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Masses	  from	  TTVs

• How	  are	  transit	  1mes	  converted	  into	  masses?
• How	  reliable	  are	  TTV	  masses?
Glossary:

"TTV"	  =	  transit	  1ming	  varia1on
"conjunc1on"	  =	  closest	  approach	  planets
"synodic	  period"	  =	  1me	  between	  conjunc1ons
"near	  resonant"	  =	  period	  ra1o	  close	  to	  integer	  ra1o
"chopping"	  =	  alterna1ng	  early/late	  transit	  1mes
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Measuring	  density	  with	  transits

• Amplitude	  of	  TTVs	  scales	  with:
– 	  orbital	  period	  of	  planets
– 	  mass	  ra1o	  of	  perturbing	  planet	  to	  the	  star
– 	  works	  best	  when	  both	  planets	  are	  detected
– independent	  of	  frequency	  of	  transi1ng	  planet

• Depth	  of	  transit	  scales	  with	  radius	  ra1o	  of	  planet	  to	  
star	  squared

• With	  mass	  &	  radius	  of	  star,	  obtain	  mass	  &	  radius	  of	  
planet(s)
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Quasi-‐periodic	  planet	  problem
Simulated	  2:1	  
resonance;	  10:1	  
mass	  ra1o;	  
super-‐Earth	  &	  
gas	  giant
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A Posteriori Joint Detection and Discrimination of
Pulses in a Quasiperiodic Pulse Train

Alexander V. Kel’manov and Byeungwoo Jeon, Senior Member, IEEE

Abstract—The problem of a posteriori joint detecting and dis-
criminating pulses in a quasiperiodic pulse train is studied. By the
quasiperiodic pulse train, we mean any pulse train in which the
time lapse between the beginning instants of two consecutive pulses
varies over time within a certain fixed interval. We consider the
kind of quasiperiodic pulse train in which the beginning instants
of pulses are deterministic (nonrandom). We analyze the case when
all pulses in a pulse train belong to an alphabet of reference pulses
having identical duration. It is assumed that the observed interval
of the pulse train contains the complete pulses (no parts of pulses
are missing at the observation) and that the unobservable pulse
train is distorted by an additive white Gaussian noise. Up until this
time, there has been no exact algorithm to solve this a posteriori
problem under these very simple assumptions because of enormous
combinatorial complexity. We derive and prove an efficient (poly-
nomial) computing algorithm for the exact solution to this problem.
The recursive equations for step-by step discrete optimization are
obtained under the maximum-likelihood criterion. The same for-
mulas hold under the least-squares criterion. The computational
load of the algorithm is evaluated, and its dependency on the pa-
rameters of the problem is proven.

Index Terms—Pulse detection and discrimination, quasiperiodic
pulse train.

I. INTRODUCTION

MANY physical processes found in real applications can
be interpreted as a pulse process. Pulse signals, pulse

sequences, or pulse trains are used as a model of the process in
such applications as electronic warfare [1], radar [2], communi-
cations [3], geophysics [4], speech processing [5], medical and
engineering diagnostics [6], [7], and others. Appropriate pro-
cessing and analysis of pulse trains is the relevant problem for
these applications. By analyzing pulse repetition interval, ar-
rival time, or shape of pulses, one can get useful information
about properties of a target, jamming signal, seismic source,
minerals, voice, fault type of some equipment, a state of patient,
etc. For example, changes in patient state are often indicated by
well-known correlated changes of pulse shape in electro-cardio-
grams (ECGs) and electro-encephalograms (EEGs).
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One of the important problems of the pulse sequence analysis
is that of joint detecting and discriminating pulses in a time se-
ries distorted by noise. Hundreds of various pulse detection and
identification algorithms have been developed to solve the di-
versified real problems related to the above applications. There
are two kinds of approaches in this problem: consecutive and a
posteriori algorithms. The consecutive one processes the signal
with the current sample of signal as input. On the contrary, the a
posteriori one processes the signal after receiving and accumu-
lating all samples of the signal. As it is known, potentially, the
first kind of algorithm is faster, but the second one is more accu-
rate. A large variety of particular models describing real pulse
processes have brought many exact (consecutive and a poste-
riori), approximated, and heuristic algorithms for pulse detec-
tion and discrimination tailored for each case. They have dif-
ferent accuracy and computing complexities.

We do not present here a long list of the known publications
(interested readers can refer to [8]–[17] and references therein),
and we shall not try to improve the algorithms published there in
terms of either their accuracy or computational complexities. In-
stead, in this paper, we intend to present a new a posteriori algo-
rithm providing an exact solution to the joint detection and dis-
crimination problem of pulses in a special pulse sequence that
we call as the quasiperiodic sequence. Rather than supplying
a ready-made solution to any particular problems in the areas
mentioned above, we provide a fundamental computational al-
gorithm that one can utilize as a basic framework for pulse train
processing in these areas.

