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Casimir effect in QED

July 15, 1909 – May 4, 2000

1948:

vacuum

fluctuations

conducting plates

bound. cond.1

bound. cond.2

vacuum

L

• normal modes of electromagnetic field between plates:

ωq = c |q|; q = (qx, qy, qz = m π/L) , m ∈ N

• ground-state energy:

E(L) =
1

2

∑

q,µ

~ωq = CΛV + Cs
Λ A

︸ ︷︷ ︸

“infinities”

−∆(1,2)
QED(d)

︸ ︷︷ ︸

universal

~c

L

A

Ld−1
, ∆(D,D)

QED (3) =
π2

720
.

• (fluctuation induced) force: FC(L) = −∂E

∂L
= −A

~c

Ld+1
d∆(1,2)

QED(d)

reviews: Bordaget al, Milton, Mostepanenko & Trunov, Elizalde & Romeo; Golestanian & Kardar . . .
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~c

L

A

Ld−1
, ∆(D,D)

QED (3) =
π2

720
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• (fluctuation induced) force: FC(L) = −∂E

∂L
= − 0.013

(L/µm)4
dyn
cm2

A
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Experimental Verification

S. Lamoreaux, PRL87, 5 (1997);

U. Mohideen and A. Roy, PRL81, 4549 (1998); parallel plates: G. Bressiet al, PRL99, 041804 (2002)

polystyrene sphere (∅ 196µm) and sapphire
plate coated with Au

plate-sphere separations from0.1 to 0.9 µm
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Experimental Verification

S. Lamoreaux, PRL87, 5 (1997);

U. Mohideen and A. Roy, PRL81, 4549 (1998); parallel plates: G. Bressiet al, PRL99, 041804 (2002)

polystyrene sphere (∅ 196µm) and sapphire
plate coated with Au

plate-sphere separations from0.1 to 0.9 µm

solid line: Casimir force for plate-sphere ge-
ometry including corrections due to

• finite conductivity

• surface roughness

• finite temperatures
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Important Properties of Casimir Force (QED)

Casimir force (QED)

is independentof microscopic details (“universal” )

dependsongross featuresof
medium: space dimensiond, dispersion relation, scalar / vector field,
geometry, . . .
boundaries: boundary conditions, geometry, curvature, . . .

usually is described bynoninteracting(effective Gaussian) field theory
– coupling to matter field: only through boundary conditions
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Important Properties of Casimir Force (QED)

Casimir force (QED)

is independentof microscopic details (“universal” )

dependsongross featuresof
medium: space dimensiond, dispersion relation, scalar / vector field,
geometry, . . .
boundaries: boundary conditions, geometry, curvature, . . .

usually is described bynoninteracting(effective Gaussian) field theory
– coupling to matter field: only through boundary conditions

Interacting Field Theories?
Yes, for condensed matter systems atcritical points!

space dimensiond < 4: Ginzburg criterion fails asT → Tc !
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“Thermodynamic” Casimir Effect

solid

liquid

gas

critical
pointpr

es
su

re

temperature
0
0 K

M.E. Fisher & P.-G. de Gennes (1978):
• large-λ modes≈ massless
• considerconfinednearly criticalsystems

nearly critical fluid

B2 : area A

B1 : area A

L

partition sum:Z =
∑

φ

e−H[φ] =
∫
Dφ e−H[φ] = exp [−FL,A(T )/kBT ]

FL,A(T )

kBT
= LA fbk(T )

︸ ︷︷ ︸

bulk contribution

+ A [fs,1(T, . . .) + fs,2(T, . . .)]
︸ ︷︷ ︸

surfacecontributions

+ A fres(T, L, . . .)
︸ ︷︷ ︸

residual
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M.E. Fisher & P.-G. de Gennes (1978):
• large-λ modes≈ massless
• considerconfinednearly criticalsystems

nearly critical fluid

B2 : area A

B1 : area A

L

FL,A(T )

kBT
= LAfbk(T )

| {z }

bulk contribution

+A [fs,1(T, . . .) + fs,2(T, . . .)]
| {z }

surfacecontributions

+Afres(T, L, . . .)
| {z }

residual

Casimir force per area: FC(T, L, . . .)/A = −kBT
∂fres
∂L

finite size scaling (only short-range interactions):

