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Path integrals
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Casimir energy
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Scattering

Wave equation
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Example
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Non-monotonicity
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Outlook

Material properties
Objects inside one another
Orientation dependence

Attraction - repulsion
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VAN DER WAALS FORCES BETWEEN SURFACES

Two atoms Two spheres

Atom-—surface Sphere—surface

W= -AR/6D

Two cylinders

. 1.2
W= -3nCL/8c °r® we —A (ii)
- 12/2D% \ R+ R,

Two crossed cylinders Two surfaces

w=-AJRR/6D W =-A/12rD? per unit area

1. 11.1. Non-retarded van der Waals interaction free energies between bodies of different
ometries calculated on the basis of pairwise additivity (Hamaker summation method).
e Hamaker constant A is defined as A = 72Cp, p, where p; and p, are the number of
yms per unit volume in the two bodies and C is the coefficient in the atom-atom pair
tential (top left). A more rigorous method of calculating the Hamaker constant in terms

the macroscopic properties of the media is given in Section 11.3. The forces are obtained F rom:. J . N . I Srae | aC hVi I i,
differentiating the energies with respect to distance.
Intermolecular and Surface Forces
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® [wo-state approximation for dipole polarizability

e’ fio - (L/Lo)?
mwi, —w?  (L/L19)? + u?

= ag Wwith w — duc/L

with static polarizability oy = florOL%O and crossover length L1y = ¢/w1g, 19 = Compton radius

: 2 L
® - . EE — 3
T-matrix: 7%, 304(/4;)/4 ‘« »‘
® |Interaction energy from I- and -matrices:

e 5—;% /OOO dulog {(1 — 4(1 —|—u)2e_2“a2(£b6/L)> (1 —(14u+ u2)2e—2u0‘2(£"6/L))2

® (Casimir-Polder (retarded) limit, L > L1

23 -
replace o(u/L) by o expand in o /L° : € = e he %

® | ondon/vdW (non-retarded) limit, L < Ly

Frequency dependence of o important, but factors trom U-matrices can be 1gnored.

3 : 3 -
Expansion in «aq yields: £ = —7 he Lz(}ﬁ =K Fiw1o %
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® Dielectric spheres with €(w), u(w)

® [ - matrix (Debye, dissertation, 909)
diagonal in polarization TE/TM
and in | and independent of m

® Matrix elements for imaginary frequency k£ = ix :

r My (2) Ly (n2) + 2med] 4 (n2)| = nliy g (n2) |Dy (2) + 220, (2)]

Tmm - (_1) b
i 2 1Ky () [Ty (02) + 2021, (12)] — il (02) [ Koy () + 227, , (2)

for TE channels (magnetic multipoles), z = xR ,n = \/e(ir)u(ir) ,n = /e(ir) /u(ir)
for TM channels (electric multipoles) same expression

with
W - e

plic) —  €(ik)
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® Expansion in |/L: we need low-frequency form of T - matrix

® Determined by static electric and magnetic multipole
polarizability  af = {(c - 1)/(c+ @+ 1)/DIE* o} = [(1n = 1)/ (u+ (L +1)/D] R

~1)= 1+ 1)aM
TMM _ ( l M \YI —
imim [1(21 RTINS A

with finite-x corrections
s = —[4+ plep + p—6)]/B(p+2)° 1R, My = (4/9)[(x—1)/(x+ 2)]°R°

® Casimir energy:

he (|23 7 1 Casimir-Polder
e = —L B8 ((ah)? + (@})?) - Jatal| -
g 3 M E i 1
+1—6 oy (59a; — 11y + 86773 — 54v,3) + B M| —
315 1
—|—1—6[ali:(7'yf4 —57)y) + EoM]— + }
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® |imit of perfect metal spheres follows from
taking e — oo, pu—0

e B = =
g _ 01 CR(E)

m L7 i
n=0
143 7947 2065 27705347 55251
=g =0 2= 3500 BT 35 9T qaog00 0 BT 64
1373212550401 7583389 2516749144274023 274953589659739
6T T44506880 7 320 0 °T T 44508119040 ° ° T 275251200

(4 scatterings and |1=5 partial waves)

® This is asymptotic expansion (not convergent)
— not applicable to shorter separations
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® Numerical evaluation of the determinant and integral of

h oo
=2 [ drxindet(1 — T UT2U)
27T 0

by truncating matrices at finite multipole order [
— 20(2+1) x 21(2 + 1) - matrix

® This yields series £ of energies

® Exponential convergence to exact result for [ — oo :
(£ [ eg L ) LG RO (1)

