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Second-Harmonic Generation SHG   
nonlinear optical process 
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Spectroscopy 

Extreme sensitivity of SHG to 
the symmetry of the system 

(no inversion symmetry) 

surfaces, interfaces 
nanostructures:  
carbon nanotubes … 

New optical devices 

Optimisation of nonlinear  
optical materials 

Self-doubling crystals  

Oxoborate family: 
 GdCOB, YCOB … 
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χ (2)Second-Order Susceptibility 

We have developed a  
First-Principle Theory based on TDDFT 

exact and straightforward inclusion of the  
many-body effects 
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SHG 



How we calculate   

within our formalism   ? 

€ 

χ (2)

A Time-Dependent Density-Functional theory … 



Scheme of the derivation of the   
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χ (2)

second-order microscopic polarisation 

First Step: 

second-order  
macroscopic polarisation and response function 

Second Step: 

Third Step: 
second-order response function within TDDFT 

SHG spectrum  



Polarization 
Microscopic 

Macroscopic 
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E P ( r ,t)
perturbing  
electric field 
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ETOT ( r ,t)
total  
electric field 

Derivation of the   
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χ (2)

Second-order time-dependent  
perturbation theory 
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J ind



Second-Order Displacement Vector  
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PM
(2) = χ (2)EtotEtot
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εM =1+ 4πχ (1) linear    

nonlinear  
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D(q,ω) = εME
tot (q,ω) + 4πPM

(2)

Derivation of the   
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χ (2)
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χ (2)(2q,2ω) = ˜ α (2)(2q,q,q,ω,ω) 1+ 4π q
q
q
q

˜ α (1),L→(q,q,ω)
1− 4π ˜ α (1),LL (q,q,ω)
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1− 4π ˜ α (1),LL (2q,2q,2ω)

 

 
 

 

 
 

(q,ω) 

(q,ω) (2q,2ω) 
second order 

response function 

? 
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χ jjj

Derivation of the   
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χ (2)



Photons are described by transverse fields: 

jjj
χ current response function 

• TDCFT: « Time-dependent current functional theory » 

• Solved in the linear case for long wavelenght limit (q →0)  

transverse components obtained from the longitudinal components 

Response Functions 

TDDFT (longitudinal) 

Derivation of the   
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χ (2)



Cubic symmetry: zinc-blende 
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χ (2)(2q,2ω) = ˜ α (2)(2q,q,q,ω,ω) 1+ 4π q
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χxyz
(2)(2q,2ω) = −

i
12qxqyqz

εM
LL (2q,2ω)[ ] εMLL (q,ω)[ ]

2
χρρρ (2q,q,q,ω,ω)

Macroscopic longitudinal 
dielectric function 

long wavelenght limit link between α(2) et χρρρ 
TDDFT+symmetry properties  

Derivation of the   
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χ (2)



χρρρ
Calculation of the  
                        response function 

Dyson equation for the second-order response function 
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χρρρ
(2) = [1− χ0

(1) fuxc ]
−1{χ0

(2) + 2χ0
(2) fuxcχ

(1) + χ0
(1)gxcχ

(1)χ (1) + χ0
(2) fuxc fuxcχ

(1)χ (1)}
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fxc =
δVxc

δρ
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gxc =
δ 2Vxc

δρδρ
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χ (1) = [1− χ0
(1) fuxc ]

−1χ0
(1)

New kernel € 

χ0
(1)
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χ0
(2)

Linear response Second-order response 



Independent Particles Approximation (IPA) 

Quasiparticle band structure: SO or GW 

Local fields 

Excitons 

χρρρCalculation of the response function 
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χρρρ
(2) = [1− χ0

(1) fuxc ]
−1{χ0

(2) + 2χ0
(2) fuxcχ

(1) + χ0
(1)gxcχ

(1)χ (1) + χ0
(2) fuxc fuxcχ

(1)χ (1)}



Comparison with the experience: 

GaAs semiconductor 

€ 

χxyz
(2)(ω)Levine and Bethea   180 ±10 pm/V 

APL (1972) 

€ 

χxyz
(2)(0)

Chang et al.             224         pm/V 
PRB(2001) 

Roberts                    166        pm/V 
JQE(1992) 
Eyres at al.               172        pm/V 
APL(2001) 

S. Bergfeld and W. Daum, PRL (2003) 

HS:Hughes and Sipe PRB (1996) 
AB:Leitsmann et al. PRB(1998) 

Experiment in an higher energy range 

Experiment 

Theory 

Dal Corso et al.        205        pm/V 
PRB(1996) 



Comparison with the experience: 

IPA 

ENERGY POSITION of the PEAKS and VALLEYS are OK   
but MAGNITUDE ? 

GaAs 

Experiment: 
S. Bergfeld and W. Daum, PRL (2003) 



Comparison with the experience: 

IPA 

ENERGY POSITION of the PEAKS and VALLEYS are OK   
but MAGNITUDE ? 

GaAs 

Local Fields 

Experiment: 
S. Bergfeld and W. Daum, PRL (2003) 



Comparison with the experience: 

IPA 

ENERGY POSITION of the PEAKS and VALLEYS are OK   
but MAGNITUDE ? 

GaAs 

Local Fields 
ALDA 

Similar behaviour of  
the absorption spectra  

(linear response) 

Experiment: 
S. Bergfeld and W. Daum, PRL (2003) 



let’s go back to linear … 

failure of           for absorption in solids: 

solution for TDDFT from Bethe-Salpeter equation 
€ 

fxc
ALDA short-range 

Reining et al, PRL 88, 66404 (2002) 
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fxc (q→ 0) = −
α
q2

long-range kernel 

parameter to fit experiment 

Si 



Comparison with the experience: 
GaAs 

ENERGY POSITION of the PEAKS and VALLEYS are OK   
MAGNITUDE is OK 

ALPHA 

Leitsman et al. PRB (2005) 
            (BSE approach) 

Experiment: 
S. Bergfeld and W. Daum, PRL (2003) 



Conclusion: 

We have developed a first-principles theory  
in Time-Dependent Density Functional Theory  
for the macroscopic second-order susceptibility. 

1)  the exact relations between microscopic and macroscopic 
formulation of the second-order response function 

2) a rigorous and straightforward inclusion of the many-body effects 

      We have studied SHG for GaAs 

 1)  good comparison with experimental results 