By the quasiperiodic pulse train, we mean any pulse train in
which the time lapse between the beginning instants of two con-
secutive pulses varies over time within a certain fixed interval
defined by upper and lower bounds. If the two bounds are equal,
the beginning instants of pulses, as the events in time, will make
up a periodic sequence. Otherwise, the period for these events
may not exist in general. We do not suppose beforehand that the
pulse train has a period, which is why we put into use the terms
of the quasiperiodic pulse train and the quasiperiodic sequence.

In some applications (for example, in radar), it is assumed
that the pulse train is a priori periodic (that is, a period exists),
but the apparent repetition time changes due to the added noise
having some given probability density function [14]–[17]. We
describe such pulse trains as almost periodic. Our definition of
the quasiperiodic pulse train does not require the pulses to be a
priori periodic nor having a random variable to model the de-
viation of temporary events from their period. In this paper, we
consider the kind of a quasiperiodic pulse train in which the be-
ginning instants of pulses are deterministic. We do not assume
a priori that these instants are random variables. Otherwise, it
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stead, in this paper, we intend to present a new a posteriori algo-
rithm providing an exact solution to the joint detection and dis-
crimination problem of pulses in a special pulse sequence that
we call as the quasiperiodic sequence. Rather than supplying
a ready-made solution to any particular problems in the areas
mentioned above, we provide a fundamental computational al-
gorithm that one can utilize as a basic framework for pulse train
processing in these areas.

By the quasiperiodic pulse train, we mean any pulse train in
which the time lapse between the beginning instants of two con-
secutive pulses varies over time within a certain fixed interval
defined by upper and lower bounds. If the two bounds are equal,
the beginning instants of pulses, as the events in time, will make
up a periodic sequence. Otherwise, the period for these events
may not exist in general. We do not suppose beforehand that the
pulse train has a period, which is why we put into use the terms
of the quasiperiodic pulse train and the quasiperiodic sequence.

In some applications (for example, in radar), it is assumed
that the pulse train is a priori periodic (that is, a period exists),
but the apparent repetition time changes due to the added noise
having some given probability density function [14]–[17]. We
describe such pulse trains as almost periodic. Our definition of
the quasiperiodic pulse train does not require the pulses to be a
priori periodic nor having a random variable to model the de-
viation of temporary events from their period. In this paper, we
consider the kind of a quasiperiodic pulse train in which the be-
ginning instants of pulses are deterministic. We do not assume
a priori that these instants are random variables. Otherwise, it
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Google:	  “quasi-‐periodic	  pulse	  detec1on”



KOI	  277.01:	  a	  quasi-‐periodic	  Neptune
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Kepler-‐36b,c:	  closest	  two	  orbi1ng	  planets
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 22-‐sigma	  
detec1on

Carter,	  Agol	  et	  al.	  (2012)



Eccentricity	  jumps	  at	  conjunc1on
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Kepler-‐36b

Kepler-‐36c

Carter,	  Agol	  et	  al.	  (2012)



Credit:	  NASA;	  Frank	  Melchior,	  frankacaba.com;	  Eric	  Agol



Another	  one	  that	  got	  away...
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(2014)



Planet	  Hunters	  3
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TTV	  of	  Planet	  Hunters	  3
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• Amplitude	  of	  resonant	  terms	  constrain	  	  a	  
combina1on	  of	  mass	  &	  eccentricity	  (Lithwick	  et	  al.	  
2012):

• Amplitude	  of	  synodic	  "chopping"	  component	  scales	  
with	  mass	  ra1o	  (&	  weakly	  with	  eccentricity):

Mass	  measurement
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Breaking	  mass-‐eccentricity	  degeneracy
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PH	  3c:	  
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Conclusions
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• Close	  planets	  show	  sharp	  jumps	  at	  conjunc1on	  which	  
constrain	  masses	  &	  radii	  of	  planets

• Near-‐resonant	  planets	  (j:j+1,	  j	  integer)	  show	  resonant	  
terms;	  in	  some	  cases	  this	  causes	  a	  mass-‐eccentricity	  
degeneracy

• High	  signal-‐to-‐noise	  allows	  measurement	  of	  chopping	  
amplitude	  or	  resolving	  resonant	  degeneracy;	  in	  some	  cases	  
provides	  an	  extra	  constraint	  on	  planet	  mass

• TESS	  may	  measure	  chopping:	  constrain	  masses	  with	  few	  
transits