fres(T, L, . . .) ≈ L
−(d−1) Y

|{z}

universal

(L/ξ∞, . . .) atTc,∞ : fres ≈ ∆C
|{z}

Casimir amplitude

L−(d−1)
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Experimentall Verification: 4He wetting films

indirect: wetting experiments
Garcia & Chan (Helium)
Fukuto, Yano & Pershan (binary liquids)
Rafai, Bonn & Meunier (binary liquids)

direct: Hertlein, Helden, Gambassi, Dietrich & Bechinger (binary liquids)

HW Diehl, KITP, Sept 4, 2008 – p. 6



Experimentall Verification: 4He wetting films

liquid He

He vapor

copper plate
L

mgh
︸︷︷︸

gravitation

=
γvdW

L3
︸ ︷︷ ︸

van der Waals

1

1 + L/L1/2
︸ ︷︷ ︸

retardation

+ v kBT
Ξ(L/ξ)

L3
︸ ︷︷ ︸

Casimir
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Thinning of 4He films nearTλ

Experiment:
Garcia & Chan,PRL83,
1187 (1999)
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Thinning of 4He films nearTλ

Experiment:
Garcia & Chan,PRL83,
1187 (1999)

Theory: inrather modeststate
Krech & Dietrich 1991/92:T ≥ Tλ

Li & Kardar 1991:T ≪ Tλ (Goldstone modes)
Zandi, Rudnick & Kardar 2004: interface fluctuations
Monte Carlo simulations: A. Hucht (PRL 2007); Vasilyev, Gambassi,
Maciołek & Dietrich (EPL 2007)
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Monte Carlo Results

A. Hucht (U. Duisburg-Essen): PRL99, 185301 (2007)
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Monte Carlo Results
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Relevant Issues

bulk critical behavior atTc,∞ asL → ∞
confined critical fluctuations, boundary field theory

finite size and boundary effects

pseudo-critical or critical behavior in slab atTc(L) < Tc,∞ whenL < ∞
dimensional crossover

low-T Casimir force from confined Goldstone modes

interface fluctuations
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Relevant Issues

HERE:

Restriction to
a) disordered phases,
b) T ≥ Tc,∞,
c) generic non symmetry breakingboundary conditions

⇒ focus directlyfluctuation-inducedforces!

Synopsis:
(i) breakdown ofǫ = 4 − d expansionatTc,∞ for someboundary conditions
(ii) boundary conditions= scale-dependentproperties!

⇒ Neumannboundary condition →
L→∞

Dirichlet bc!

⇒ crossoverattractive↔ repulsiveCasimir forces
(iii) effects of long-range (van-der-Waals-type) forces

(see paper with Dantchev)
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RG and Bulk Critical Behavior

microscopic model, e.g. Ising model

H = −
X

i 6=j

Kij sisj −H
X

j

sj

mesoscopic model:φ = order parameterfield (|q| ≤ Λ)

H =

Z

ddx

»
1

2
(∇φ)2 +

τ̊

2
φ2 +

ů

4!
φ4 − h̊ φ

–

,

behavior forq ≪ Λ: via renormalized field theory:Λ→∞, requires renormalizations

dimensionless (renormalized) coupling constants{gj = τ, u, h, . . .}

ů = µǫ Zu(u,Λ/µ)u , τ̊−τ̊c = Zτ µ
2τ , h̊ = µ(d+2)/2 Z

−1/2
φ h , φ = Z

1/2
φ φR .

