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• Introduction: Classical charged systems
• Field-theoretical formalism: weak--strong coupling paradigm
• Uniformly charged planar surfaces: fluctuations & correlations
• Disorder in the surface charge distribution

In two parts:

Ali:

• Asymmetrically charged surface (planar)
• Dielectric discontinuity effects 
• Disorder-induced fluctuation forces vs van-der-Waals

Rudi:



  

• Charged Soft Matter:
Charged 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- structural properties and phase behavior (aggregation, 
  crystallization, ....), equation of state, electrokinetics, etc.

 Effective interaction between charged objects (‘macroions’)

charge fluctuations in bulk and on the boundaries 
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counterions make the system 
globally electroneutral                                                      

Stability of charged systems

Stable?

vdw

solvent (or vacuum)

+

+

DLVO theory  (Derjaguin, Landau, Verwey and Overbeek) 

Earnshaw, S., On the nature of the molecular forces which regulate the constitution of the luminferous ether, 
Trans. Camb. Phil. Soc., 7, pp 97-112 (1842)



  

1948 - annus mirabilis for colloid science

Verwey & Overbeek
(1948)

Derjaguin & Landau
(1941)

“disjoining pressure”

DLVO theory of colloid stability:

Electrostatics plus van der Waals.

Gouy (1910)

Chapman (1913)

Debye & Huckel (1913)



  

Attractive

DLVO theory of colloid stability:

Electrostatics plus van der Waals.



  

The Poisson - Boltzmann equation - collective description

+

electrostatic energy

free energy = (electrostatic energy) - k (ideal gas entropy)

ideal gas entropy minimize to get equilibrium

plus electroneutrality

2.4 Interactions between like-charged surfaces 15
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Figure 2.2: Schematic representation of the asymptotic interaction regimes of a) mean field and

b) strong coupling for two like-charged walls. The mean-field regime is obtained for large separations

between the walls (compared to other length scales) and is dominated by the repulsive osmotic pressure

of counterions. For small separations (compared with the typical counterion spacing), the walls attract

each other due to a dominant single-particle attraction mediated by counterions that are isolated in

correlation cells of large lateral extension ∼ a⊥/2 " δ (shown by a dotted loop).

correlations become stronger by increasing the coupling parameter, Ξ.2

In order to demonstrate the gross physical picture, I shall focus on the interaction between
two planar like-charged walls of uniform surface charge density −σse at separation δ from each,
where q-valent counterions fill only the space between the walls–see Figure 2.2 (the dielectric
constant is assumed to be uniform in space). In this system, an extra length scale is set by
the wall separation, δ. Two limiting regimes of repulsion and attraction may be distinguished
qualitatively by comparing δ with other length scales of the system as follows.

2.4.1 Mean-field regime: Repulsion

First consider the limit where the wall separation, δ, is large compared with all other length
scales in the system and also that the system is weakly coupled, Ξ $ 1 (Figure 2.2a). In
this case, counterions form a diffuse layer at each wall, but due to large wall separation, the
system is approximately decoupled into two nearly neutral sub-systems, each consisting of
a charged wall and its counterionic cloud. The effective pressure acting between the walls
is dominated by the osmotic pressure of counterions across the mid-plane, since the overall
electrostatic field at the mid-plane is zero due to the charge neutrality of each sub-system.
This osmotic pressure is positive and therefore yields an effective repulsion between the walls.

The mid-plane osmotic pressure is proportional to the local density of counterions, ρmid,
following the ideal-gas equation of state, P = ρmid kBT , where ρmid drops roughly with the
inverse square of the wall separation for large δ as indicated by Eq. (2.10). This yields the

2Note that for charged spheres and cylinders, the coupling parameter, Ξ, and the Manning parameter, R̃,
can in principle be varied independently from each other. In other words, de-condensation of counterions may
occur in all ranges of the coupling parameter, Ξ (see Chapter 3). Therefore, the strong correlations regime,
where like-charge attraction emerges, is achieved by taking a large coupling parameter, Ξ ! 1 (see a more
accurate criterion in Section 2.4.3), and also a sufficiently large Manning parameter to ensure substantial
counterion binding at macroions. It is however difficult to establish this latter condition even for the simplest
interesting cases of two spheres and two cylinders, as it requires a detailed analysis of the binding-unbinding
process, which is available only in the asymptotic limits of mean field (Ξ → 0) [39, 53] and strong coupling
(Ξ → ∞) [54]. The mean-field theory is irrelevant for our purpose (as it does not include correlations). The
strong-coupling condition on the Manning parameter is discussed in Chapter 5.
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C.6 PB solution in an unbounded system (∆ = ∞)

In the present study, I have assumed that the counterion-cylinder system is bounded laterally
ensuring the normalization of density profile, ρ̃PB(r̃), to the total number of counterions, N ,
even in the limit ∆ → ∞. In a strictly unbounded system (with ∆ = ∞), the normalization
property of density is not preserved, since a finite fraction of counterions escape to infinity. In
this case, the PB equation (3.18) can be solved by relaxing the normalization condition (3.21).
Assuming the boundary conditions at the cylinder surface as ψ∞

PB(R̃) = 0 and R̃[dψ∞
PB(r̃ =

R̃)/dr̃] = 2ξ, one finds [105]

ψ∞
PB(r̃) =
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c = 1,

2 ln r̃
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+ 2 ln
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(C.17)

Also κ̃2 = ρ̃∞PB(R̃) = 0 for ξ ≤ ξPB
c = 1 and κ̃2/2 = (ξ − 1)2/ξ2 otherwise. Hence using Eq.

(3.23), the density profile (for R̃ ≤ r̃ ≤ D̃) in a strictly unbounded system is obtained as

ρ̃∞PB(r̃) =















0 ξ ≤ 1,

(ξ−1)2

ξ2

[

r̃
R̃

]−2 [

1 + (ξ − 1) ln r̃
R̃

]−2
ξ ≥ 1,

(C.18)

which has the same form as given in Eqs. (3.32) and (3.34). But now ρ̃∞PB(r̃) is normalized
to the condensed fraction of counterions, αM (Eq. (3.71)), i.e.

∫ ∞

R̃
dr̃ r̃ ρ̃∞PB(r̃) = αMξ =











0 ξ ≤ ξPB
c = 1,

ξ − 1 ξ ≥ ξPB
c = 1

(C.19)

(compare with Eq. (3.29)). The order parameters in the unbounded system, SPB,∞
n , may be

calculated using ρ̃∞PB. For ξ > ξPB
c = 1, I obtain

SPB,∞
n =

1

ξn

[

1 − n

ξ − 1
en/(ξ−1)Γ(0,

n

ξ − 1
)
]

. (C.20)

In the vicinity of the critical point (ξ → 1+), the order parameter obeys the scaling relation

SPB,∞
n (ζ) ∼ ζ

n
, (C.21)

which exhibits a different exponent as compared with the quantity SPB
n (ζ,∆ → ∞) in Eq.

