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Motivations

® Remarkable, deceptively simple relations obeyed by
fluctuation statistics in out-of-equilibrium systems

® Relevant for small systems, where fluctuations are
large

® Provide tools for the investigation of equilibrium
properties of small systems

® Provide structure to the “thermodynamic” properties
of non-equilibrium steady states

® Could be relevant to understand the working of
biological system, like biological motors
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® Fluctuation relations for the entropy:

+ Entropy production in a single trajectory:
Seifert’s relation and its consequences

+ Entropy production in nonequilibrium steady
states: The Gallavotti-Cohen relation
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Nanomanipulation

Manipulation of a biopolymer by optical tweezers
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Manipulating a system out of
equilibrium

® A system at equilibrium at inverse temperature (:

Z, =Tr o BH(z:p) _ —=BF(n)

X

® Manipulation protocol:

porp=pl);  w0) =po;  p(te) = p

® Fluctuating work:

b OH
Wiz, = / dt o(t) —
T, p] O f1(t) o
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Jarzynski’s relation (1997)

What does nonequilibrium tell us of equilibrium?

<e—BW> — o BF(us)=F(po))

Average over all realizations of the system history x(¢):

() :Tmrp[m]

J
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What does nonequilibrium tell us of equilibrium?

<e—BW> — o BF(us)=F(po))

Average over all realizations of the system history x(¢):
(-+)y =TrPlx] -

Assumptions:
® Evolution equation for P(z,1): O P = —ﬁu(t)P

S

® Equilibrium distribution: H,P* = 0
e_ﬁH(ajnu)

Z

o

P x, 1) =
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A simple proof

U(z,t) = / Dx §(z(t) — ) e PV Plg]
Evolution equation:

o OH

Fri —Huw) ¥ — 5#(?5)8—”1@

Initial condition:
W(z,0) = e—ﬁH(w,u(O))/ZM(O)

Thus
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Examples

® Sudden change in the hamiltonian: g — 14

()

_BH €L,
Ze—ﬁ(ﬂ(w,m)—ﬂ(w,uo)) ¢ o)
A

T MO

$ " e BHm) = 2
ZMO

1
ZMO

X
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_6H(wa,ul0)

Zy

<e_5w> _ Ze—B(H(:U,,ul)—H(fUaMO)) ©

L Z e—ﬁH(:c,,ul) _ Z,ul
m Ly

T 0

0

® Adiabatic change: u(t) = ((t/t;),
00) = po,  £(1) =

1)

o (20
f p=p(t")
OH (x, u
Ou

Wlx| ~

) _ Wth

0

du

/ tf

0

/Ml
220
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® AF = F(us) — F(uo) is the change in the equilibrium
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® One assumes that the system is initially at
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® The system is not at equilibrium at the end of the
process

® The average is over all realizations of the process: If
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Derivation: A Markov chain

Introduction

Fluctuation relations T & {17 27 cce 7Q} t < {07 17 27 © }

for the work

#Nanomanipulation — Equilibrium distribution determined by hamiltonian

% Manipulating a

system out of H T :
equilibrium ( ! ’u)
% Jarzynski’s
relation (1997) e—ﬁ[—](x”u)
% A simple proof PeQ(x Iu) — A E e—ﬁH(aj,,u) _ e—ﬁF(,u)
< Exampl ’ 7 H
X ples P
x

«» Comments
< Derivation: A

Markov chain

ST Evolution equation for the probabilities:

a reversible
transformation

& Palh vor and p(r,t+1) =) Waw(u(t)) p(a', 1)

manipulation |

< Path probability

% Reversed path

< Probability of the E W ,( ) GQ( ! ) — GQ( )
reversed path zx’ U P T, U P X, U
% Crooks’s relation !

(1999)
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Work and heat in a reversible
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(H (1)), ZA ) Pz, 1)

Manipulation: 1 — p + du:

dF

— Z dH(:c,,u) Peq(az,,u(t)) +ZH(x7M) dPeq(xnu)

\

7/ \ . 4

d.S™

~~ ~"

dWw d@

ki d | 30 P, ) n P, )

X

—kg Z In Peq(gja :LL) dPeq(aja :u)

—ZH x, 1) dPYx, 1)
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Path work and heat under
manipulation

Path © = (x(0),z(1),2(2),...,z(t;))
Manipulation protocol: p = (u(0), u(1), ..., u(te — 1))

Wizl = 3" [He(t+ 1), u(t + 1)) — H(t + 1), u(0))
Ola] = S [H(x(t + 1), u(t)) — H(x(t). ult))]