µ→ µℓ ⇒ gj → ḡj(ℓ) runninginteraction constants

ℓ
d

dℓ
ḡj(ℓ) = βj [ḡ(ℓ)] , βj(ḡ) = µ∂µ

˛
˛
0
gj
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2-Scale-Factor Universality

βu

u
u∗ = O(ǫ)

d = 4 − ǫ < 4 ū(ℓ) ≈
ℓ→0

u∗ + const(u − u∗) ℓω

τ̄(ℓ) ≈
ℓ→0

Eτ (u) ℓ−

universal
︷︸︸︷
ν τ

h̄(ℓ) ≈
ℓ→0

Eh(u)
︸ ︷︷ ︸

nonuniversal

ℓ−∆/ν h

G(x, . . . ; τ, h, u) ≈ ξ−dG−ηG EG(u)
︸ ︷︷ ︸

powers ofEh, Eτ

G(x/ξ, . . . ; 1, h ξ∆/ν , u∗)
︸ ︷︷ ︸

scaling function

, ξ ∼ τ−ν

τ =
T−Tc,∞

Tc,∞

universality (crit. exponents, scaling functions, amplitude ratios)

2-scale-factor universality

corrections to scaling from terms∼ (u − u∗) ξ−ω
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Finite Size Scaling (Ld < ∞)

M.E. Fisher (1971): PL(τ)/P∞(τ) = f( L/ξ∞
| {z }

relevant ratio

) , τ = (T − Tc,∞)/Tc,∞

requires thatno other lengthsmatter!

Privman & Fisher (1984):
F (h, τ, L)

kBT
≈ X(hL∆/ν , τ Lν)

X universal,

but dependent on

boundary conditions

not true ford > d∗ = 4: ∃ 2nd (thermodynamic) length

Brézin (1982),n→∞: ξL
|{z}

χ
1/2
L

(Tc,∞) ∼

8

>><

>>:

ǫ−1/4 L , d = 4− ǫ ↑ 4

L (lnL)1/4 , d = 4

LL(d−4)/4 , d > 4
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RG for Finite Systems: TorusTd(L)

free propagator:G(pbc)
L (x12) =

∞X

m∈Zd

G∞(x12 + mL)

L

L

periodic bc

m=0

m=0

+
m=0

m 6=0

+
m 6=0

m 6=0

uv singular(bulk) + uv finite + uv finite

bulk renormalizations (“counter terms”) sufficient to absorb uvsingularities

(Symanzik 81, Brézin 82)

⇒ bulk RG equations carry over,L not renormalized!

G(x, . . . ;L, τ, h, u) ≈ ξ−dG−ηG EG(u) G(x/ξ,L/ξ . . . ; 1, h ξ∆/ν , u∗)
| {z }

fs scaling function

problems: lim
ū→u∗

G→ G|u∗?, computation of scaling function!

RG-improved perturbation theory?∃ ǫ-expansion?1/n expansion?
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L ×∞d−1 Slabs
n-componentφ4-model,V ≡ R

d−1 × [0, L]

V

↑

↓ ← periodic bc→

H[φ] =

Z

V

ddx

»
1

2
(∇φ)2 +

τ̊

2
φ2 +

ů

4!
φ4

–

antiperiodic bc: φ(x) = ±φ(x + L ẑ)

nonew counter terms
L not renormalized⇒ dependence onL/ξ !
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Lattice and Continuum Models

K1

K2

free bc

free bc

K

Hlat = −K
X

〈i,j〉/∈B1∪B2

sisj

−K1

X

〈i,j〉∈B1

sisj −K2

X

〈i,j〉∈B2

sisj
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K1

K2

free bc

free bc

K

Hlat = −K
X

〈i,j〉/∈B1∪B2

sisj

−K1

X

〈i,j〉∈B1

sisj −K2

X

〈i,j〉∈B2

sisj

B1

B2

V

~n

~n H[φ] =

Z

V

ddx

»
1

2
(∇φ)2 +

τ̊

2
φ2 +

ů

4!
φ4

–

+

2X

j=1

c̊j
2

Z

Bj

dd−1r φ2

c̊j = 1− 2(d− 1)[Kj/K − 1]/a
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Lattice and Continuum Models

K1

K2

free bc

free bc

K

Hlat = −K
X

〈i,j〉/∈B1∪B2

sisj

−K1

X

〈i,j〉∈B1

sisj −K2

X

〈i,j〉∈B2

sisj

B1

B2

V

~n

~n H[φ] =

Z

V

ddx

»
1

2
(∇φ)2 +

τ̊

2
φ2 +

ů

4!
φ4

–

+

2X

j=1

c̊j
2

Z

Bj

dd−1r φ2

c̊j = 1− 2(d− 1)[Kj/K − 1]/a

(fluctuating) boundary condition:∂nφ = c̊j φ

c̊j =

8

<

:

∞ : Dirichlet

0 : Neumann
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Semi-infinite n-Vector Model I
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Semi-infinite n-Vector Model I
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Boundary Conditions ?↔ Universality

Boundary conditions
?
⇐⇒ universal∆C , Y etc?

various scales

1. microscopic: lattice (amin = a)

free bc;Kj 6= K in general

2. mesoscopic:continuum theory (amin & π/Λ)

∂nφ = c̊j φ; d = 3 : c̊ja = 1− 4(Kj/K − 1) (nonuniversal fctn)

c̊j =∞ ⇔ Dirichlet

c̊j = 0 ⇔ Neumann

HW Diehl, KITP, Sept 4, 2008 – p. 17



Boundary Conditions ?↔ Universality

Boundary conditions
?
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2. mesoscopic:continuum theory (amin & π/Λ)

∂nφ = c̊j φ; d = 3 : c̊ja = 1− 4(Kj/K − 1) (nonuniversal fctn)

c̊j =∞ ⇔ Dirichlet

c̊j = 0 ⇔ Neumann ⇔ Kj/K = 5/4 ⇔ c > 0 subcritical!

c̊j = c̊sp ⇔ (MC, d = 3) Kj/K ≃ 1.5
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Boundary Conditions ?↔ Universality

Boundary conditions
?
⇐⇒ universal∆C , Y etc?

various scales

1. microscopic: lattice (amin = a)

free bc;Kj 6= K in general

2. mesoscopic:continuum theory (amin & π/Λ)

∂nφ = c̊j φ; d = 3 : c̊ja = 1− 4(Kj/K − 1) (nonuniversal fctn)

c̊j =∞ ⇔ Dirichlet

c̊j = 0 ⇔ Neumann ⇔ Kj/K = 5/4 ⇔ c > 0 subcritical!

c̊j = c̊sp ⇔ (MC, d = 3) Kj/K ≃ 1.5

3. large length scales:a≪ z . ξ

a) c > 0 (subcritical, ordinary trans.): φ(x)
| {z }

∼ξ−β/ν

≈ Cord(zj)
| {z }

z
(βord

1 −β)/ν

∂nφ(xj)
| {z }

∼ξ
−βord

1 /ν

Dirichlet!

HW Diehl, KITP, Sept 4, 2008 – p. 17



Boundary Conditions ?↔ Universality

Boundary conditions
?
⇐⇒ universal∆C , Y etc?

various scales

1. microscopic: lattice (amin = a)

free bc;Kj 6= K in general

2. mesoscopic:continuum theory (amin & π/Λ)

∂nφ = c̊j φ; d = 3 : c̊ja = 1− 4(Kj/K − 1) (nonuniversal fctn)

c̊j =∞ ⇔ Dirichlet

c̊j = 0 ⇔ Neumann ⇔ Kj/K = 5/4 ⇔ c > 0 subcritical!

c̊j = c̊sp ⇔ (MC, d = 3) Kj/K ≃ 1.5

3. large length scales:a≪ z . ξ

a) c > 0 (subcritical, ordinary trans.): φ(x)
| {z }

∼ξ−β/ν

≈ Cord(zj)
| {z }

z
(βord

1 −β)/ν

∂nφ(xj)
| {z }

∼ξ
−βord

1 /ν

Dirichlet!

b) c = 0 (critical, special transition): φ(x) ≈ Csp(zj)
| {z }

∼z
−(β−β

sp
1 )/ν

j →∞

φ|Bj

c) Neumannbc: no (stable or unstable)fixed pt associated!
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Previous Field Theory RG Results

RG analysis ind = 4− ǫ dimensions:

Symanzik 1981:∆(bc)
C (ǫ, n)/n = a

(bc)
0 + a

(bc)
1 (n) ǫ

for Dirichlet-Dirichlet (D-D) boundary conditions (̊c1 = c̊2 =∞)

Krech & Dietrich 1991, 1992:∆(bc)
C (ǫ, n) andY (bc) for T ≥ Tc,∞ toO(ǫ)

for bc= periodic, antiperiodic,

free bc
z }| {

D-D, D-sp, sp-sp ∆
(bc)
C

8
<

:

