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vdW betw. spherical atoms: matter fluctuation approach
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ORIGIN OF DISTANT VDW (DISPERSION) FORCE
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A correlation effect, highly nonlocal so LDA & GGA FAIL

Occurs already in 2nd order pertn theory for the energy
Or via theory of response (polarisability, coupled plasmons)

Weak but ubiquitous - additional to covalent, ionic bonds
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Electromagnetic retardation 
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Above treatments assumed 
instantaneous Coulomb 
interaction. In fact there is a 
delay  τlight ≈ R/c

If τlight >> τel resp, then  the original 
random dipole has decayed by the 
time a return signal arrives, 
resulting in a smaller attractive 
energy.  
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End result is to replace ω in 
previous results by 1/τlight so that 

retarded regime 1 2
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α α
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Condition for this to occur:

R >> cτel resp
≈ (3.108)(2π.10-15) ≈ 2.10-6 m

Treat non-retarded case from here on

Retarded case 
generally known as 
“Casimir effect”: 
can get from e.m. 
ZP energy.



Conventional view: 
“universality” of asymptotic vdW
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do not make a qualitative difference.”



Standard vdW theories for macroscopic systems
(non-overlapping) 
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ΣR-6 (see Mahanty & Ninham book) gives

Lifshitz theory: (JETP 
2, 73 (1956)) uses a 
random field method 
and assumes a local 
dielectric function

Thick slabs, L, W >>D
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Most present functionals similarly give D-2 for this geometry



More simple “standard” results for extended systems:  
nanoscopically thin slabs, wires
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ΣR-6 gives
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Most new functionals agree with this, and indeed some are constructed 
to give ΣR-6 , but actually ΣR-6 is WRONG for metallic cases this page. 
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Different powers of D emerge, but these results are “universal” : 
i.e.   they come from adding pairwise R-6 contributions.



Distant vdW interaction from coupled-
plasmon ZPE / RPA - preview
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•ΣC6R-6 can be very wrong for anisotropic nanoconductors where electrons can move 
large distances leading to large poorly screened polarizations

L << D

D
W >>D

J. F. Dobson, A. White and A. Rubio, Phys. Rev. Lett. 96,  073201, Feb 2006

•Insulators, 3D metals: ΣC6R-6 gives qualitatively OK results, but

W>>D

D

L>>D
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L>>DΔEc  ∼ const D-2

(metallic or insulating)



What causes the strange power laws E=-CD-p ?
Spatial Nonlocality of the response of the matter (electrons) to fluctuating electric fields 

In metals, one might think that electrons respond nonlocally: but in 3D there is essentially 
complete screening of external fields, which cancels this out.  In fact for a 3D metal  

ε(q,ω)=1-V(q)χ0(q,ω) = 1 – [4 πe2/q2][n0q2/mω2] = 1 - ωP
2/ω2, INDEP OF q (spatially local). 

A: Strange power laws at “large” separations D (but still not in the regime of E.M. retardation)
The examples here come from the anomalously large response of charge fluctuations (e.g. 
plasmons) that have a very long wavelength (q≈D-1→0) and low frequency.   The 
nonlocality means that dielectric function  ε(q,ω) depends on q, when  q→0.                       
(ie. ε is  ε(r,r ′,ω) in position space, NOT ∝δ(r-r ′))

B: Strange power laws at “small” separations (but electron clouds not yet overlapped)

This can occur when separation D  ≈ (char electronic length  λ) e.g. λDebye for e-h plasma (semic.)

However in LOWER-DIMENSIONAL metallic structures, Coulomb screening is incomplete, 
and the dielectric function can be q-dependent at small q and ω
e.g. for  a 2DEG, ε(q||,ω)=1-V2D(q||)χ0(q||,ω) = 1- [2πe2/q||][n2Dq||2/mω2] = 1- ω2D(q||)2/ω2, 

ω2D(q||) = [2πn2Dm-1q||]1/2



When is  EvdW NOT ≈ ΣCijRij
-6 for large Rij?

(i)  System is large in at least one direction, so that long-
wavelength fluctuations (q → 0) are possible

(ii)  System is metallic or has zero electronic gap, so  bare 
polarizability q-2χ0 becomes large at low ω and q

(iii)  System is nanoscopic in at least one dimension, so that 
coulomb screening is incomplete and does not destroy the 
divergence of  the polarizability q-2χ0 at low ω and q. (ε is nonlocal) 

⇒ Highly anisotropic soft near-metallic matter
e.g. conducting nanotubes

layered graphitic systems, intercalates etc.)
Where free plasmons are present, they will be gapless (ω(q)→0 as q→0) 

JFD et al, PRL 96, 073201 (2006), cond-mat/0502422, Surf Sci 601, 5667 (2007)
IJQC 101, 579 (2005), PRB 77, 075436 (‘08);  165134 (08), cond-mat/0809.0736
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Electronic response functions in TDDFT
(exact but looks like mean-field theory)

Eff. Internal field

Bare Response to int field

(beyond-RPA MB physics)
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EXACT ADIABATIC CONNECTION-FDT APPROACH FOR 
CORRELATION ENERGY (INCL VDW)
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Insert expr. for χKS from {φi}  ⇒ Ex = EHF({φi}) 

Our Exc contains EXACT DFT EXCHANGE  (hence covalent bonds)

ACF-FDT (exact)

Can show χRPA gives asy -C6R-6 result for vdW betw small systs.  