(3.42). This is again due to the difference in normalization factor, which enters in Sn through
Eq. (3.38) (note the order in which the integration and the infinite-system limit are taken).
In general, the order parameter SPB

n (ζ,∆ → ∞) is obtained by multiplying SPB,∞
n (ζ) with

the condensed fraction αM, as

SPB
n (ζ,∆ → ∞) = αMSPB,∞

n (ζ). (C.22)



  

Developments in the 80’s colloid science:

• Oosawa derives attractive interactions 
between DNAs (late 60’s early ‘70) 

• Simulation of DLVO interactions (early 80’s 
- electric double-layer simulation Torrie and 
Valleau)

• Fundamental paper by Gulbrand, Jonsson, 
Wennerstrom and Linse (1984)

Established that for planar surfaces the 
Interactions with divalent counterions can 

be attractive!

They dubbed it the correlation effect because it 
stems from a correlation term in the stress 

tensor.

1984 - annus horribilis for colloid science  

Probably the biggest advance in colloid science since DLVO.



  

Hexagonal array of DNA with poly-counterions: 
(Lyubartsev and Nordenskiold, 1995)

A pair of DNAs with polyvalent counterions:
(Gronbech-Jensen et al. 1997)

Screening. Debye length ~ 3.05 Å /√M

Getting worse and worse...  

Attractions seem to be everywhere!



 q=1
          counterion valency

 q=2  q=3

• Colloids (spheres):

Per Linse et al. (1999)

D. Needleman-C. Safinya et al. (2004)

• Microtubules (cylinders):





viral
DNA condensates

(Kleinschmidt et al., 1962)



charged surfactants in water form different ordered phases

100 100

water-hating tail

water-loving head (charged)

_ +
2+

D

lamellar phase

increasing the counterion valency induces attraction between lamellae
(similar effects seen for spheres, cylinder ...)

surfactant percentage

D D

counterion Na+

counterion Mg2+

Khan, Wennerström, Lindman



  

A historical guide to the correlation effect

Gulbrand, Jonsson, Wennerstrom and Linse 
(1984)

Lyubartsev and Nordenskiold (1995)
Gronbech-Jensen et al. (1997)

(earlier MC simulations)

Oosawa (1971)
(counterion fluctuations)

Kjellander and Marcelja 
(1984-1986)

(inhomogeneous integral 
equations closure)

Podgornik et al. (1988-1991)
Attard et al. (1988)

Pincus, Safran (1995)
Podgornik and Parsegian (1999)

Kardar, Golestanian (1999)
.....

(Gaussian fluctuations)

Netz et al (2000-...)
(General analysis of Coulomb fluids + simulations)

Weeks et al (2006)
Santangelo (2006)

AN, RP et al  
(various extensions)

Ninham and Parsergian (75)
(van der Waals interactions)

Rouzina and Bloomfield (1996)
(checkerboard model)

Shklovskii et al. (1999-2002)
Lau and Pincus (2001)

Levin et al (2000)
(Wigner crystal model)

High-T approach Low-T approach 



  

Weak--Strong coupling paradigm
(planar charged surfaces)



  

Weak coupling limit
(Poisson - Boltzmann)

   Ξ➝ 0

Strong coupling limit
(Netz - Moreira)
   Ξ➝ ∞

Ratio between the Bjerrum and the Gouy - Chapman lengths. Bulk versus surface interactions.

Bjerrum length Gouy - Chapman length

Coulomb’s law
and
kT

Coupling parameter

Weak and strong coupling electrostatic interactions  

``

10 2. Counterion at Charged Objects: General aspects

Charged object σs (e/nm2) R(Å) q µ(Å) Ξ R̃
charged membranes ∼ 1 – 1 2.2 3.1 –

2 1.1 24.8 –
3 0.7 83.7 –

DNA 0.9 10 1 (Na+) 2.4 2.8 4.1
2 (Mn2+) 1.2 22.4 8.2

3 (spermidine) 0.8 75.6 12.3
4 (spermine) 0.6 179 16.4

highly charged colloids ∼ 1 20 3 0.7 85 28
(surfactant micelles)
weakly charged colloids ∼ 0.1 ∼ 103 1 ∼ 2 ∼ 0.1 ∼ 5 × 102

(polystyrene particles)

Table 2.1: Typical values of physical parameters for realistic charged systems: σs and R denote

the surface charge density and the radius of curvature of charged objects. q is the charge valency of

counterions, µ = 1/(2πq#Bσs) is the Gouy-Chapman length, Ξ = q2#B/µ is the coupling parameter,

and R̃ = R/µ is the Manning parameter (Section 2.3). The Bjerrum length is taken here as #B # 7.1Å

corresponding to an aqueous medium of dielectric constant ε = 80 at room temperature.

In brief, the two asymptotic regimes of weak coupling (Ξ $ 1) and strong coupling
(Ξ % 1) are distinguished physically by different structures arising for counterionic layers at
charged surfaces (these results hold for charged curved surfaces as well). The quantitative
form of the counterionic distribution function is considered in the following section. Before
proceeding further, it is useful to consider the typical values of the coupling parameter in
realistic systems. Table 2.1 shows few typical examples of both weakly coupled and strongly
coupled systems. As already seen from Eq. (2.4), the coupling strength grows quite rapidly
with the counterion valency (Ξ ∼ q3), which agrees with experimental and numerical evidence
indicating rapidly growing correlation effects for increasing counterion valency (see Chapter
5 and references cited therein). Note that a typical coupling strength of Ξ ∼ 102 (or larger)
already reflects strong-coupling regime and a value of Ξ ∼ 1 (or smaller) typically corresponds
to the weak-coupling regime.

2.2 Counterion distribution at a charged surface

2.2.1 Weak-coupling or mean-field regime

For small coupling strength Ξ $ 1, as mentioned before, one may employ the mean-field
approximation in order to describe the counterionic layer because each counterion in the
layer interacts with a diffuse cloud of other counterions (Figure 2.1a). The mean-field theory
systematically neglects inter-particle correlations. It can formally be derived in the limit of
Ξ → 0 [50] (see Appendix A). It is governed by the so-called mean-field Poisson-Boltzmann
(PB) equation [1, 2]

∇2ψelec(x) =
σ(x)e

εε0
− qeρ0

εε0
Ω(x) exp(−qeψelec/kBT ), (2.8)



  

Collective description
(Poisson - Boltzmann “N” description)

Screened Debye-Hueckel)
 

vs.
Single particle description

(Strong Coupling “1” description)

Z

How was that accomplished?