< 0 bc = per, D-D, sp-sp

> 0 bc = aper, D-sp

“sp” = “special”= “critically enhanced”

c = 0 ⇔ c̊sp = c̊sp(Λ) 6= 0
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Previous Field Theory RG Results

RG analysis ind = 4− ǫ dimensions:

Symanzik 1981:∆(bc)
C (ǫ, n)/n = a

(bc)
0 + a

(bc)
1 (n) ǫ

for Dirichlet-Dirichlet (D-D) boundary conditions (̊c1 = c̊2 =∞)

Krech & Dietrich 1991, 1992:∆(bc)
C (ǫ, n) andY (bc) for T ≥ Tc,∞ toO(ǫ)

for bc= periodic, antiperiodic,

free bc
z }| {

D-D, D-sp, sp-sp ∆
(bc)
C

8
<

:

< 0 bc = per, D-D, sp-sp

> 0 bc = aper, D-sp

“sp” = “special”= “critically enhanced”

c = 0 ⇔ c̊sp = c̊sp(Λ) 6= 0

Loop expansion:
−F

kBT
= + +O(3-loops)

= G
(bc)
L (x; x′) =

Z
dd−1p

(2π)d−1

X

m

〈z|m〉〈m|z′〉

p2 + k2
m + τ̊

eip·(r−r′)
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Free Propagator

G
(L)
bc (x; x′) =

∫
dd−1p

(2π)d−1

∑

m

〈z|m〉〈m|z′〉
p2 + k2

m + τ̊
eip·(r−r′)

periodicboundary conditions:∃ zero mode at̊τ = 0 (T = Tc,∞)

〈z|m〉 = L−1/2 eikmz , km = 2πm/L , m = 0,±1,±2, . . .

antiperiodic boundary conditions:no zero mode

Dirichlet-Dirichlet bc:no zero mode

〈z|m〉 =

√

2

L
sin(kmz) , km = πm/L , m = 1, 2, . . .

Dirichlet-Neumann bc:no zero mode

Neumann-Neumannbc: ∃ zero modeat τ̊ = 0 (T = Tc,∞)

〈z|m〉 =

√

2 − δm,0

L
cos(kmz) , km = πm/L , m = 0, 1, 2, . . .
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Problems: for periodic and sp-sp bc

n dependence of scaling function
(periodic bc)

0 2 4 6 8
-0.16

-0.12

-0.08

-0.04

0

n = 1
n = 2
n = 3
n→∞
n→∞ (exact)

L/ξ∞ ≡ L

Θ
(p

e
r)
(L

)/
n

d = 3
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Problems: for periodic and sp-sp bc

n dependence of scaling function
(periodic bc)

0 2 4 6 8
-0.16

-0.12

-0.08

-0.04

0

n = 1
n = 2
n = 3
n→∞
n→∞ (exact)

L/ξ∞ ≡ L

Θ
(p

e
r)
(L

)/
n

d = 3

⇒ theory ill-defined beyond 2 loops
periodicandsp-spboundary conditions involvezero modesatTc,∞!

nt tnn= . . . + nnnt t + . . . = infrared singular atTc,∞

violation of analyticity requirements atTc,∞ whenL < ∞
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Revised Field Theory

φ(r, z) = ϕ(r)
| {z }

0-mode contribution

+ ψ(r, z) ,
R L

0
dz ψ(r, z) = 0 .

effective (d− 1)-dimensional FT: e−Heff[ϕ] ≡ Trψ e
−H[ϕ+ψ]

Heff[ϕ] = Fψ +H[ϕ]− ln
˙
e−Hint[ϕ,ψ]¸

ϕ ϕ gives shift τ̊ → τ̊
(L)
bc = τ̊ + δτ̊

(L)
bc
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Revised Field Theory

φ(r, z) = ϕ(r)
| {z }

0-mode contribution

+ ψ(r, z) ,
R L

0
dz ψ(r, z) = 0 .

effective (d− 1)-dimensional FT: e−Heff[ϕ] ≡ Trψ e
−H[ϕ+ψ]

Heff[ϕ] = Fψ +H[ϕ]− ln
˙
e−Hint[ϕ,ψ]¸

ϕ ϕ gives shift τ̊ → τ̊
(L)
bc = τ̊ + δτ̊

(L)
bc

F = Fψ +
∼(u∗)(3−ǫ)/2

+ + . . .

