spherical three-dimensional grains at separation R :

ESC(R) ≈ νdeg
~2k2

F

2m

kF a4

2πR2(R− 2a)
X �

˛̨̨̨
−νdeg

~2k2
F

2m

a2

2πR(R− 2a)
j1(2kF (R− 2a))

˛̨̨̨
with X = O(1), positive (i.e. repulsive!) and weakly dependent on R, kF , ∆.

A. Bulgac, P. Magierski & A.W., Europhys. Lett. 72 (2005) 327
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However, tests of various asymmetrical configurations of three and four spheres show the
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21Conclusions:

• ∃ effective interaction between voids inside a non-interacting fermion background.
New form of Casimir energy neither attractive nor repulsive, but changes sign according
to relative arrangement of scatterers.

• Casimir contributions well approximated semiclassically.
• ∃ many-body Casimir contributions in n-sphere systems:

– However short-ranged and dominated by long-ranged two-body interactions.
• Presented results only for symmetric arrangements of spheres.

However, tests of various asymmetrical configurations of three and four spheres show the
same general pattern: d.o.s. ≈ sum of corresponding pairwise contributions.

• The spheres can be replaced with other objects, if curvature radii larger than the Fermi
wave length.
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if the objects do not overlap.
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• Nuclei immersed in neutron gas in a neutron star crust: Casimir interactions of same

order (∼ keV/fm3) as energy differences between various liquid drop phases. Long-range
and oscillating: → disordered lattices expected.

• Pairing interaction: enhancement of Casimir contributions.
Andreev reflection: focusing (and defocusing) scattering; p-h dominant; repulsive.

• Map-method onto scattering systems also applicable to traditional Casimir problems:
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1. “infinite” container:
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1. “infinite” container: ρ(E)=ρ0(E) (background field)

2. n bubbles (of radii ai) “punched out” at “infinite” separation:

ρ(E) = ρ0(E)+

nX
i=1

ρW (E, ai)| {z }
Weyl-Term

(note the excluded volume !)
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δρ(E) = ρ̄(E)− ρ̄0(E) =
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2πi

d
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2iηn(E)z }| {
ln det Sn(E)
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1

2πi
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2iηn(E)z }| {
ln det Sn(E)

5. Multiple scattering matrix
z }| {
det Sn(E)=

Q
idet S1(E, ai)

det M†(k∗)
det M(k)

see A.W., Phys. Rep. 309 (1999)
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det Sn(E)=

Q
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det M(k)

↪→ δρ̄C(E, {ai}, {rij}) = − 1

π
Im

„
d

dE
ln det M

`
k(E)

´«
see A.W., Phys. Rep. 309 (1999)
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see A.W., Phys. Rep. 309 (1999)

All determinants exist (although the relevant scattering matrices are infinite dimensional)
since the associated T -matrices are trace-class.
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6. Casimir energy:
∴ EC =

Z ∞

0

dE 1
2
E δρ̄C = − 1

2

Z ∞

0

dENC =
1

2π

Z ∞

0

dE Im ln det M
`
k(E)

´
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EC =
∫ ∞

0

dE 1
2~ck δρ̄C

(
k(E)

)
= −~c

2

∫ ∞

0

dkNC(k) =
~c

2π

∫ ∞

0

dk Im ln det M
(
k
)

=
~c

4πi

[∫ ∞(1+i0+)

0

dk ln det M
(
k
)
−

∫ ∞(1−i0+)

0

dk ln det M
(
k
)†]

=
~c

2π

∫ ∞

0

dk4 ln det M(ik4) for relativistic disp. E = ~ck and after Wick-rotation
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= −~c
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∫ ∞

0

dkNC(k) =
~c

2π

∫ ∞

0

dk Im ln det M
(
k
)

=
~c

4πi

[∫ ∞(1+i0+)

0

dk ln det M
(
k
)
−

∫ ∞(1−i0+)

0

dk ln det M
(
k
)†]

=
~c

2π

∫ ∞

0

dk4 ln det M(ik4) for relativistic disp. E = ~ck and after Wick-rotation

Note that det M(ik4)
† = det M(ik4) since det M(k) = det M

`
(−k∗)

´†;
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dk Im ln det M
(
k
)

=
~c

4πi
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dk ln det M
(
k
)
−

∫ ∞(1−i0+)

0

dk ln det M
(
k
)†]

=
~c

2π

∫ ∞

0

dk4 ln det M(ik4) for relativistic disp. E = ~ck and after Wick-rotation

Note that det M(ik4)
† = det M(ik4) since det M(k) = det M

`
(−k∗)

´†; therefore corollary:

~c

2π

Z ∞

0

dk k2n+1Im ln det M(k) = i(−1)n ~c

4π

Z ∞

0

dk4 k2n+1
4

h
ln det M(ik4)− ln det M(ik4)

†
i

= 0

e.g. Casimir energy over modes with non-relativistic dispersion E = ~2k2/2m integrates to
zero, unless there is a finite upper cutoff, as e.g. the Fermi momentum kF in the case of the
so-called fermionic Casimir effect

– see A. Bulgac & AW., Phys. Rev. Lett. 87 (2001).
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24Scalar Casmir effect of Dirichlet-spheres and -plates – or How good is the PFA?

M. Schaden, L. Spruch, PRA 58 (1998): short-distance PFA confirmed by semiclassics (periodic orbits)
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24Scalar Casmir effect of Dirichlet-spheres and -plates – or How good is the PFA?

H. Gies, K. Langfeld, L. Moyaerts, JHEP 0306 (2003): world-line approach (Feynman integral in x-space)
A. Scardicchio, R.L. Jaffe, NPB 704 (2005): optical ansatz (summation over closed orbits)

h c a3

−1440

π
L 

2ε

L/a

S2

(a) (b) (c)

S1
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π
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2ε

L/a

Note: asymptotically ( L/a � 1 ) s-wave scattering dominates:

E(L) ∼ − π3~c a

1440L2

90

π4

2

(1 + a/L)(1 + a/2L)
→ − π3~c a

1440L2

90

π4
× 2 = − π3~c a

1440L2
× 1.847 · · ·
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(i.e. no Casimir-Polder behavior in the scalar case)
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H. Gies & K. Klingmüller, 2006

A. Bulgac, P. Magierski & A.W., Phys. Rev. D 73 (2006) 025007
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25Additional Conclusions:

• Casimir energy re-defined as vacuum energy of the geometry-dependent part of the level
density (connected to the multi-scattering phase shift by a modified Krein trace formula).

• The non-overlapping (i.g. non-separable) N-sphere, sphere-plate, N-disk (and N-cylinder)
Casimir problems can be solved exactly in the scalar (and also in the fermionic) case.

• Calculation not plagued by subtraction of single-sphere contributions or by the removal of
diverging ultraviolet contributions; all involved determinants exist and are finite since the
pertinent T-matrices are trace-class.

• Large-distance behavior dominated by s-wave scattering in the case of the scalar Casimir
effect and by p-wave scattering for the EM Casimir effect.

• The presented method can easily be applied to any number of spheres or cylinders with
or without planes (in 2D disks with or without lines).

• Moreover, the Dirichlet boundary conditions can be replaced by Neumann or mixed
boundary conditons.

• The Casimir energy is dominated by momenta k ∼ 1/L where L is the separation scale.
For the scalar sphere-plate case the integration can be truncated at kmax ∼ 10/L
corresponding to a truncation in the angular momentum lmax ≥ (e/2)kmaxa ≈ 14a/L.
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