Weak coupling limit
(Poisson - Boltzmann)

   Ξ➝ 0

Strong coupling limit
(Netz - Moreira)
   Ξ➝ ∞

Coupling parameter

``

since each counterion neutralizes the charge of an area given by a2? ! q=ss (up to a
geometrical prefactor of the order one). Comparing this length scale with the
Gouy–Chapman length, we have

a?
m

!
ffiffiffiffi

X
p

: (6)

Hence in the SC regime, Xb1; counterions essentially form a quasi 2D layer as their
lateral separation at surface becomes much larger than the Gouy–Chapman length
a?bm (Fig. 1b). On the other hand, the structure of such a layer is dominated by
mutual repulsions between counterions, which freeze out lateral degrees of freedom.
Hence counterions become laterally correlated and surrounded by a large correlation
hole of size a? from which neighboring counterions are statistically depleted
[61,64,66] (see Section 3.3 for a more detailed analysis [39]). This indicates a
trend toward crystallization in the ionic structure for increasing coupling parameter,
which can be corroborated by considering the effective plasma parameter relevant
for this situation

G ¼
~‘B
a?

! X1=2 : (7)

The parameter G gives a measure of mutual Coulombic repulsions between
counterions at a neutralizing surface (the 2D one-component plasma) [61,64,66].
For increasing X; G increases while the average counterion–wall interaction (per
kBT) remains of the order of unity, hUi=ðkBTÞ ¼ hzi=m ! 1: The Wigner crystal-
lization of the 2D one-component plasma is known to occur for G4Gc % 125 [83],
which corresponds to the range of coupling parameters X4Xc % 3:1& 104 [39] (see
Section 3.3).

In the weak-coupling regime (X51), no crystallization is expected to occur and the
counterion layer has a 3D fluid-like structure (a?5m) [84] (Fig. 1a). Thus, the two
asymptotic regimes of weak-coupling (X51) and strong coupling (Xb1) may be
distinguished physically by the structure of counterionic layers at charged surfaces.
In Sections 3 and 4, we shall briefly review the main results obtained in each of
these regimes for the classical example of counterions at one and two charged walls
(planar double layers).

But before proceeding further, it is useful to consider the typical values of the
coupling parameter in realistic systems. In Table 1, we show few typical examples of
both weakly coupled and strongly coupled systems. As already seen from Eq. (4), the
coupling strength grows quite rapidly with the counterion valency (X ! q3), which
agrees with experimental and numerical evidence indicating highly growing
correlation effects for increasing counterion valency [7–42]. In fact as known
from these studies, typical coupling strength of X ! 102 (or larger) already reflects
SC regime and a value of X ! 1 (or smaller) typically corresponds to the weak-
coupling regime.
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We restrict our discussion to a primitive model in which particles only interact
with Coulombic forces and in some cases, also with short-range excluded-volume
repulsions. The inhomogeneous charge distribution of macroions and also ion-
surface adsorption effects [77] are neglected. We do not consider coions and take
the solvent effects into account only through the continuum dielectric constant of
medium e (for water at room temperature e ! 80), which is mainly assumed to
be uniform and equal everywhere in space. The role of the dielectric jump at
charged boundaries will be discussed briefly in Section 5 for the case of two
charged walls.

2. Length scales in charged systems: from mean-field to SC regime

To distinguish the regimes of parameters where attractive or repulsive forces may
arise between macroions, one needs first to study the length scales that appear in a
classical charged system. Let us consider a system of macroions with uniform surface
charge density of "ss (in units of the elementary charge e) and neutralizing
counterions of charge valency q at temperature T. (Hereafter, we conventionally
assume that macroions are negatively charged and counterions are positively
charged, thus ss and q are both positive by definition.)

A characteristic length scale in such a system is set by comparing the
thermal energy scale, kBT ; with the Coulombic interaction energy between
counterions, V ðrÞ ¼ q2e2=ð4pee0rÞ; where r is the distance between two given
counterions. The ratio between these two quantities may be written as V=ðkBTÞ ¼
q2‘B=r; where

‘B ¼
e2

4pee0kBT
(1)

is the so-called Bjerrum length, which measures the distance at which two elementary
charges interact with thermal energy kBT (in water and at room temperature
‘B ! 7:1 (A). Thus the rescaled Bjerrum length

~‘B ¼ q2‘B (2)

may be taken as the relevant length scale to characterize the strength of mutual
counterionic repulsions against thermal fluctuations in the system.

Other length scales are set by considering the charge distribution and the specific
geometry of macroions. For simplicity, let us concentrate here on a planar system
composed of a planar charged wall of infinitely large extension and neutralizing
counterions confined to one half-space (Fig. 1). This model is physically relevant for
charged membranes and also for macroions with large radii of curvature, which
behave like plates at small distances from their surface.

In this system, an additional length scale may be obtained by comparing
the thermal energy kBT with the energy scale of the counterion–wall attraction,
UðzÞ ¼ qsse2z=ð2ee0Þ; where z is the vertical distance from the wall. Hence, we have
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3. Counterions at a charged wall

3.1. Weak-coupling (or mean-field) regime X51

For small coupling strength, one may employ the mean-field approximation to
describe the counterionic layer since each counterion interacts with a diffuse cloud of
other counterions. The mean-field approximation systematically neglects correla-
tions among counterions and is formally valid in the strict limit of X ! 0 [55].

The mean-field theory is governed by the so-called Poisson–Boltzmann (PB)
equation [1,2,55]

r2cðxÞ ¼ $
qer0
ee0

expð$qec=kBTÞ ; (8)

which is to be solved for the mean electrostatic potential in space, c; using proper
boundary conditions at macroion surfaces. The corresponding density profile of
counterions, rPBðxÞ; follows from the solution of the PB equation (8) and using the
relation rPBðxÞ ¼ r0 expð$qec=kBTÞ; where r0 is a normalization prefactor.

For the system of point-like counterions at a single uniformly-charged wall (in the
absence of salt), the PB theory predicts an algebraically-decaying density profile of
the form [1,2]

rPBðzÞ
2p‘Bs2s

¼
1

ðz=mþ 1Þ2
; (9)

ARTICLE IN PRESS

Table 1
Typical values of physical parameters for realistic charged systems

Charged object ss (e/nm2) R (Å) q m (Å) X x

Charged membranes & 1 — 1 2.2 3.1 —
2 1.1 24.8 —
3 0.7 83.7 —

DNA 0.9 10 1 (Naþ) 2.4 2.8 4.1

2 (Mn2þ) 1.2 22.4 8.2

3 (spermidine) 0.8 75.6 12.3
4 (spermine) 0.6 179 16.4

Highly charged colloids & 1 20 3 0.7 85 28
(surfactant micelles)
Weakly charged colloids & 0:1 & 103 1 & 2 & 0:1 & 5' 102