RG improved perturbation theory infraredwell-behavedatT = Tc,∞ !

. . . not atTc,L ⇒must requireT ≥ Tc,∞ (as fornonzero-modebc)

⇒ ǫ3/2, ǫ5/2, ǫ5/2 ln ǫ, . . . contributions to Casimir amplitudes

(in conformity with exactn→∞ solution)
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Results: Casimir Amplitudes

∆per
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= −π2
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+

π2ǫ
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]
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9
√
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(
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n
= − π2
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+

π2ǫ

2880

[

1 − γ − ln(4π) +
5

2
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n + 8
+
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ζ(4)

]

− π2
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√

6

(
n + 2

n + 8

)3/2

ǫ3/2 + O(ǫ2) .
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extrapolated ǫ-expansion results:
periodic boundary conditions
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Two-Loop Calculations: 0 ≤ cj < ∞

Loop expansion:
−F

kBT
= + + O(3-loops)

= G
(bc)
L (x; x′) =

∫
dd−1p

(2π)d−1

∑

m

〈z|m〉〈m|z′〉
p2 + k2

m + τ̊
eip·(r−r′)

−∂2
z |m〉 = k2

m|m〉
〈z|m〉 = Am(L, c̊1, c̊2) cos[km(L, c̊1, c̊2)z + ϑm(km, c̊1)]

km from bc:⇒ R(km; L, c̊1, c̊2)
!
= 0 transcendental equation!
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Two-Loop Calculations: 0 ≤ cj < ∞

Loop expansion:
−F

kBT
= + + O(3-loops)

= G
(bc)
L (x; x′) =

∫
dd−1p

(2π)d−1

∑

m

〈z|m〉〈m|z′〉
p2 + k2

m + τ̊
eip·(r−r′)

−∂2
z |m〉 = k2

m|m〉
〈z|m〉 = Am(L, c̊1, c̊2) cos[km(L, c̊1, c̊2)z + ϑm(km, c̊1)]

km from bc:⇒ R(km; L, c̊1, c̊2)
!
= 0 transcendental equation!

evaluation of sums:complex integration (Abel-Plana techniques)
∑

m

g(km)(k2
m + b)a =

∑

m

Res[g(k) (k2 + b)a f(k)]k=km

=

∫

C1
deform contour

dz

2πi
g(k) (k2 + b)a f(k)
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Scaling function: residual free energy

fres(L)/n ≈ L−(d−1) D
(
c1L
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Scaling function: critical Casimir force

FC

nAkBT
≈ L−d D
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Crossover repulsive↔ attractive
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F. M. Schmidt & HWD: PRL101, 100601 (2008); arXiv:0806.2799, and to be published
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Summary / Conclusions

breakdown ofǫ = 4 − d expansionfor bound. cond’s involvingzero modes!

boundary conditions= scale dependentproperties

Neumann bcdoes notcorrspond to fixed point!

Casimir force can beattractiveor repulsive

Crossoverattractive⇔ repulsive Casimir forces

Observable?
in Monte Carlo simulations?yes!
in experiments?
requirestuning ofKjsandnon symmetry breaking boundaries
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Summary / Conclusions

breakdown ofǫ = 4 − d expansionfor bound. cond’s involvingzero modes!

boundary conditions= scale dependentproperties

Neumann bcdoes notcorrspond to fixed point!

Casimir force can beattractiveor repulsive

Crossoverattractive⇔ repulsive Casimir forces

Observable?
in Monte Carlo simulations?yes!
in experiments?
requirestuning ofKjsandnon symmetry breaking boundaries

Analogous sign-changing crossover forbinary liquid mixtures
can usedifferent choices of mixtures(varyinghj)
can usedifferent choices of substrates
hjs can be changed bychemically modifyingthe surfaces

Thank you for your attention!
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