ACF/FDT STARTING WITH  χKS CONTAIN ALL THE 
BASIC CHEMICAL AND PHYSICAL FORCES - II
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JFD  pp 121-142 in 'Topics in condensed matter physics', Ed. M.P. Das, (Nova, NY 
1994, ISBN 1560721804. ) ( Hard to get: reproduced in cond-mat/0311371)

This is the exact result from perturbation theory except  A→ ARPA

(2)
a

RPA RP
b6 0

A RPA3E A (iu) A (iu)du
R

∞

λ λχ = χ ⇒ = −
π ∫

E.g. for isolated spherical systems in the dipolar approx,

Result does not appear to be true for RPA+approx fxc! 

RPA  ⇒ vdW (Casimir-Polder):



•Want electronic groundstate  energies of  extended systems, 

•with "seamless" treatment of all forces incl. vdW, at any separation

CORRELATION ENERGY VIA RPA-LIKE SCHEMES
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ACF/FDT contains plasmon zero-point energy
see e.g. JFD et al, IJQC 101, 579-598 (2005)
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a(ω) has poles at plasmon frequencies ωi where screening 
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If χ0 is exact or at least obeys time reversal invariance,  ∃ better result  ⇒



 λ integration done analytically

indep of separation

+  Δ by parts in  ω integration

RPA ENERGY AS SUM OF PLASMON ZERO POINT ENERGIES: I

JFD, J. Comp Th. Nanosc.
In press (Oct 08)

JFD et al, 
IJQC 101, 579 (2005)



RPA ENERGY AS THE SUM OF COUPLED PLASMON ENERGIES: II
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Thus the residues of f(ω) at ω = ωi are                 Ri = -ωi,



RPA ENERGY AS THE SUM OF COUPLED PLASMON ENERGIES: III

J. F. Dobson , J. Comp Th. Nanosc.,  in press at Oct 2008
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RPA ENERGY AS THE SUM OF COUPLED PLASMON ENERGIES: IV

(cut integra
2

ls)= +RPA i
xc

i
E ω

+ Δ∑

Sum of plasmon
zero point energies

Cut term can be 
important in mesoscopic
systems – e.g. cut gives 
the whole answer for 
vdW attraction in bi-
graphene

Independent  of 
separation D, as 
D→∞

For finite systems Furche (preprint) has shown that sum of 
excitation zero-point energies gives  ERPA exactly.  The 
cuts above come from the continuum excitations 
(continuous line of poles).

Following applies even to infinite systems provided the model for density-
density response χ obeys full time reversal invariance, χ(-ω) = χ(ω)



(a) Conducting (b) Semiconducting
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D2A

D>>A

Nanotube attraction III: conducting case (ω0=0)
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ISSUES FOR NANOTUBE ATTRACTION

Luttinger liquid?
Maybe, but q→0 collective modes (1D plasmons) are 
same as in RPA (Li, Das Sarma PRB 1992).
Drummond & Needs verified present theory using 
Diffusion Monte Carlo – PRL PRL 99, 166401 (2007)

Retardation important? 

Only if

3

1
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2
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Dplasmon plasmon electromag
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Still observable at large D where Fplasmon>>FΣR-6? 

For two (5,5) conducting nanotubes length 1 μ at D = 24A, estimate Fplasmon
>10FΣR-6     and Fplasmon = 10 pN.

Tip
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T=0K graphene sheets (sketch)

uπz(x,z)

px

py

ε(px,py)Single sheet has no free 
carriers. No plasmons exist at 
low q and real frequency.

∴ For vdW use or RPA corrln energy

Integrand depends on u only via u/v0q. Remaining q dep is 
via q|| D. Scaling argument then shows 

EvdW / A =  - (const) v0 D-3

2 insulating monolayers give D-4 ,   2 2DEGS give D-2.5

D

JFD et al PRL 2006
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L1D2A

L2D2A

L3D2A

LD2A

CO-AXIAL “POINTING” WIRES /  NANOTUBES
JFD and Angela white, PRB 77, 075436 (2008)

Metallic case has enhanced forces c/w insulating case

New finding: True even at small separations

(non-asymptotic but no e—cloud overlap yet)

Theory gives finite EvdW at D = 0 – i.e. it saturates

Calculation by summing zero-pt energies of coupled RPA plasmons (not pertn)
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Method:  Numerical sum-of-zero point energies  Ωi/2 of coupled plasmons
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 d = 2, β  = 1.38
                        ωpin = 0

                               ωpin = 0.707
                       ωpin = 1

                               ωpin = 1.224
                            ωpin = 1.732

              pair sum, =2 pieces
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When is  EvdW NOT ≈ ΣCijRij
-6 for large Rij?

(i)  System is large in at least one direction, so that long-
wavelength fluctuations (q → 0) are possible

(ii)  System is metallic or has zero electronic gap, so  bare 
polarizability q-2χ0 becomes large at low ω and q

(iii)  System is nanoscopic in at least one dimension, so that 
coulomb screening is incomplete and does not destroy the 
divergence of  the polarizability q-2χ0 at low ω and q. (ε is nonlocal) 

⇒ Highly anisotropic soft near-metallic matter
e.g. conducting nanotubes

layered graphitic systems, intercalates etc.)
Where free plasmons are present, they will be gapless (ω(q)→0 as q→0) 

JFD et al, PRL 96, 073201 (2006), cond-mat/0502422, Surf Sci 601, 5667 (2007)
IJQC 101, 579 (2005), PRB 77, 075436 (‘08);  165134 (08), cond-mat/0809.0736
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