(polystyrene particles)

ss and R denote the surface charge density and the radius of curvature of charged objects, q is the charge
valency of counterions, and m; X and x are the Gouy–Chapman length, m ¼ 1=ð2pq‘BssÞ (Eq. (3)), the
coupling parameter, X ¼ q2‘B=m (Eq. (4)), and the Manning parameter, x ¼ R=m (Eq. (26)), respectively.
(The role of curvature and Manning parameter for cylindrical and spherical macroions is discussed in
Sections 6–8.) The Bjerrum length is taken here as ‘B ( 7:1 (A corresponding to an aqueous medium of
dielectric constant e ¼ 80 at room temperature.
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where z is the distance from the wall. The density of counterions at contact is
obtained as rðz ¼ 0Þ ¼ 2p‘Bs2s ; which is an exact result within the present model and
valid beyond the mean-field level [85]. As seen the PB theory predicts an extended
counterionic density profile (with diverging moments) in agreement with the
qualitative considerations in Section 2 for a weakly coupled system. Nonetheless, the
PB density profile (9) is normalizable to the total number of counterions reflecting
the fact a charged wall binds all its counterions (see also Section 6.1). Note also that
the Gouy–Chapman length, m; in this case equals the height of a layer at the wall
which contains half of the counterions, and thus may be associated with the typical
layer thickness at low couplings.

3.2. SC regime Xb1

In this regime, the liquid-like ordering (or crystallization at sufficiently large
couplings) of counterions renders the mean-field theory an invalid description of the
system. Yet one can obtain a simple analytical description for the counterionic layer
as follows [61,64,66,69].

Since for Xb1 counterions become highly separated from each other in a quasi-
2D layer at the charged wall (Fig. 1b), one may consider the system as a collection of
laterally frozen correlation cells, each consisting of a single counterion interacting
with an area of the wall of size $ a? (Eq. (5)). Since in this regime a?bm; the
dominant contribution to the density profile of counterions at the wall is obtained by
considering only the vertical degree of freedom, z, through which single counterions
are coupled to the wall with the interaction potential U=ðkBTÞ % z=m: Hence, using
the Boltzmann weight, one has the following density profile

rSCðzÞ ¼ r0 expð&z=mÞ : (10)

The prefactor in the above expression (the contact density) may be fixed from the
normalization condition for the density profile and the global electroneutrality of the
system as r0 ¼ 2p‘Bs2s : The SC density, rSCðzÞ; drops quite rapidly as one moves
away from the charged wall. The average distance of counterions is obtained to be
equal to the Gouy–Chapman length, hziSC ¼ m:

The above density profile, which essentially follows from single-particle
contributions, was obtained by Shklovskii [64,66] using a Wigner-crystal model
for large Coulombic coupling. The asymptotic analysis of Ref. [69] showed that the
partition function of the system for X ! 1 adopts a series expansion in powers of
1=X; the leading term of which is given only by single-particle contributions. The
multi-particle contributions enter in higher-order terms (in the form of a virial
expansion). The leading term defines the asymptotic strong-coupling (SC) theory,
which for the counterion–wall system gives exactly the density profile (10) .

3.3. Intermediate-coupling regime

In realistic systems, the coupling parameter is always finite (see Table 1).
Therefore, it is important to examine whether and how the preceding analytical
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Field-Theoretical Approach Coulomb fluids

Functional integral representation of the Coulomb fluid grand canonical partition function.

Grand canonical partition function can be written as

Coulomb fluid = an ensemble of interacting Coulomb charges.

Exactly solvable for 1D Coulomb gas. “Schroedinger 
equation” (Dean, Horgan et al)

In 3D, only asymptotic cases can handled analytically
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Fig. 1 Schematic view of a system of macroions with partially annealed disordered charge distribution !(r)
and q-valency counterions at bulk temperature T . Surface charges may exhibit a different effective tempera-

ture T ′ due to their disordered nature and slow dynamics relative to the fast-relaxing counterions. As a model

system, we study two apposed planar macroion surfaces with disordered surface charge distributions (speci-

fied in the text) located at z= ±a at the separation distance d = 2a. We neglect the dielectric discontinuity at

the boundaries or the presence of added salt in the system [18] (see also Refs. [25–27]).

surface charge to smaller values. Hence, besides the previously established mechanisms of

counterion-induced [12–14] and quenched disorder-induced [17,18] correlations, we find

that the annealing of macroion charges provides another mechanism enhancing the like-

charge attraction.

The organization of the paper is as follows: We start with the general formalism that

allows us to define and to deal with the partially annealed disorder in terms of an “effective

partition function” that is obtained in the form of a functional integral over a fluctuating local

electric potential field. The structure of this field theory is too complicated to allow for a

general solution. We thus derive asymptotic solutions in the mean-field limit (corresponding

to the Poisson-Boltzmann theory of the classical DLVO framework) as well as the strong-

coupling limit via an application of the replica formalism. We finally evaluate and analyze

the inter-surface interactions for the specific case of planar charged surfaces in both limits

and compare them. We conclude by positioning our results in the growing framework of the

weak–strong coupling formalism for charged macromolecular interactions.

2 General formalism

Let us consider a system of fixed macroions with disordered charge distribution, !(r), im-
mersed in an aqueous medium of dielectric constant, " , along with their point-like neu-

tralizing counterions of valency q. In what follows, we shall develop our formalism for an

arbitrary ensemble of fixed macroions but for explicit calculations, we shall delimit our-

selves to a model system of two apposed charged planar surfaces with !(r) representing the
charge distribution along both planar surfaces (see Fig. 1). In the quenched limit, !(r) is as-
sumed to be static and only counterions are subject to thermal fluctuations. In the annealed

limit, both counterions and macroion charges are subject to fluctuations of comparable time

scales (i.e., #ci ∼ #s respectively) and thus mutually equilibrate. The intermediate situation

of partially annealed disorder by definition occurs when there is a macroscopic separation

of time scales between the so-called fast and slow variables as frequently observed in glassy

systems [28,29].

In the present context, counterions comprise the fast variables as they are dispersed

and freely fluctuate in the bulk. Macroion surface charges are assumed to constitute the
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Dimensionless representation

``

``

• for Ξ−>0: loop expansion in powers of Ξ (e.g. for interaction)

coupling parameters X412: The filled symbols (connected with a solid line) show the
stable bound state of the two walls, while the open symbols (connected with a
dashed line) correspond to meta-stable or unstable states of the two wall (i.e., the
local minima or the maximum of the free energy of the system, where the free
energy is obtained from the data by integrating the pressure from infinite distance
to a finite distance, D) [39]. As seen, the stable bound state exhibits an equilibrium
wall separation quite close to the SC prediction, Dn=m ¼ 2 (Eq. (16)), for moderate
to large coupling parameters. The thermodynamic behavior of this system has
been studied in Ref. [39], which predicts a first-order unbinding transition
at X " 17:

The effective pressure also exhibits a distance-dependent crossover at intermediate
couplings [38,39,69]: at small wall separations, the data closely follow the SC curve,
while for large separations, they tend to the PB curve and display a mean-field-like
repulsion. In order to study the crossover behavior analytically, one needs to
consider the extension of both asymptotic theories of mean field (X ! 0) and SC
(X ! 1) to finite-coupling situations.