® Slowest convergence for smallest separations, L — 2R
® Program can be applied to all shapes, materials, fields
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® |arge separations: dielectric sphere - conducting plane:

he (3 1 15 1
e = Rt - al) g + golaf - af + 2 - 2 g
1 1
+ ooy (23(a1)" = Hayiat £ 23(ag)= + 2160(11s — 1)) 7=
7 1
- 7200 [572( — 041:\34) + 675 (9(755 — W¥5) — 55(753 — 7543))] ﬁ - }
(1/2)(1/27)x Casimir-Polder for 2 atoms
® Perfect metal sphere:
Lo Y o 2 3023
L i Y16 T 0T 32 T 4096
c 12551 1282293
T L ; / (L) b 9600 = 163340 °
, _ 32027856257 , 39492614653
o 722534400 ° ' 412876800
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® Small separations: corrections to proximity force approx.

d d\?
1+6;{—= + 6, (-) = o5

E = gPFA R R

91 = —1.42 4+ 0.02, 6 = 2.39 +0.14
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® For objects of arbitrary shape energy in dipole approximation,
exact to leading order in |/d:

he 1
120 1 2 1 2 1 2
E° = e {13 (amam + a,, a,, + QO%yO‘xy)
+ 20 ozizoéz — 30 (ozizcvf:z + ozgl/zoziz) + (a0 — ()

- T(ak, ol - 20,) +(102)
applies to all shapes and materials!

® Ellipsoids (ellipsoid with two equal axes 71 =r; =R, r3=1L/2):
electric, magnetic polarizability tensor

R 50.:\/ pl
o4l 4+ (e=n;, " An 14 (p=Dn,
7“17“27“3/ dS
n; =
2 Jo (s+7r2)/(s+r))(s+7r2)(s+r2)
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® Energy at large separation: minimal for parallel aligned needles

h 5 13 3 L*R?
C - 5 [0052 61 cos® 6 + 20 cos? 0 sin? 6y sin? 0 — 3 cos 1 sin 264 sin 202] + (’)( = ) }

E1%(01,02,9) = ——
(61,02, %) d7{11527r( 7

® [° - scaling disappears for certain orientations, and energy is

19 (T s he
~ 0 _) — — 20
& (2’ 25 52 m L —1 (ot Teos25)

maximal energy for “crossed” needles
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® FEnergy: minimal for pancakes lying on same plane

he
-

E12 = { 443 [765 — 5(cos 201 + cos 265) + 237 cos 260, cos 26

+372 cos 21 sin® 0; sin” 6 — 300 cos ¢ sin 26 sin 292] +O(R’L) }

® R¢- scaling does not disappear for any orientation,
independent of thickness L
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® Perfectly conducting plane:

- he 1 -

independent of orientation in dipole approximation!

® Preferred orientation! Consider deformed sphere with
“radius” R+ 4f(9, )

® Energy for [ =Y (9,¢)

) 1607 OR*
640+/573/2 d°

Er =—h cos(26)

minimal if needle points to plane / pancake perpendicular
to mirror
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® Neumann boundary condition on both surfaces:
Energy for object of general shape (3 = magn. polarizability of perf. cond.)

he 1 1

€ = i |gim"  TorPee P+ 35
he R?L
_ _d_‘f T 9 — cos(20) + O((R/L)?)]

e Min. energy at large separation for needle parallel to plane.
PFA suggest the opposite orientation at short separation

® Full T-matrix of spheroid (known in spheroidal basis): energy at all separations:
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® Consider dielectric spheroids (“needles’) and
infinitely long cylinders (T-matrix known exactly)

® Correlations between shape and material properties

® Plasma response: €(w) =1—w’/w?
2 wires of finite length L << separation d: non-retarded limit:
1 hw, RL°

E=—
2304 d° 1og (L/R)

[cf.]. Dobson]

® Infinite long wires for d < Rexp|Iy(Rw,/c)/(Rw,Ii(Rw,/c))] — Rexp[v2¢/Rw,] for Rw,/c < 1

he \/pr/c I (Rw,/c) 1

167 lo(Rwp/c)  d2log (2d/R)
h Rw,,

16v27 d2 log  (2d/R)

~| O

—

for Rw, <1
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VAN DER WAALS AT

I‘RACTION.BEIWEEN TWC CONDUCTING CHAINS
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The Van der Waals force between tyw
of the strongly

. ¥ spatially dispersive
- of 176 55

0 condueting chains is shown {rom the gzeyo
fozx nhonconducting chaing

point energies
plasmon modes to vay Y al small separations J.

LS
s L™ instead

Force / length:

[mentioned by . Dobson]
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® Drude metal: €(w) =1+ 4m‘g

® 2 wires of finite length L << separation d: (hon-retarded)

1 ho L*R?
72 d° log (L/R)

® |[nfinitely long wires for d > R, oR*/c

s R?
—— ho
32 d3log (2d/R)

&
L

® Compare to universal (perfect metal) energy for o0 — o

_ he |
8w d log (2d/R)

<
L
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