AE = H(x(ty), p(ty)) — H(z(0), u(0)) = W+ Q

N.B. WW and Q depend on the whole path, AE depends
only on initial and final states
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Path probability

v

Plx | 5’3(0)] = Waqp, x(tf—l)(:u(tf — 1)) x
- X Wa2),00) (1) Wa),20) (#(0))

N.B.: The transitions take place with the “old” probability
W, (u(t — 1)), then the energy changes to H(x, 1(t))
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D|SS|pat|on and

Reversed path

Time-reversal invariant states: 7z = x

r = (2(0),z(1),...,z(t; — 1), z(t))
r = (xt),z(tr—1),...,2(1),2(0))
B(t) = wte—t) = z(t)

Time-reversed protocol:
g () =plte—t) =pt)  t=1,..

Probability of the reversed transition:

N~ T~

Waear (1) W,

o (1) PP, ) = Wore (1) P4, 1)
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% Jarzynski’s A
relation (1997) X (

% A simple proof

N
~—
|

% Examples

Time-reversed protocol:

«» Comments
% Derivation: A

Markov chain ~ P ~
~:~E\IN0(:k;nz heat in M- /L(t) = /L(tf — t) = /L(t) t = 1, Ce ,tf
a reversible

transformation

P Probability of the reversed transition:

manipulation

% Path probability —_ g
Waw () © 0 Waw () PEU2", ) = Wy () P (2, 1)

% Probability of the
reversed path

< Crooks’s relation —

(1969 (Detailed balance: W, (1) = W (11))

D|SS|pat|on and
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A

W

Wow (u(t)) = Wa (t) et
() = Wonlte — 1)  t=1,.. .k

WA T (te),@(tr—1 )(tf) VY EZ(2),r ( )WA 1),2(0) ( )
W) a:(o)(O)eﬂ(H(‘”(l)’/‘(0))—1{(%(0),#( ))

X W) .oy (1)ePHER#W)=H@Lum)) 5 .

X Wate)at—1) (te — 1)
w oBH (@(te),pu(te—1))—H(z(tr—1),u(tr—1)))

Ple | 2(0)] %
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Crooks’s relation (1999)
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« Nanomanipulation

oo Pl@] = P& | 3(0)]e MEORO) /7,

equilibrium

i = Plz | x(0)] el Hliw W }/ Z 12

& A'Simplelproot _ PZIZ] oP QL] —(H (z(tr),u(ts))—H ((0),1(0)) ( / (tf)

% Examples
«» Comments

% Derivation: A AF
Markov chain Q[ZI}] - AH — _W[m] ZN(O) /Z,Lt(tf) — eﬁ

% Work and heat in
a reversible PN
transformation ~l — —B(W[z]-AF)
+ Path work and P [33] 7) [33} €

heat under

manipulation : .
% Path probability Su mmi ng over x.

% Reversed path

2 Probability of the 1 = <e—5(W—AF)>

reversed path

< Crooks’s relation
(1999)

D|SS|pat|on and
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Luca Peliti
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Dissipation and irreversibility

Thus

oSz -AF) Plx]

van den Broeck et al., 2007

Summing over x with a given value of W'

W = 5—1/dW P(W)1In =

PW) _ BTED(P(W)||P(=W))

P(=W)
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The work distribution

AN

Nonlinear oscillator: H(x,u) = Ho(x) — px, = —p

0.8 |
0.6 [

04 |

i Jﬂ%ﬁT
ol '

-1.5 -1 -0.5 0 0.5 1 1.5 2

W
Dotted line: P(W)e PV = P(—W)
The value of W that contributes most to Jarzynski’s
equality is the most probable in the inverse manipulation
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AN