4.3.1. Loop expansion: sub-leading corrections to the mean-field PB theory
The mean-field PB theory is obtained from a saddle-point approximation in the

limit of X ! 0 [55]. Therefore, one way to incorporate finite-coupling effects on a
systematic level is to calculate the higher-order corrections to the saddle-point
solution by means of a loop expansion. The loop parameter turns out to be the
coupling parameter X and the effective pressure between the walls may be expanded
about the mean-field solution as

PðDÞ ¼ PPBðDÞ þ XPð1Þ
PBðDÞ þ OðX2Þ ; (18)

where PPB is the PB solution (13), and Pð1Þ
PB is the first-loop or the Gaussian

correction term [47,48]

bPð1Þ
PB

2p‘Bs2s
" &

m
D

! "3 zð3Þ
4

þ
p3

4
þ p2 lnðD=pmÞ

# $

: (19)

Clearly, the Gaussian correction term contributes an attractive component, which
comes from correlations between fluctuations in the counterionic clouds at opposite
walls. These fluctuations tend to polarize each other giving rise to attraction in the
same way as other fluctuation-induced attractive forces (such as dispersion
interactions) are generated [54]. It is tempting to argue that the Gaussian correction
term turns the net pressure between the walls into an attractive pressure for large
enough X: However, the onset of attraction in fact signals the break-down of the
loop-expansion scheme as used above, since the correction term becomes
comparable to the leading PB term [69]. Therefore, the Gaussian-fluctuations
picture remains valid only at sufficiently small couplings (or the so-called high-
temperature regime) and also for sufficiently large separations D=mb1 (see the
discussion in Refs. [56,68,69]).

The regime of validity of the loop expansion (and that of the mean-field
PB theory) at a finite coupling parameter, X; may be estimated by comparing the
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• for Ξ−>∞: expansion in powers of Ξ−1  (virial expansion)

sub-leading and the leading terms in Eq. (18), that gives [39,69]

D=m
lnðD=mÞ

4X : (20)

4.3.2. Virial expansion: sub-leading corrections to the SC theory
In the SC regime, the finite-coupling corrections may be taken into account using a

virial-expansion scheme, which is obtained as a series expansion in powers of 1=X
about the asymptotic SC solution (for X ! 1) [69]. The effective pressure between
two like-charged walls adopts the following large coupling expansion

PðDÞ ¼ PSCðDÞ þ
1

X
Pð1Þ
SCðDÞ þ OðX%2Þ ; (21)

where PSC is the SC prediction, Eq. (15), and Pð1Þ
SC is the first correction term

[38,39,69]

bPð1Þ
SC

2p‘Bs2s
¼

D
3m

; (22)

which contributes a repulsive component to the total pressure. This finite-coupling
correction can be used only at sufficiently large couplings and small wall separations
where the correction term itself is small, i.e., where the 1=X-expansion scheme
remains valid. One may estimate the regime of validity of this expansion (and
thus the regime of applicability of the SC theory) at a finite coupling parameter from
Eqs. (21) and (22) as [69]

D
m

! "2

oX : (23)

This estimate in fact agrees with our qualitative discussion in Section 4.2, which
predicts the SC attraction for small wall separation compared with the lateral
distance of counterions, a?; that is for

Doa? ; (24)

which in units of the Gouy–Chapman length (and using Eq. (5)) reproduces Eq. (23).
Note also that the equilibrium wall separation predicted by the SC theory, Dn=m ¼ 2
(Eq. (16)), fulfills the above criterion for X44:

Equation (24) or (23) in rescaled units is also known as the Rouzina–Bloomfield
criterion [61], which is established as a generic attraction criterion for highly charged
macroions including charged spheres and cylinders [30,32,33,41,71].

The above discussions may be summarized in a diagram as shown in Fig. 6a
specifying the range of parameters (coupling parameter and the wall separation)
where the SC or the mean-field picture prevails. As seen there appears a gap in the
diagram, where neither of the theories can be extended to include finite-coupling
effects via the series-expansion methods mentioned before. The physical situations to
which this gap corresponds have been illustrated in Figs. 6b and c (compare these
figures with Fig. 4). Fig. 6b shows a system in which the Gouy–Chapman length is
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PB equation and saddle point 

Functional integral representation of the grand canonical partition function
paves the way to a derivation of the PB equation plus the fluctuational corrections to it!

= the Poisson - Boltzmann equation

= Poisson - Boltzmann equation plus second order
fluctuational (Gaussian) corrections.

Hessian of the Coulomb action.

Second order fluctuational (Gaussian) corrections = zero frequency Lifshitz-van der Waals term
or the classical Casimir effect

Saddle point = mean-field (MF)

Functional integral “action”.

 Ξ➝ 0



  

Strong-coupling theory
On the SC level the image corrections exist for the external potential 

as well as for the image self-energy!

Zero order SC: Coulomb interaction between charged surfaces

...and the first order (SC proper) correction:

   Ξ➝ ∞

+ + +  …

 (a lot easier to evaluate)



  

Interaction between identical planar charged surfaces

• Weak coupling (Poisson - Boltzmann 
+ Gaussian flucts)

• Strong coupling 

Total pressure (PB+ flucts)

Poisson - Boltzmann (analytic)

Fluctuational (analytic)

In this system, an extra length scale is set by the wall separation, D: Two limiting
regimes of repulsion and attraction may be distinguished qualitatively by comparing
D with other length scales of the system as follows.

4.1. Mean-field regime: repulsion

First consider the limit where the wall separation, D; is large compared with all
other length scales in the system and also that the system is weakly coupled, X51
(see Fig. 4a). In this case, counterions form a diffuse layer at each wall, but due to
large wall separation, the system is approximately decoupled into two nearly neutral
sub-systems, each consisting of a charged wall and its counterionic cloud. The
effective pressure acting between the walls is dominated by the osmotic pressure of
counterions across the mid-plane, since the overall electrostatic field at the mid-plane
is zero due to the charge neutrality of each sub-system. This osmotic pressure is
positive and therefore gives an effective repulsion between the walls.