Nonlinear oscillator: H(x,u) = Ho(x) — px, = —p

-1.5 -1 -0.5 0 0.5 1 1.5
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For larger systems, fluctuations which contribute to
Jarzynski’'s equality are exceedingly rare
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« A RNA hairpin Y B kg . B isphet
o uoa ' |
< The 1g27 domain o T Peidra 31 R ::":::
of human titin s gl . 'd, i o
% The free-energy 2 sl G 3 F I, _."'I Y
landscape E 2w _E L LN TR .
) o nor 3 . ."I-_"'h'.' v
< The Jarzynski HE :f‘ <t ¢ ST o L b
estimator: A REM Wl T |- ; | Fody L ot
partition function = R ) 4' o "
o . o AT y
: : " ple ™, & el | e Y W
Fluctuation relations < B W i. m:}” e =
for the entropy A =n aa0
: Fimure 7| Tesk of the CFT using an BNA hairpin. ¥ork dienbotions far
production Sssrmsten i) B4 wnnlding femtnoons Sneal and rebalding (Gashed Hneal, ¥ pln:
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refrlding procemais charamericed bra dindbodon ofun fld#ng or refmlding  malemilen 7= 1 5ptle~ b, s pnlls and foor melemles (e =7 sp s,
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eend o earves for the WA bairpin ars giovn [loading race of r 5 prfe ™" eopecimemts Good reproduchilicr wes ohuined aomong melesoles (aze
The bur arra unsder the curwe repeesmnta the sk ceturned toete mechine Supplomentacy Fig 521 Works seloes weoe himmed mioe boot 4o cquel b
a5 1be mnleen le seiches oom the nofelded to e folded stare The RE A spaced intersals Unfolding and refolding distn bodiong at differemt peeds
eegaen. o 55 chowm as aminser, sheer a commnn, crossing around AG = L AEpTE
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Entropy produced in a transition

Detailed balance:

W, o PH ()

W
Wors

=

W o PH(z)

Generalize by definition: (units kg = 1)

e_ﬁ(H(CU)_H(aj/)) _ e—ﬂQxx/ — eAS};Z'Sh/kB
Wxaz’
ASPath — 1 =<
Wx’x
te—1 75
_ i—[ Waar+1) _ _-astsija)

t=0

Watt+1)2(t)
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Define my(z) and 7y () arbitrary but normalized,
Plx| = Plx | (0)]mo(x(0)) etc.:

In

ﬁ _ —ASbath[ai‘] +1n %O(EC\(O))

Av]iav)

1z mo(2(0))

Seifert 2005
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Let p(z,t) be the solution of

plat+1) =S W ®)p(@,t)  p(x,0) = pola)

mo(z) = p(z, tr)
Define S(x,t) = —Inp(z,t), then
mo((0)) p(x(ts), t)

mo(2(0)) p(z(0),0)
ASTt —  ASPath L Ag

In = —AS

In

Pla] = Plaje25" = | (725 ) =1
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Entropy becomes a fluctuating quantity, related to a single
trajectory rather than to an ensemble

There is a nonzero probability for AS™t < (!
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® Entropy becomes a fluctuating quantity, related to a single
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® There is a nonzero probability for AS™t < (0 !

® Jensen’s inequality: (eX) > elX):

(AS') > —In (745" ) =

® AS < 0can be interpreted as a “transient violation” of the
2nd principle

® Transient violations are related to Loschmidt’s reversibility
paradox
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Let 70(33) — Peq(flj,,uo), %0(33) — Peq(x,,ul), 5 — 1/]€BT

ln %\O(EE(O)) — eR f— eﬁAF_B(H(x(tf)ﬂle)_H(x(o)aﬂO))

AS = —pQ
R = pB|Q+AF —AH(x,u)l
= —0(Wlz| - AF)

Plz] = Pla] e’ = (e7MV) = e PaF
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Steady states out of equilibrium

A

Were = Wy

Detailed balance is violated:

nyWyszx 7& WzyWy:Usz 3377 Y, <

ThUS ﬁH(Qﬁ) . WZU/ZU/W:U:E’ — e_ﬁ(H(x’)—H(x))
Steady state distribution:

S Wewp™(2') = p*(x)
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Choose my(z) = mo(x) = p*(z)

. bath _ AGSs
In Plal AS ] S

Total entropy production:
AStOt _ ASbath[w] 4+ ASSS

Summing over all paths « with a given value of AS®™*
yields the fluctuation theorem:

p(—AStOt) _ e_Astot
p(AS©)
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The fluctuation theorem holds for finite times, but

starting from the steady state

large t;

Since AS is bounded, but ASPa" grows, we have for

AStOt ~ ASbath

® Large-deviation function ¢(s):

p(AStot) ~ e—tfgb(AStot/tf)

Gallavotti-Cohen relation:
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Stationary system:

Wera
W,
Woep®(x)  p¥(z)
Wewp™(@')  — p®(@)

~" ~"

AShk A5

ASx/x = In

= In

\

—In

N.B.: If detailed balance is satisfied:
Wewp®(2") = Waep™ ()

then

/

—~ASh =0

Vo, r
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Average housekeeping heat

P’ x
P!z

IV

AN
P’ x

<A8hk>SS

Prob®™(z — 2') = W .p*(2)

0 Z@x’az —

Lz’
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Conclusions

Fluctuation relations for the entropy are more
general than the corresponding ones for the work
They provide hope for a characterization of non

equilibrium steady states
The field is still unsettled
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