The mid-plane osmotic pressure is proportional to the local density of counter-
ions, rmid; following the ideal-gas equation P ¼ rmidkBT ; where rmid drops
roughly with the inverse square of the wall separation for large D as it follows
from Eq. (9). This yields the scaling form of the repulsive pressure between the walls
as PðDÞ $ D%2: The formal derivation of the pressure based on the PB equation
supports the above result for large separation. The full PB solution for arbitrary D
follows as [1,2,69]

bPPBðDÞ
2p‘Bs2s

¼ L (13)

(with b ¼ 1=kBT), where L is determined from the transcendental equation
L1=2 tan½L1=2ðD=2mÞ' ¼ 1: For large D=mb1; the PB solution yields

bPPBðDÞ
2p‘Bs2s

(
pm
D

! "2
; (14)

which is expectedly independent of the surface charge density of the walls.
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Fig. 4. Schematic representation of the asymptotic interaction regimes of (a) mean field and (b) SC for two
like-charged walls. The mean-field regime is obtained at large separations between the walls (compared to
other length scales) and is dominated by the repulsive osmotic pressure of counterions. For small wall
separation (compared with the typical counterion spacing), the walls attract each other since counterions
are isolated in correlation cells of large lateral extension $ a?=2bD (shown by a dotted loop) and mediate
a dominant single-particle attraction between the walls.
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loop
expans.
valid

virial expansion valid

Regimes of validity of asymptotic theories

the smallest length scale and the wall separation is large such that moa?oD: In units
of the Gouy–Chapman length, we have 1oXoðD=mÞ2: In this case, the PB approach
is not valid and in a rough approximation, the two layers are decoupled and each
layer is separately described by the strong-coupling density profile for a single wall.
Yet a systematic theory for the effective interaction in this regime is missing. Fig. 6c
shows a system in which the Gouy–Chapman length is the largest length scale and
a?oDom; or in units of the Gouy–Chapman length, XoðD=mÞ2o1: In this case,
counterions form a confined gas with local three-dimensional correlations for finite
X: Interestingly in this regime both SC theory and PB theory agree on the leading
level but again have different corrections [69].

5. The role of dielectric jump at charged surfaces

So far we have assumed that the dielectric constant is uniform in space and equal
for both solvent medium (where counterions are present) and charged surfaces.
However, charged surfaces (macroions) usually have a dielectric constant, which is
different from that of an aqueous solvent; for bio-soft materials, the dielectric
constant, e0; is usually smaller than that of water e # 80 (e.g. e0 # 2 for hydrocarbon).
This introduces a dielectric jump at charged boundaries, which can be treated
theoretically using the method of image-charges.

For a counterion of charge valency q at a charged wall of dielectric constant e0; the
image-charge is given by q0 ¼ qde; where

de ¼
e% e0

eþ e0
; (25)
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Fig. 6. (a) Regimes of applicability of the asymptotic theories of mean field Poisson–Boltzmann and
strong coupling for the system of two like-charged walls and counterions. There is an intermediate regime
of rescaled distances between the walls, D=m; and coupling parameters, X; where finite-coupling effects can
not be captured by series expansions around the mean-field or the strong-coupling solutions. Possible
physical situations in this regime are schematically shown in (b) and (c)—see the text.
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Equilibrium
separation

sub-leading and the leading terms in Eq. (18), that gives [39,69]

D=m
lnðD=mÞ

4X : (20)

4.3.2. Virial expansion: sub-leading corrections to the SC theory
In the SC regime, the finite-coupling corrections may be taken into account using a

virial-expansion scheme, which is obtained as a series expansion in powers of 1=X
about the asymptotic SC solution (for X ! 1) [69]. The effective pressure between
two like-charged walls adopts the following large coupling expansion

PðDÞ ¼ PSCðDÞ þ
1

X
Pð1Þ
SCðDÞ þ OðX%2Þ ; (21)

where PSC is the SC prediction, Eq. (15), and Pð1Þ
SC is the first correction term

[38,39,69]

bPð1Þ
SC

2p‘Bs2s
¼

D
3m

; (22)

which contributes a repulsive component to the total pressure. This finite-coupling
correction can be used only at sufficiently large couplings and small wall separations
where the correction term itself is small, i.e., where the 1=X-expansion scheme
remains valid. One may estimate the regime of validity of this expansion (and
thus the regime of applicability of the SC theory) at a finite coupling parameter from
Eqs. (21) and (22) as [69]

D
m

! "2

oX : (23)

This estimate in fact agrees with our qualitative discussion in Section 4.2, which
predicts the SC attraction for small wall separation compared with the lateral
distance of counterions, a?; that is for

Doa? ; (24)

which in units of the Gouy–Chapman length (and using Eq. (5)) reproduces Eq. (23).
Note also that the equilibrium wall separation predicted by the SC theory, Dn=m ¼ 2
(Eq. (16)), fulfills the above criterion for X44:

Equation (24) or (23) in rescaled units is also known as the Rouzina–Bloomfield
criterion [61], which is established as a generic attraction criterion for highly charged
macroions including charged spheres and cylinders [30,32,33,41,71].

The above discussions may be summarized in a diagram as shown in Fig. 6a
specifying the range of parameters (coupling parameter and the wall separation)
where the SC or the mean-field picture prevails. As seen there appears a gap in the
diagram, where neither of the theories can be extended to include finite-coupling
effects via the series-expansion methods mentioned before. The physical situations to
which this gap corresponds have been illustrated in Figs. 6b and c (compare these
figures with Fig. 4). Fig. 6b shows a system in which the Gouy–Chapman length is
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sub-leading and the leading terms in Eq. (18), that gives [39,69]

D=m
lnðD=mÞ

4X : (20)

4.3.2. Virial expansion: sub-leading corrections to the SC theory
In the SC regime, the finite-coupling corrections may be taken into account using a

virial-expansion scheme, which is obtained as a series expansion in powers of 1=X
about the asymptotic SC solution (for X ! 1) [69]. The effective pressure between
two like-charged walls adopts the following large coupling expansion

PðDÞ ¼ PSCðDÞ þ
1

X
Pð1Þ
SCðDÞ þ OðX%2Þ ; (21)

where PSC is the SC prediction, Eq. (15), and Pð1Þ
SC is the first correction term

[38,39,69]

bPð1Þ
SC

2p‘Bs2s
¼

D
3m

; (22)

which contributes a repulsive component to the total pressure. This finite-coupling
correction can be used only at sufficiently large couplings and small wall separations
where the correction term itself is small, i.e., where the 1=X-expansion scheme
remains valid. One may estimate the regime of validity of this expansion (and
thus the regime of applicability of the SC theory) at a finite coupling parameter from
Eqs. (21) and (22) as [69]

D
m

! "2

oX : (23)

This estimate in fact agrees with our qualitative discussion in Section 4.2, which
predicts the SC attraction for small wall separation compared with the lateral
distance of counterions, a?; that is for

Doa? ; (24)

which in units of the Gouy–Chapman length (and using Eq. (5)) reproduces Eq. (23).
Note also that the equilibrium wall separation predicted by the SC theory, Dn=m ¼ 2
(Eq. (16)), fulfills the above criterion for X44:

Equation (24) or (23) in rescaled units is also known as the Rouzina–Bloomfield
criterion [61], which is established as a generic attraction criterion for highly charged
macroions including charged spheres and cylinders [30,32,33,41,71].

The above discussions may be summarized in a diagram as shown in Fig. 6a
specifying the range of parameters (coupling parameter and the wall separation)
where the SC or the mean-field picture prevails. As seen there appears a gap in the
diagram, where neither of the theories can be extended to include finite-coupling
effects via the series-expansion methods mentioned before. The physical situations to
which this gap corresponds have been illustrated in Figs. 6b and c (compare these
figures with Fig. 4). Fig. 6b shows a system in which the Gouy–Chapman length is
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SC regime:

WC regime:
sub-leading and the leading terms in Eq. (18), that gives [39,69]

D=m
lnðD=mÞ
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4.3.2. Virial expansion: sub-leading corrections to the SC theory
In the SC regime, the finite-coupling corrections may be taken into account using a

virial-expansion scheme, which is obtained as a series expansion in powers of 1=X
about the asymptotic SC solution (for X ! 1) [69]. The effective pressure between
two like-charged walls adopts the following large coupling expansion

PðDÞ ¼ PSCðDÞ þ
1

X
Pð1Þ
SCðDÞ þ OðX%2Þ ; (21)

where PSC is the SC prediction, Eq. (15), and Pð1Þ
SC is the first correction term

[38,39,69]

bPð1Þ
SC

2p‘Bs2s
¼

D
3m

; (22)

which contributes a repulsive component to the total pressure. This finite-coupling
correction can be used only at sufficiently large couplings and small wall separations
where the correction term itself is small, i.e., where the 1=X-expansion scheme
remains valid. One may estimate the regime of validity of this expansion (and
thus the regime of applicability of the SC theory) at a finite coupling parameter from
Eqs. (21) and (22) as [69]

D
m

! "2

oX : (23)

This estimate in fact agrees with our qualitative discussion in Section 4.2, which
predicts the SC attraction for small wall separation compared with the lateral
distance of counterions, a?; that is for

Doa? ; (24)

which in units of the Gouy–Chapman length (and using Eq. (5)) reproduces Eq. (23).
Note also that the equilibrium wall separation predicted by the SC theory, Dn=m ¼ 2
(Eq. (16)), fulfills the above criterion for X44:

Equation (24) or (23) in rescaled units is also known as the Rouzina–Bloomfield
criterion [61], which is established as a generic attraction criterion for highly charged
macroions including charged spheres and cylinders [30,32,33,41,71].

The above discussions may be summarized in a diagram as shown in Fig. 6a
specifying the range of parameters (coupling parameter and the wall separation)
where the SC or the mean-field picture prevails. As seen there appears a gap in the
diagram, where neither of the theories can be extended to include finite-coupling
effects via the series-expansion methods mentioned before. The physical situations to
which this gap corresponds have been illustrated in Figs. 6b and c (compare these
figures with Fig. 4). Fig. 6b shows a system in which the Gouy–Chapman length is
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Beyond the ‘standard model’

Generalization to more realistic and refined models 
if compared to the “primitive model”.



  

• Geometry of ‘macroions’

``
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FIG. 2: Two cylinders with (single) helical charge distribution
in a bath of counterions (not shown).

DNA molecule because of unknown surface and satura-
tion effects on the value of the local dielectric constant.
We will not delve into these complicated and poorly un-
derstood effects in this work.

The amount of charge on both cylinders can be ex-
pressed with a dimensionless Manning parameter [21, 22],
defined as

Q =
q2lB

d
(1)

where d is the longitudinal spacing between equivalent
elementary charges along the cylinder and lB is Bjerrum
length. Expressing the Manning parameter with mean
surface charge density σ, one remains with

Q =
e0qa

2εε0kT
σ. (2)

Note that at fixed surface charge the Manning parameter
Q is proportional to counterion valency q.

We will solve the statistical mechanics of the above
model in two well defined limits [14]: the weak-coupling
(WC) a.k.a. the Poisson-Boltzmann (PB) or the mean-
field limit and the strong-coupling (SC) limit. Their per-
tinent range of validity have been analysed thoroughly,
see e.g. [14]. These two coupling regimes delimit the ex-
act thermodynamic properties of the system and thus de-
scribe the extreme limits of its behavior in the parameter
space. We will not include in our analysis the contribu-
tion of the second order fluctuations around the mean-
field solution [23], as can be done for planar systems,
since it is a lot more complicated in cylindrical geometry
[24], while remaining numerically overall small.

III. WEAK COUPLING LIMIT (MEAN-FIELD)

The mean-field approach, also known as weak-coupling
limit (Ξ ! 1), is based on the Poisson-Boltzmann equa-
tion for charged mobile counterions in solution [2] and is

valid for Ξ ! 1. This theory predicts that counterions
will distribute in the space surrounding the macromolec-
ular charge in accordance with the Boltzmann statistics
that leads to the following equation for the mean electro-
static potential

∇2φ = −
A

εε0
e−βe0qφ, (3)

where the constant A can be determined by the charge
neutrality condition. Inside the cylinders the right-hand
side of the above equation is 0. Using the dimensionless
electrostatic potential, u = βe0qφ, we obtain a set of
equations valid inside and outside the cylinders

∇2u = −Ce−u (outside),
∇2u = 0 (inside).

(4)

The boundary conditions on the surface in the presence
of the surface charge density σ∗, that can exhibit spatial
variation along the surface, are formulated in the stan-
dard way via the normal component of the electric field
strengths as

εε0En − εε0E
′
n = σ∗,

where ε is the (static) dielectric constants outside as well
as inside the cylinders. In dimensionless variables this
amounts to

∂u′

∂r

∣

∣

∣

∂
−

∂u

∂r

∣

∣

∣

∂
=







βe0q

εε0
σ∗, charged stripe,

0, otherwise.
(5)

In order to avoid numerical divergences in the deriva-
tives if the surface charge density σ∗ is represented by an
infinitely thin line, we represent the helical charge dis-
tribution as a helical stripe with a finite thickness. As
already noted this can be justified by realizing that a
typical ion radius would be around 0.2 nm and therefore
we assume the stripe of thickness 0.4 nm.

Numerically we solve the PB equation in a finite
bounding box geometry with dimensions Lx×Ly×Lz (see
2). The height of the box is always taken to be equal to
one pitch,Lz = H and the periodic boundary conditions
are applied along the z direction to mimic infinitely long
cylinders. Results depend on lateral box sizes Lx and
Ly and should converge when these two sizes are large
enough.

Solving for the dimensionless potential u we can calcu-
late the force acting between both cylinders via the stress
tensor p, composed of the Maxwell part and the ideal gas
(van’t Hoff) part as

pik = εε0

(

EiEk −
1

2
E2δik

)

− p δik. (6)

The van’t Hoff pressure of the counterions, p, equals their
ideal gas pressure. The force between cylinders can be

picture: Barbosa (2005)

• Additional salt (co + counterions)

• Discreteness of surface charges 

• Discontinuous dielectric constant (vdw vs. charge fluctuations)

• Asymmetrically charged surfaces

• Disordered charge distributions
• ....



  

Electrostatic image effects
What happens when there are dielectric inhomogeneities in the system?

A model system composed of 
couterions with dielectric discontinuity 

at the boundary.

The dielectric discontinuity is 
quantified by:

Electrostatic interactions are composed of two parts:

Direct electrostatic interactions and image interactions:



  

Electrostatic image effects on the WC level
The mean-field (PB) solution depends only on the transverse coordinate.
By definition then, the image effects are non-existant on the PB level!

They do however exist in the 2nd order correction to the mean-field.

= Poisson - Boltzmann equation plus second order
fluctuational (Gaussian) corrections.

Hessian of the Coulomb action.

Saddle point = mean-field (MF)
With homogeneous charge distribution depends 

only on z-coordinate

Small separation limit:

Large separation limit:



  

Electrostatic image effects on the SC level
On the SC level the image corrections exist for the external potential 

as well as for the image self-energy!

Zero order SC: Coulomb interaction between charged surfaecs

...adn the first order (SC proper) correction:

Small separation limit: Large separation limit:



  

Theory vs. simulations
Compare SC analytical results with simulations at large electrostatic coupling!

Explicit expressions for the counterion density and the interaction free energy.

The range of validity of the SC theory is extended and remains valid
for larger values of the intersurface separation then in the case of no images.

Yong-Seok Jho (MRL) produced an extended set of simulations  and thoroughly explored
the parameter space for this problem. The approximate SC theory fares extremely well

in the regime where it is supposed to work!



  

Theory vs. simulations



  

Electrostatic interactions in asymmetric systems
Parsegian and Gingell formulated a linearized PB theory of the interactions in the presence of salt. 
The linearization ansatz was later generalized in the work of Lau  and Pincus and Ben-Yaakov et al. 

V.A. Parsegian and D. Gingell, Biophys. J. 12, 1193 (1972). 
A.W.C. Lau and P. Pincus, Eur. Phys. J. B 10, 175 (1999). 

D. Ben-Yaakov, Y. Burak, D. Andelman and S.A. Safran, Europhys. Lett. 79, 48002 (2007). 

Electroneutrality:

The mean field pressure can be calculated in full 
and depends on the value of zeta, giving attractions as 

well as repulsions.



  

Fluctuations around mean-field 
in an asymmetric  system (the classical Casimir effect)

One needs to calculate the tracelog of the Hessian of the Coulomb action:

With mean-filed couunterion density: The tracelog of the Hessian equals the trace 
of the log of the secular determinant

General result in the Lifshitz theory first shown to be valid by Barash and Ginzburg.

Different results in 
different limits: for  D >> 2(1 + 1/ζ) (repulsive MF)

for  1/ζ >> D >> 1 (repulsive MF)

for  D >> 1 (attractive MF)

Range of validityFor negative ζ. 



  

Theory vs. simulations (WC)
Compare WC + 2nd order fluctuations analytical results with extensive simulations (Martin Trulsson).

Quantitative comparison for pressure only if classical Casimir taken into account!



  

Strong coupling in an asymmetric  system
Mean-field no longer valid. SC limit again analytical.

Exact form for pressure: for  D << 1

for  D >> 1

In the SC limit there is always an equilibrium spacing for the system. For any value of ζ. 

Exact form for counterion density:

The validity of the SC approximation is limited 
to small enough separations. The following 

criterion holds:

Remember: SC is the virial expansion to the 
first order in the absolute activity or 

equivalently in the inverse coupling constant.



  

Theory vs. simulations (SC)
Compare SC analytical results with extensive simulations (Martin Trulsson).

Quantitative comparison for WC as well as SC in their respective ranges of validity!



  

Patching together disorder & coulomb interactions

Perkin et al. (2005)

Surface charge disorder -
patchy surfaces. 

Probably ubiquiteous in many 
contexts and important when 

small interactions are measured..

Disorder is seen or inferred (lecture of Andy Kim!) experimentally.

Weak coupling limit
(Poisson - Boltzmann)

   Ξ➝ 0

?

Strong coupling limit
(Netz - Moreira)

   Ξ➝ ∞

?

“Mean” coupling parameter

Disorder coupling parameter

Consider only surface charge disorder:



  

Quenched vs. annealed disorder

- Quenched disorder:
    surfactant-coated surfaces (?)

- Annealed disorder:
    fluid membranes (mobile
charges and surface fluctuations)
          charge regulating surfaces
(dissociation/association of weak acids)
  DNA microarrays
                 polyampholytes

mobile charges

- Partially annealed disorder: nonequilibrium



  

Quenched surface charge disorder & coulomb interactions

Generalize the model system from homogeneously charged interfaces  to
interfaces with disordered charge distribution.

Gaussian ansatz for the 
charge disorder

The free energy:

Does the quenched charge distribution have any effect on intersurface interactions?
Henri Orland (private communication,1999): not in the PB limit!

Replica formalism but also alternatives:



  

Strong coupling disorder effects

In this limit one can obtain very simple analytical results. Two charged surfaces with 
non-zero average and non-zero mean square average.

Disappeearance of the 
entropic minimum

for large enough disorder.

Attraction even if the surfaces 
carry very small NET charge!!!

Disorder coupling parameter.



  

Disorder effects with dielectric inhomogeneities

Standard mean-field termStandard vdw term

Disorder induced term
(fluctuational in origin)

Standard FT representation of the partition function.

When  one does the disorder average one ends up with another term in the free energy:



Standard mean-field termStandard vdw term

Disorder induced term
(fluctuational in origin)



  

Weak coupling disorder effects with images

Disorder effect are clearly there and can be repulsive as well as attractive, for 0 < κa < 1 
and the ratios εm/εp = 0.2, 0.4, 0.6, 0.8, 1.0, 5.0 and 10.0 (from top to bottom).

Small separation:

Large separation:

Disorder does NOT renormalize charge. It gives a non-zero interactions even for electroneutral surfaces.

Disorder renormalizes zero frequency van der Waals.



  

Fascinating world of Coulomb fluids:

Opposites attract and equals repel!
In line with the common wisdom.

Weak coupling 
electrostatics says:

Of course,  only if free mobile charges are present in solution.

Opposites attract and equals 
repel but not quite so much!

Coulomb says:

Strong coupling 
electrostatics says:

Opposites repel and equals attract but 
only if everybody is very charged!

Quenched disorder 
electrostatics says:

Neutrals can attract
but only if everybody in between is very charged!


